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Abstract
Slender flexible beams are very common in many applications in different fields related to multibody dynam-

ics: robotics, aerospace mechanisms, computer graphics, etc. Typically, these components experience small strains

but large displacements and rotations. What is more, ofter their torsional strains are very small or null, due to

their slenderness or the specific type of kinematical pairs that connect them with other parts of the mechanism.

The numerical simulation of the dynamical behavior of such systems demand the development of beam elements

capable of representing these nonlinear effects, while providing accurate results when used with a time-marching

scheme.

Many different approaches have been proposed in the literature for dealing with these types of problems. The

main ones are segmentation or lumped methods [3, 4, 5], floating frame methods, and nonlinear finite element

formulations. Naturally, each approach have different advantages and drawbacks for different applications, and

can be used with different time integration schemes. Among these schemes, the so-called geometric integration

methods have gained popularity in the last two decades. Specifically, energy-consistent (both energy-conserving or

energy-decaying) methods present great appeal for the robust and physically-accurate integration of the dynamics

of such systems.

Energy-consistent formulations for beams with the nonlinear finite element approach have been reported in the

literature but, to the best of the author’s knowledge, there are no such formulations available for the segmentation

or lumped approach. We propose in this work the energy-conserving extension of the simple torsion-free beam

element proposed in [2], which belongs to this category. In this model, the beam is a collection of articulated non-

linear trusses (large displacements and strains) with the proper tensile stiffness derived from a nonlinear potential,

parametrized with the cartesian coordinates of the extremes. The bending stiffness is represented by another

potential, such that a single element is composed by two segments (three nodes) that overlap with the neighbors.

Since both tensile and bending forces are defined through discrete potentials, it is possible to develop a simple

energy-conserving formulation, following [1]. With this formulation, total mechanical energy is exactly preserved

in the discrete setting when no dissipative effects are present in the model. The main benefit of this approach is the

enhancement of the stability of the numerical scheme. It is remarkable too that the formulation does not employ

rotational degrees of freedom and can be applied to two and three-dimensional problems.

The basic formulation of this idea will be presented along with some validation tests that will assess the

accuracy of the model, and some exploration on potential applications.
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Abstract
For decades, comprehensive rotorcraft analysis tools have been used to predict the aeroelastic response of he-

licopter rotors. These tools include coupled aerodynamics and flexible multibody dynamics modules to accurately

predict the nonlinear dynamic behavior. They should also allow for optimization procedures to be used, in order

to identify the most promising design configurations. On the aerodynamics side, design optimization involves

thousands of design parameters, such as those defining the geometry of the airfoil; on the structural side, dozens

of design parameters are involved, such as the wall thickness, the geometric configuration or the orientation of the

composite laminates.

Many of the design optimization routines used in fluid mechanics and structural problems are gradient-based

methods. The evaluation of the derivatives of the objective function with respect of the design parameters, often

called design sensitivities, is the most costly step of the optimization process. As the number of design variables

grows, the evaluation of design sensitivities becomes increasingly burdensome and the use of finite differences

becomes prohibitive [1]. These requirements call for an efficient sensitivity analysis that covers all stages of the

design process.

SectionBuilder is a finite element based code for the analysis of cross-sections of beams of arbitrary geometry

made of anisotropic composite materials. It computes the beam’s sectional stiffness matrix, the three-dimensional

warping field, and the associated three-dimensional stress field at any point of the cross-sections when subjected to

three-dimensional loading [2]. The formulation is based on a two-dimensional semi-discretization of the beam’s

cross-section. Because the computation does not require a three-dimensional mesh, it is computationally efficient.

SectionBuilder serves as a preprocessor to a flexible multibody dynamics code that includes geometrically-exact

beam elements, rigid bodies, and joints [3]. The multibody code is coupled with computational fluid dynamics

tools to provide a comprehensive, multidisciplinary rotorcraft code [1, 4].

This paper presents the development of adjoint sensitivity analysis capabilities within SectionBuilder, as a first

step towards the comprehensive evaluation of sensitivity derivatives for flexible multibody dynamics tools. Next,

the governing equations, sensitivity analysis and conclusions are briefly presented.

Governing equations Most structural sensitivity analysis tools provide the derivatives of the outputs with

respect to sectional properties such as the mass per unit span or the bending and torsional stiffnesses of beams.

These codes, however, are unable to link these sectional properties to local design variables, such as sectional ge-

ometric configuration, material properties, or ply orientations of the composite lay-up. In contrast, SectionBuilder
computes sectional properties based on the detailed description of the beam’s sectional geometric configuration and

material properties and, hence, it is well suited for the evaluation of the sensitivity derivatives of section properties

with respect to the physical design parameters. Note that sectional properties are not independent design variables:

indeed, changing a single physical characteristic such as a wall thickness alters all sectional properties.

Let N be the number of cross-section nodes and n = 3N the number of nodal coordinates. The main outputs

of SectionBuilder are the beam’s 6× 6 sectional compliance matrix, S∗, and the 6-dimensional stress vector, τ∗c ,

which require the computation of the n×6 warping modes matrix W ∗. The governing equations of the formulation

can be summarized as

L
1
(X

1
)≡ AX

1
−B

1
= 0, (1)

L
0
(X†,X

1
)≡ AX† −B

0
+CX

1
= 0, (2)

O(S†,W †)≡ S† −S∗
T

[
I − (

M Z∗)TW †K̃∗T − (
C Z∗)TW †

]
= 0, (3)

P(α ,S†,W †)≡ α +
[
M
(
Z∗S† −W †K̃∗T )+CTW †

]T
W † = 0, (4)

Q(W ∗,W †,α)≡ W ∗ −W † −Z∗α = 0, (5)

R(S∗,S†,α)≡ S∗ −S† + K̃∗α +αK̃∗T = 0, (6)

where X† =
[
W †T , ST ]T

and X
1
=
[
W T

1
, ST

1

]T
. Note that only state variables are highlighted as function depen-

dencies. Please refer to Han and Bauchau [2] for further details. The linear systems in Eqs. (1) and (2) are six
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times singular, hence Eqs. (1) and (2) provide particular solutions, denoted W † and S†, to the warping modes W ∗
and the compliance matrix S∗. Upon application of the correction term α (see Eqs. (3) and (4)) the final solution

belonging to the null space, W ∗, as well as S∗, are obtained (see Eqs. (5) and (6)). All other terms are calculated

from the geometry and the material properties of the cross-section.

The three-dimensional stresses at any point of the cross-section can then be calculated as

τ∗c(S
∗,W ∗) =D∗

[(
AN

)(
Z∗S∗+W ∗K̃∗T )+ (

BN
)
W ∗

]
F∗

c , (7)

where τ∗c is the 6-dimensional vector of Cauchy stresses, F∗
c is the 6-dimensional vector of sectional loads and D∗

is the 6×6 constitutive matrix. The effect of the design parameters on intermediate terms and state variables must

be carefully assessed to correctly derive the sensitivity equations.

Sensitivity equations The three-dimensional stresses can be regarded as a set of objective functions whose

sensitivities with respect to the design parameters are computed through the adjoint variable method. Consider a

single component of the stress tensor, τ j∗
c , and formulate the following Lagrangian:

L= τ j∗
c +

6

∑
i=1

ΛiT
L1

Li
1 +

6

∑
i=1

ΛiT
L0

Li
0 +

6

∑
i=1

ΛiT
O Oi +

6

∑
i=1

ΛiT
P Pi +

6

∑
i=1

ΛiT
Q Qi +

6

∑
i=1

ΛiT
R Ri, (8)

where 36 adjoint variable arrays (Λi
L0, Λi

L1, Λi
O, Λi

P, Λi
Q, Λi

R) that multiply each of the governing equations have

been introduced. Because L= τ j∗
c as long as the governing equations are satisfied, Eq. (8) can be differentiated with

respect to the design parameters to obtain the design sensitivities dL/db = dτ j∗
c /db. The fact that the multipliers

are arbitrary can be used to cancel out all terms that contain state sensitivities, such as dW ∗/db, dS∗/db, etc. This

then leads to an additional set of equations, namely the adjoint equations, that determine the value of the adjoint

variables. Note that the adjoint equations are omitted here for the sake of brevity. The final expression for the

global sensitivities in the case of, e.g., ply orientation parameters is

dL
db

=
∂τ j∗

c

∂D j∗
dD j∗

db
+

6

∑
i=1

ΛiT
R

∂Ri

∂b
+

6

∑
i=1

ΛiT
Q

∂Qi

∂b
+

6

∑
i=1

ΛiT
P

(
∂Pi

∂M
dM
db

+
∂Pi

∂CT

dCT

db

)
(9)

+
6

∑
i=1

ΛiT
O

(
∂Pi

∂S∗
T

dS∗
T

db
+

∂Pi

∂M
dM
db

+
∂Pi

∂C

dC

db

)
+

6

∑
i=1

ΛiT
L0

(
∂Li

0

∂A
dA
db

+
∂Li

0

∂C
dC
db

)
+

6

∑
i=1

ΛiT
L1

(
∂Li

0

∂A
dA
db

)
, (10)

which can be directly computed once the adjoint variables are known and the remaining terms are analytically

computed. These design sensitivities can then be efficiently used by a gradient-based design optimization routine

to tune local design parameters. This strategy can be extended to different kinds of “objective functions” such as

the compliance matrix S∗. This would potentially be useful because S∗ is one of the inputs to the general-purpose

flexible multibody dynamics formulation [3].

Conclusion This paper presents a detailed derivation of a state-of-the-art beam formulation adjoint, in-

cluding all necessary terms, both theoretically and from a computational point of view. A number of numerical

examples with specific design parameters such as material properties and ply orientations are presented. The re-

sulting sensitivities are validated using finite differences (both real and imaginary). This work lays the groundwork

for the sensitivity analysis of the associated flexible multibody dynamics formulation.
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Abstract

This paper presents theoretical and implementation aspects related to a variant of the Hilber-Hughes-Taylor 
(HHT) integration method commonly used in index-3 DAEs of constrained mechanical systems. The HHT method 
was initially developed for the simulation of finite element models in structural dynamics. The HHT algorithm 
allows an efficient implementation with an optimal combination of accuracy at low-frequency and numerical 
damping at high-frequency. A variant of the HHT method was first proposed by Negrut et al. in [1] for the 
simulation of multibody dynamics system (MBS). In [1], the HHT algorithm was applied to the index-3 DAEs 
formulation of the constrained equations of motion and was implemented in a commercial MBS tool, Adams. In 
this paper, the drawbacks of the HHT algorithm in [1] are discussed and the improved HHT algorithm is proposed 
to eliminate these drawbacks. 

In the context of a multibody dynamics, the constrained equations of motion and position kinematic constraint 
equations lead to the system of nonlinear equations. The time-discrete form of these equations at time  can be 
written as

(1)

Vectors  and  denote the generalized coordinates and the Lagrange multipliers, respectively,  is the symmetric 
mass matrix, the vector of apparent forces  collects external forces, internal forces and complementary inertia 
forces, and is the matrix of constraint gradients. Although commonly used BDF-based integrators in MBS use 
the constrained equation of motion given in equation (1), the HHT algorithm proposed in [1] modifies the 
constrained equation of motion as 

(2)

where a parameter controls the damping induced in the numerical solution. The HHT integration 
scheme draws on the Newmark formulas as

(3)

where  ,   and  is an integrator step size. By design, the HHT algorithm uses a modified 
equation of motion to induce numerical damping. Note the notation used in Eq. (2) is meant to emphasize there is 
a distinction between  and (compare with Eq.(1)). Concretely,  is an approximation of

. In other words, the HHT algorithm solves the equations of motion at time  to find 
the states of system at time . 

Although the generalized coordinates  satisfy the kinematic constraint condition, the generalized 
accelerations do not satisfy Eq. (1) i.e. the original equation of motion. Moreover, the mass matrix is not 
constant in the case of generalized 3D motion of the rigid bodies and it depends on the generalized coordinates .  
Note that the mass matrix  is evaluated using the i.e. the states of system at time . Ideally the 
mass matrix should be evaluated using  to be consistent with the equations of motion at time 

 This inconsistency affects the accuracy of the solution and it is observed through the numerical experiments 
that though the HHT method is theoretically a second-order accurate method [2], the convergence order of this 
HHT algorithm is in fact one (see figure 1). It should be noted that this HHT algorithm shows the order-2 
convergence only in the case of planar motions where the mass matrix is constant (e.g. see the numerical 
experiments in [3]) or in the case of . Equation (1) is satisfied exactly ith ; however, in this case the 
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HHT method reduces to the trapezoidal method which is known in the literature to have stability problems when 
used with index-3 DAEs.

In order to increase the global convergence order and to obtain more accurate results for a given time step, an 
improved HHT algorithm based on the generalized-alpha method given in [4] is proposed here. The new HHT 
algorithm uses the following equation along with the constrained equation of motion given in Eq. (1) and the 
integration formulas given in Eq. (3),

(4)

Here  can be viewed as an auxiliary accelerations which depends on the physical acceleration  through the 
recurrence relation as in Eq. (4). This algorithm satisfies the constrained equations of motion exactly and is 
consistent even in the case of non-constant mass matrix. The updated HHT algorithm has been implemented in 
Adams, and the global convergence analysis is done for a spatial slider crank model. Figure 1 shows that the 
updated HHT algorithm shows an order-2 convergence in agreement with the theoretical investigation in [3,4].  

Figure 1. The convergence order of the HHT method

It has been observed that the updated HHT algorithm not only provides more accurate results (especially 
accelerations) but also improves the simulation speed significantly for many commercial multibody models as 
shown in figure 2. The details of implementation, the local error estimation, and the automatic control of 
integration step size will be given in the full length paper.

Figure 2. Simulation speed up (elapsed time ratio) with new HHT algorithm
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Abstract
The paper explores the possibility of expressing the constraints introduced by kinematic pairs by means of

dual algebraic functions.

The dual vector

f̂ = �f + ε
(−→

OP×�f
)
= �f + ε�fO (1)

represents a vector �f bound to a line containing point P. The components of �f and �fO are the Plücker coordinates

of such line vector.

Dual vector products
Given the dual vectors â =�a+ ε�aO and b̂ =�b+ ε�bO one can define the following products [1]:

• Vector product

â× b̂ = b̂ =�a×�b+ ε
(
�a×�bO +�aO ×�b

)
(2)

• Scalar product

â · b̂ =�a ·�b+ ε
(
�a ·�bO +�aO ·�b

)
(3)

• Inner product or Von Mises’ scalar product

â◦ b̂ =�a ·�bO +�aO ·�b = D
(

â · b̂
)

(4)

Table 1: Basic constraints

Geometric condition Algebraic condition Vector representation

Intersection or parallelism Ψdi ≡ â◦ b̂ = 0

Alignment Ψdv ≡ â× b̂ = 0

Orthogonal intersection Ψds ≡ â · b̂ = 0

As summarized in Table 1, these previously defined vector products are zero under certain geometric condi-

tions between the line vector factors. The combination of such conditions can express the constraints introduced

by the presence of kinematic pairs. In particular, Table 2 lists these combinations for the spherical, cylindrical,

revolute and prismatic joints.

A dual algebraic equation is composed of two scalar equations, one for the real and the other for the dual part.

As a consequence, its should be acknowledged that:
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• the number of scalar constraint equations may exceed the degree of constraint of each joint;

• the system of kinematic constraints has a redundant number of equations and appropriate numerical tools are

required for its solution;

• thank to its modularity, the approach herein proposed has the advantage of great algebraic compactness.

Table 2: Kinematic pairs and constraints between joint unit line vectors

Kinematic pair Algebraic conditions Vector representation

Spherical

x̂ik ◦ x̂ jk =0

x̂ik ◦ ŷ jk =0

x̂ik ◦ ẑ jk =0

ŷik ◦ x̂ jk =0

ŷik ◦ ŷ jk =0

ŷik ◦ ẑ jk =0

Cylindrical ẑik × ẑ jk = 0

Revolute

ẑik × ẑ jk =0

x̂ik ◦ ŷ jk =0

ŷik ◦ ẑ jk =0

ẑik ◦ x̂ jk =0

Prismatic
ẑik × ẑ jk =0

x̂ik · x̂ jk −1 =0

References
[1] L. Brand. Vector Analysis. Dover Publications Inc., 2006.

14



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

Locally Nonlinear Strategies and Effective Preconditioners for Domain
Decomposition Methods Applied to Large Flexible Multibody Systems

Eva-Maria Dewes1, Daniel J. Rixen2

1,2 Institute of Applied Mechanics

Technical University of Munich

Boltzmannstr. 15, 85747 Garching, Germany

{eva-maria.dewes, rixen}@tum.de

Abstract
In structural mechanics, domain decomposition methods (DDM) have shown to be highly efficient in solving

large finite element problems. Their good numerical and parallel scalability is promising also for time integration

of large (flexible) multibody systems.

When applying domain decompostion methods to multibody systems, difficulties especially arise from nonlin-

ear constraint equations which result in non-constant Jacobian matrices. This is an issue not yet tackled in domain

decomposition approaches and it can result in exploding computational costs and poor convergence behaviour.

Therefore, finding suitable preconditioners is crucial for the efficiency of the algorithm.

In this contribution the finite element tearing and interconnecting (FETI) method [1] is used and enhanced

for application to multibody dynamics. In order to discuss different preconditioning techniques, we use a time

integration scheme which is based on the generalized-α method [2] with an embedded FETI-method to solve the

linear systems arising in every time step within the Newton iterations.

We consider mechanical systems with equations of motion represented by a system of differential-algebraic

equations (DAE) in index- 3-formulation

MMM(qqq)q̈qq+ fff (qqq, q̇qq)+BBB(qqq)T λλλ = 0 (1)

ggg(qqq, t) = 0 (2)

with dynamic equations (1) and kinematic constraints (2) . The vector qqq collects the generalized coordinates

of the system and the vector of Lagrange multipliers λλλ the constraint forces to enforce the nonlinear constraint

equations (2) . BBB(qqq) := ∂ ggg(qqq)
∂qqq denotes the non-constant Jacobian matrix and MMM denotes the symmetric but not

necessarily constant Mass matrix.

Discretization via generalized- α time integration scheme leads to the following system, where iteration inde-

ces n and k correspond to the time and Newton increments, respectively[
ÃAA

k
n+1 BBBT (qqqk

n+1)
BBB(qqqk

n+1) 0

][
ΔΔΔqqqk

ΔΔΔλλλ k

]
=

[ −rrrk
eq,n+1

−rrrk
cons,n+1

]
, ÃAA

k
n+1 := β̃MMMk

n+1 + γ̃CCCk
n+1 +KKKk

n+1. (3)

with scaled stepping matrix ÃAA
k
n+1, tangent stiffness matrix KKKk

n+1 and tangent damping matrix CCCk
n+1. For the choice

of the parameters β̃ , γ̃ see [2]

In order to apply a DDM like FETI, we divide the global system (1) , (2) into Ns substructures by partitioning

the submatrices of system(3) as follows

ÃAA := diag(AAA(1), . . . ,AAA(Ns)), BBB := (BBB(1)
∣∣ . . . ∣∣BBB(Ns)) (4)

ΔΔΔqqq := (qqq(1), . . . ,qqq(Ns))T , rrreq := (rrr(1)eq , . . . ,rrr
(Ns)
eq )T . (5)

FFFIΔΔΔλλλ = ddd with FFFI := BBBÃAA
−1

BBBT , ddd :=−BBBÃAA
−1

rrreq + rrrcons. (6)

The problem(6) is solved iteratively for the interface forces ΔΔΔλλλ via a preconditioned (projected) Conjugate

Gradient (P(P)CG) algorithm. CG is applicable since we do not consider non-conservative forces in our model

and this leads to symmetric positive definite (s.p.d.) tangent stiffness and damping matrices. This ensures a

s.p.d. global iteration matrix FFFI , since the mass matrix is also s.p.d.. For unsymmetric problems one could use

BiCGSTAB instead or transfer the results to another Krylov subspace method. In the dynamic case the global

problem is non-singular due to the absence of floating subdomains and does not produce a so called natural coarse

grid. However, finding good auxillary coarse grids to ensure numerical scalability is important [3]. Furthermore,

the iteration matrix FFFI is not constant and factorization of the local stepping matrices is time-consuming. In the

case of multibody systems, when the system is partitioned bodywise, the BBB-matrices are in general not constant

due to nonlinear constraints. This makes computation of the preconditioner more costly. We thus investigate also

different updating strategies to avoid full updates in every Newton step.
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Define the preconditioner as proposed in [4]

F̃FF−1
III :=

Ns

∑
s=1

B̃BB(s)S̃SS
(s)

B̃BB(s)T
(7)

where B̃BB(s)
are scaled assembly operators and S̃SS

(s)
local Schur complements or an approximation.

One possible choice for B̃BB(s)
is [4]

B̃BB(s)
:=

(
Ns

∑
s=1

BBB(s)QQQ(s)BBB(s)T

)−1

︸ ︷︷ ︸
(BBBQQQBBBT )

−1

BBB(s)QQQ(s) (8)

where QQQ = (Qi j)i, j is a diagonal scaling matrix with Qii := 1

A(s)
ii

for i = j and Qi j = 0∀i �= j, corresponding to the so

called superlumped scaling in classical FETI. Here, the computation of BBBQQQBBBT can become costly for non-Boolean

and non-constant BBB-matrices. However, one can show that this is equivalent to choosing the Identity for QQQ in

the preconditioner and scaling the dynamic equations and the dynamic variables ΔΔΔqqqk of the global uncondensed

problem(3) via a diagonal scaling matrix WWW =
(
(A(s)

ii )−
1
2

)
i, j:i= j

.

To illustrate the effect of applying different updating strategies for the FETI preconditioner a simple test model

of a beam like structure is considered.

The model consists of three substructures, interconnected via nonlinear kinematic constraint equations of constant

distance. Each substructure contains 24 point masses, which are connected via linear springs. The substructures

are identical, except of the masses, which differ from substructure to substructure.

The following table shows selected solver statistics for different updating strategies for the lumped preconditioner

with super-lumped scaling. Using no preconditioner leads to a high number of linear iterations, as expected.

Updating the preconditioner in each Newton step with updated and constant BBBsss-matrices, respectively, leads to the

lowest number of iterations.

The trend already visible in this basic example needs to be further investigated using a more complex application.

Table 1: Solver statistics for different updating strategies of the preconditioner during Newton iterations

full updated F̃FF−1
III constant BBBsss constant BBBQQQBBBT constant F̃FF−1

III no Prec.
total no. of FETI iterations 16458 16400 18677 18133 33178

max. dim. of Krylov subspace 6 6 7 6 12

average dim. of Krylov subspace 5 5 6 6 11
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Abstract
Many structural components of mechanical systems can be modeled accurately as exible beams. When these

components undergo nite motions, a non-linear approach is needed. The geometrically exact beam theory [1, 2]
is often selected because it uses an exact kinematic description of the structure involving nite displacement and
rotation elds, as expected for Cosserat solids. Because nite rotations are present, the con guration space is
nonlinear and non-commutative.

The mechanical properties of the system are represented by a strain energy function that depends on sectional
strain measures. Application of the fundamental principles of mechanics then yields the six nonlinear, ordinary
differential equations of equilibrium. Typically, the nite element method is used to solve these nonlinear equations
and because it is dif cult to deal with nonlinear and non-commutative con guration spaces, numerous approaches
to the problem have been proposed. The earliest researchers have used the classical interpolation tools of the nite
element methods, see Simo and Vu-Quoc [3], Cardona and Geradin [4] or Ibrahimbegović [5]. While all these
approaches use identical sectional strain measures to de ne the beam’s strain energy, the numerical processes used
to obtain the solution differ. Notable differences are found in the parametrization and interpolation of the rotation

eld.
Several issues with these early techniques have been documented in the literature. Cris eld and Jelenić [6,

7] were the rst to point out that the strain measures used in the formulation should be objective, i.e., should
be invariant under the addition of a rigid-body motion to the con guration of the system. They showed that
several commonly used discretization schemes for rotation elds do not satisfy these requirements: interpolated
strain measures do not remain invariant under a superimposed rigid-body motion. Typically, the use of mesh
and load step size re nements alleviate these problems. Another recurring issue of these schemes is the locking
phenomenon. The requirement for the convergence of the nite element method is that the interpolated eld be
able to capture constant strain states accurately, see Zienkiewicz [8]. Unfortunately, when using the polynomial
interpolation functions found in nite element textbooks for interpolating beam problems, it is not possible to
represent constant or vanishing shear strain distributions, for instance, resulting in the well-known shear locking
phenomenon. Typically, reduced integration, higher order-interpolation schemes, or both, are implemented to
mitigate this problem.

The de ciencies of these schemes limit their performance and indicate that fundamental underlying concepts
are not treated properly. In this work, a fresh look at beam problems is presented. The choice of an interpolation
strategy is rooted in the kinematic description of the beam. In the classical approach, e.g. [3, 4, 9, 10, 11], the
con guration space is considered as SO(3)×R

3: independent rotation, SO(3), and displacement, R3, elds are
used. In contrast, this work advocates the motion-based approach, in which the con guration space is selected
as SE(3) = SO(3)�R

3: the rotation and displacement elds are treated as a single, coupled entity, called a
“frame eld” or a “motion eld.” Although this motion framework is used widely in the robotic community, see,
e.g., Angeles [12] or Selig [13], it has been largely ignored by researchers modeling exible structures. Such
coupled approach for beams is found in the work of Borri and Bottasso [14] and Sonneville et al. [15]. Some
researchers, e.g. Hodges [16] and Zupan and Saje [17] have advocated the use of the intrinsic formulation of the
beam equations, which indirectly couples displacement and rotation. This approach is found to be consistent with
the kinematic description of beams and handles the superposition of rigid-body modes easily, leading naturally to
objective sectional strain measures.

In this work, two nite element interpolation strategies are presented and contrasted. The rst interpolates
the displacement and rotation elds separately, whereas the second interpolates both elds as a unit, in a manner
consistent with the motion approach. The performance of the two approaches are evaluated in light of the funda-
mental requirements for the convergence of the nite element method: the ability to represent rigid-body motion
and constant strain states. It is shown that the traditional uncoupled interpolation scheme for the position eld
approximates that based on the motion by neglecting the effect of the rotation eld on the position eld. Further-
more, it is shown that the coupling induced by the interpolation of motion yields superior convergence rates for the
representation of constant strain states. This property is known to lead to nite elements that perform better, and,
in particular, are less prone to the shear locking phenomenon.
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Abstract

A new index reduction approach [1, 2] is developed for the inverse dynamics simulation of underactuated

mechanical systems that have more degrees of freedom than control inputs. The formulation of this kind of inverse

problems can be achieved by using servo constraints, in which the desired outputs (specified in time) are described

in terms of state variables. In this case they are also called servo-constraint problems [3].

The servo-constraint problems of discrete underactuated mechanical systems are governed by differential-

algebraic equations (DAEs) with high index (e.g. index 5). The servo constraints are contained in the algebraic

equations of the DAEs. The numerical solution to the DAEs with high index is in general highly challenging and

the flatness-based analytical solution is often not feasible for complicated underactuated multibody systems.

The newly proposed numerical method facilitates an index reduction from five to three and sometimes even

to one. It makes possible the stable numerical integration of the resulting index-reduced DAEs. The new approach

is also suitable to be applied to a very general and versatile formulation of cranes [2], which are classified as

differentially flat systems [4]. Redundant coordinates or minimal coordinates can be applied to model the systems.

In this work we make use of redundant coordinates to formulate the mathematical model within the application

of the new approach. The success and functional efficiency of the new method is demonstrated with a represen-

tative numerical example called cable suspension manipulator. A kinematically undetermined cable suspension

manipulator is an underactuated mechanical system, which combines the capabilities of a crane and a robot to

transport the payload from an initial position to an end positoin in the workspace precisely. The inverse dynam-

ics simulation is achieved by using servo constraints. The governing equations are a set of differential-algebraic

equations (DAEs) with index five.

A three-cable suspension manipulator CABLEV [5] is used to demonstrate the index reduction procedure for

the trajectory tracking control problem. The model of cable suspension manipulator in Fig.1 is a differentially

flat system, which has the property that all the state variables and control inputs can be algebraically expressed in

terms of flat outputs and their time derivaties up to the fourth order. The solution to the trajectory tracking control

problem leads to a feedforward control strategy.
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Figure 1: The three-cable suspension manipulator model (CABLEV)
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Abstract
This study addresses the development of model reduction methods for geometrically exact finite element

models of elastic bodies. Following the formulations described in [1, 2, 3, 4], the nodal coordinates of the finite

element mesh generally include finite translation and finite rotation variables. The rotation variables evolve on the

special group of special orthogonal transformations SO(3), which is a nonlinear space. Formally, the position and

orientation of all the nodes of the mesh can then be collected in a matrix q ∈ G, where G is a matrix Lie group of

dimension k. For a matrix Lie group, the composition operation is simply the matrix product. The construction of

the matrix q from the set of nodal translation vectors and of nodal rotation matrices can be done in several different

manners, which shall affect the nature of the composition operation [5].

In this mathematical setting, the equations of motion of the elastic body take the general form

q̇ = q ṽ (1)

Mv̇ = g(q,v, t) (2)

where the first equation is a kinematic compatibility equation which defines the velocity vector v ∈ R
k, and the

second equation represents the dynamic equilibrium with the mass matrix M and the vector of internal, external

and complementary inertia forces g. This system of equations represents a differential equation on a Lie group,

which can be solved using Lie group time integrators, see, e.g., [6].

In this work, model reduction methods based on the Proper Orthogonal Decomposition (POD), also known

as the Karhunen-Loève decomposition or the Principal Component Analysis are investigated. These methods rely

on some data about the dynamic system, which can be extracted either from simulation results of the full model or

from experimental measurements. Here, the first option is considered. Then, these data should be organized in a

so-called snapshot matrix, and a truncated orthogonal basis is constructed in order to capture the main variations

that are present in the data. The algorithm can rely either on a singular value decomposition of the snapshot matrix

or on eigenvalue analysis of the covariance matrix. The method is general and applicable to nonlinear dynamic

systems evolving on a vector space. Also, it is optimal in the sense that it minimizes the average squared distance

between the original signal and its reduced linear representation [7]. Then, a reduced-order model can be obtained

by a projection of the dynamic system on the reduced basis.

The application of the POD method to dynamic systems evolving on a Lie group is, however, not straightfor-

ward. A first question is to construct the snapshot matrix in order to prepare the extraction of the truncated optimal

basis. Each column of the snapshot matrix is a vector which should represent a configuration of the system coming

from the simulation of the full model. Unfortunately, in our case, the configuration of the system is not represented

by a vector but by a matrix q so that an additional step is needed to build the snapshot matrix. One possibility is to

map the configuration q in the Lie algebra g of the group using the logarithm map q̃ = log(q). The Lie algebra has

a linear structure so that any q̃ ∈ g can itself be represented by a vector q = vec(q̃) ∈ R
k. If n snapshots q1, . . .qn

are available, the k×n snapshot matrix S is thus constructed as

S = [vec(log(q1)), . . . ,vec(log(qn))] (3)

A second possibility is to define the snapshot matrix from n velocity vectors as

Svel = [v1, . . . ,vn] (4)

A third possibility is to combine the position and velocity snapshots in a single 2k×n snapshot matrix. An optimal

and truncated basis can then be found using the standard POD procedure. The reduced basis shall be represented

by a rectangular k× l matrix ΨΨΨ with l < k.

A second question is related with the definition of the projection operator on the Lie group based on the

matrix ΨΨΨ. For example, if the snapshots are constructed using Eq. (3), the projection can be based on the nonlinear

formula

q = exp(Ψ̃ΨΨηηη) (5)

where ηηη ∈ R
l is the vector of reduced coordinates. This formula is interpreted as a projection defined in the

Lie algebra. As the exponential map is not injective, several values of ηηη can represent the same configuration q.
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Therefore, the validity of this approach is restricted to regions of the configuration space and of the Lie algebra in

which the exponential map is injective. A time derivation of the nonlinear formula (5) leads to a projection formula

for the velocity, which turns out to be nonlinear in the general case. The equations of motion then take the form of

a second-order differential equation in terms of the reduced coordinates ηηη .

In general, the reduced equations of motion resulting from this projection do not share the same Lie group

structure as the initial equations of motion. However, it is possible to preserve the Lie group structure of the initial

problem if some additional requirements are imposed on the choice of the subspace ΨΨΨ. Indeed, if this subspace is

actually a subalgebra of g, then the reduced-order model can be represented on a Lie subgroup, and thus inherits the

Lie group structure of the initial problem, which appears as a substantial advantage. This additional requirement

can be formulated as an involutivity condition for the columns of the matrix ΨΨΨ.

A numerical study based on an highly elastic beam with large 3D motion is developed to illustrate the theoret-

ical concepts. The influence of the choice of the initial Lie group structure, of the definition of the snapshot matrix

and of the projection scheme are investigated numerically.
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Abstract
In numerical formulations of three-dimensional beams the choice of primary interpolated variables is highly

important for the efficiency and accuracy of the method. Many numerical problems reported in literature are di-

rectly related to the properties of configuration space of the beam which incorporates three-dimensional rotations.

From the perspective of total mechanical energy the spatial and temporal derivatives of configuration variables are

more natural quantities. Additionally, when expressed with respect to the moving bases, the measures for the rate

of change of rotations become additive. Despite these strong advantages they are rarely chosen to be the primary

interpolated unknowns. This was the motivation for the strain-based beam formulation for static analysis [1] and

the velocity-based beam formulation for dynamic analysis of three-dimensional beams [2]. The crucial idea ex-

ploited in our approaches is to employ velocities in fixed frame description and angular velocities in moving frame

description as the primary unknowns. For such models standard additive interpolation is fully consistent with the

configuration space. We further employ the algebra of quaternions as a suitable tool to express the governing equa-

tions and relate rotations with their derivatives. The initial investigations were performed without any additional

measures taken to stabilize the calculations. Despite that, numerical investigations provided very promising results

[2].

Unfortunately, a proper adaptation of time integration method to configuration space with three-dimensional

rotations might still result in a loss of numerical stability even for conservative problems [3]. As the answer to this

phenomenon several energy preserving and energy decaying algorithms were proposed, e.g., [3], [4], [5], [6], [7],

[8], [9]. It is interesting to investigate the velocity-based beam elements in the framework of energy conserving

algorithms. For this purpose we slightly modify the continuous balance equations of a Cosserat rod in quaternion

notation:

n′+ ñ− d
dt

(ρAv) = 0 (1)

m′+ r′ ×n+ m̃− d
dt

(
q̂◦ (Jρ ΩΩΩ

)◦ q̂∗)= 0̂, (2)

where v and ΩΩΩ are linear and angular velocity, r is the position vector of the centroidal axis, n and m represent

stress-resultant force and moment vectors of the cross-section with respect to the fixed basis; ρ is mass per unit of

the initial volume; A is the area of the cross-section; Jρ is the centroidal mass-inertia matrix of the cross-section; ñ
and m̃ are vectors of applied distributed force and moment and q is rotational quaternion.

The initial step in the time discretization follows directly from the mean value theorem:

ρAv[n+1]−ρAv[n] = h
(

n̄′+ ñ[n+α]
)

(3)

Jρ ΩΩΩ[n+1]−Jρ ΩΩΩ[n] = hq̂[n+α] ◦
(

m̄′+ r′[n+α]× n̄+ m̃[n+α]
)
◦ q̂∗[n+α]−hΩΩΩ[n+α]×Jρ ΩΩΩ[n+α], (4)

where superscrits (·)[n] and (·)[n+1] are used to denote the values at two successive times tn and (·)[n] , while h =

tn+1 − tn is the time step. (·)[n+α] denotes the intermediate time, usually chosen to be α = 1
2 .The newly introduced

quantities n̄ and m̄ represent suitable approximations of stress resultants based on energy conservation constraint.

We will base the spatial discretization on incremental values of velocities and angular velocities v and ΩΩΩ
representing the continous update of the configuration. Using standard interpolation functions Ip(x) we have

v(x) =
N

∑
p=1

Ip (x)vp, ΩΩΩ(x) =
N

∑
p=1

Ip (x)ΩΩΩp
. (5)

Equations (3) and (4) are multiplied by the same test functions Ip (x) and integrated along the length of the
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beam. After some terms are integrated by parts and the boundary conditions are considered, we have:

L∫
0

[
ρAv[n+1]Ip −ρAv[n]Ip +hn̄I′p −hñ[n+α]Ip

]
dx−hδp fff = 0 (6)

L∫
0

[
Jρ ΩΩΩ[n+1]Ip −Jρ ΩΩΩ[n]Ip +hM̄I′p −hK[n+α]×M̄Ip

−hq̂[n+α] ◦
(

r′[n+α]× n̄− m̃[n+α]
)
◦ q̂∗[n+α]Ip −hΩΩΩ[n+α]×Jρ ΩΩΩ[n+α]Ip

]
dx−hδpHHH = 0 (7)

where M̄ = q̂∗[n+α] ◦ m̄◦ q̂[n+α] was introduced to describe the internal moment in local basis, K[n+α] is the rota-

tional strain, while δp fff and δpHHH denote point forces and moments at the two boundaries.

After the kinematic compatibility equations for translational and rotational strain, ΓΓΓ and K, are discretized in

a similar manner, we have

ΓΓΓ[n+1]−ΓΓΓ[n] = h
[

q̂∗[n+α] ◦v′[n+α] ◦ q̂[n+α] +
(

q̂∗[n+α] ◦ r′[n+α] ◦ q̂[n+α]
)
×ΩΩΩ[n+α]

]
(8)

K[n+1]−K[n] === h
[

ΩΩΩ′[n+α]−ΩΩΩ[n+α]×K[n+α]

]
, (9)

which gives the update formulae for strains.

Considering the above results in the expression for the increment of the total mechanical energy between the

two successive time steps leads to approximations for n̄ and M̄ that guarantee the algorithmic energy preservation

under conservative load. We can conclude that the advantages of the velocity-based approach and the long-term

stability based on energy conservation are succesfully combined in the present approach.
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Abstract
Redundantly constrained rigid multibody systems (MBS) are problematic in modelling. The difficulties oc-

curring therein may be divided into two main groups: numerical problems and problems with the uniqueness of

reactions. The first kind of problems may be reduced by using special algorithms devoted to such mechanisms

and is not addressed in this paper. The second kind of problems is a direct consequence of the geometric structure

of the considered overconstrained MBS [1, 2] and is observed regardless of the method adopted to handle the re-

dundant constraints [3]. Similar issues are observed in overactuated systems, since overactuation may be treated

as a special case of redundant constraints. For overconstrained mechanisms, reaction forces are indeterminate in

general. However, some of the reactions (or reaction components) may be unique. Note that this phenomenon is

very important in the simulation of MBS because it may cause ambiguous (arbitrary) results, e.g. when friction is

present in joints with non-unique reactions [4]). Hence, for such analyzes, it should be known in advance which

reactions are unique and which are not. In the case of complex MBS, it is not always easy to tell which reactions

are unique. Thus, appropriate numerical methods for uniqueness tests seem to be necessary, especially for the use

in large-scale multibody simulation packages. Note that the methods for dealing with the uniqueness problem are

still under investigation and development.

In the papers studying joint reactions in overconstrained MBS, two different methods of redundancy analysis

are exploited: one based on the constraint Jacobian matrix (described in, e.g. [1,2,4,5]) and the other – quite novel

– kinetostatics-based method (see, e.g. [6]). Moreover, redundant actuation is seldom investigated in the context

of MBS modelling. This paper focuses on two issues. Firstly, a novel, nullspace-based approach to analysis of the

constraint Jacobian matrix is proposed and analyzed. Secondly, it is shown that actuation redundancy, modelled in

terms of redundant driving constraints, may affect uniqueness of reactions in joints without actuation.

The constraint Jacobian-based uniqueness analysis method was previously discussed, e.g. in [1, 2, 4, 5]. In

paper [1] it was shown that some reactions in overconstrained rigid MBS (which have indeterminate reactions in

general) may be unique; the conditions for reactions’ uniqueness were introduced and proven. Three numerical

methods, based on the concept of direct sum, were proposed to analyze the constraint Jacobian matrix, namely:

rank comparison method, QR-based method and SVD-based method. In article [4] similar methods of constraint

Jacobian analysis were employed to study the uniqueness of simulated motion in the presence of joint friction. It

was shown that reactions non-uniqueness may affect the results of simulation of motion. The methods based on

direct sum concept were subsequently utilized to investigate MBS with flexible bodies [5].

The nullspace method is an alternative to the direct sum-based methods. In paper [2] the nullspace method for

reaction uniqueness analysis was used and the weighted minimum norm condition for the practical solution of non-

unique reactions was formulated. Until now, the nullspace-based method allowed us to determine the uniqueness

of the individual reaction components only. In the present paper we extend this approach to other, more general

cases, e.g. to analysis of uniqueness of total joint reactions.

Let us discuss the nullspace method for Jacobian-based reaction uniqueness analysis. In order to perform

the uniqueness test, the considered MBS must be described by coordinates for which Jacobian matrix includes

information about all joints simultaneously, i.e. absolute or natural coordinates. For such system, a vector of

generalized constraint reactions may be written in the following form

W = ΦΦΦq
T λλλ = Jλλλ , (1)

where ΦΦΦq is the Jacobian matrix of constraints (which transposition is denoted J) and λλλ is the vector of Lagrange

multipliers.

As mentioned before, in the case of redundant MBS, reactions are non-unique in general. However, some

of them may be unique despite the global indeterminacy. One of the method allowing to check which reactions

are determined is the nullspace method. In the previous papers, e.g. [2] or [7, p. 58], it was stated, that Lagrange

multipliers lying in the nullspace of transposed Jacobian matrix J are indeterminate, i.e. reaction components

corresponding to these multipliers are non-unique. However, we are often interested in the total joint reaction (e.g.

for proper dimensioning of the part). The information about the uniqueness of individual reaction components

may be insufficient, because the total joint reaction may be unique, despite having non-unique components. This

situation may be observed, e.g. in the case of a planar mechanism showed in Figure 1 (if we are interested in the
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total reaction in doubled translational joint, rather than in separate reactions acting in each of the two co-linear

translational joints). Hence, it is necessary to formulate appropriate criterion which takes this case into account.

In this paper it is proven that a reaction (regardless of whether it is a single reaction component, a set of com-

ponents, a total joint reaction or a set of joint reactions) is unique if it is orthogonal to the nullspace of transposed

Jacobian matrix J. This theorem leads to the following orthogonality condition

JU NU = 0, (2)

where JU is a submatrix of the transposed Jacobian matrix J, created from these columns of J that correspond to

the reaction which uniqueness is studied; NU is a submatrix of the nullspace matrix N (which contains the basis

vectors of the nullspace of transposed Jacobian matrix J). Moreover, NU is build analogously to submatrix JU , but

from the rows of matrix N corresponding to the considered reaction.

In the next part of the paper the developed methods are extended to the case of redundantly actuated mecha-

nisms. The study is based on expressing the actuation in terms of driving constraints. The derivatives of additional

constraints are incorporated into the transposed Jacobian matrix J (obviously, some additional Lagrange multipliers

correspond to them). For such description, the uniqueness of driving forces may be analyzed just as the uniqueness

of reactions. We show that the uniqueness of reactions should be studied together with the uniqueness of driving

forces. It is vastly important to acknowledge the overactuation, since the redundancy of driving constraints may

affect the uniqueness of joint reactions (in both actuated and not actuated joints).

To illustrate the issues discussed in this paper, a planar mechanism (presented in Figure 1) is investigated.

This system has 1 degree of freedom and consists of 4 rigid bodies connected by 7 joints (5 translational and 2

revolute joints). Observe that the left-hand side translational joint is doubled. Various variants of joint actuation

are considered, including redundant actuation. Note that overactuation increases the total number of redundant

constraints. Hence, the system is characterized by at least 3 redundant constraints. The constraint Jacobian-based

nullspace method is used to analyze the uniqueness of joint reactions and driving forces.

Figure 1: Planar mechanism
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Abstract
Flexible, slender structures like cables can be described by the Cosserat rod theory [1]. It yields models with

geometrically exact kinematics, balance equations that govern the equilibrium of the sectional forces and moments
and constitutive equations, which describe the relations between objective deformation measures and the sectional
quantities. This contribution focuses on the constitutive modeling for cables displaying plastic deformation effects
in bending from two different points of view: experiments and nite element modeling.
Cables typically consist of at least two layers and different kinds of materials, depending on the application. This
complex multi-layer structure causes inelastic behavior, when the cable is under load. Friction, damage or de-
lamination between the layers can occur. Furthermore, different material behavior has to be expected, because the
constituents consist of a variety of materials, e.g. plastic metallic wires, hyper-elastic rubber jackets or visco-plastic
insulators. The different structural and material effects can hardly be separated in experiments. Consequently, an
approach in the framework of continuum mechanics is used in this work, where the inelastic effects are investi-
gated on the macroscopic scale and modeled phenomenologically with suitable constitutive models formulated in
the sectional quantities.
Three deformation modes and their combinations are relevant for exible beam-like structures such as cables: ten-
sion, torsion and bending. It is state of the art to derive the corresponding elastic stiffnesses in uniaxial tensile
tests, torsion tests and three-point bending. In [2, 3] it was already shown that plastic behavior can be observed,
if these classic experiments are executed cyclically. Our rst approach to model plasticity for cables based on
sectional quantities covers bending, because this deformation case is the most relevant for applications of cables.
In three-point bending tests, the specimen is supported symmetrically on both ends and loaded in the middle with
a point load (Figure 1, left). The resulting kinematics yield a deformation state, where the bending moment and
curvature are increasing linearly from the supports to the middle of the specimen. With this experimental setup,
it is not possible to directly measure the constitutive law for the bending moment as a function of the curvature.
Therefore, a new experimental device was designed which enables pure bending of cables, i.e. direct measurement
of the bending moment as a function of bending curvature (Figure 1, right).

F

l0

l0

MbMb

Figure 1: Schematic illustration of boundary conditions in three-point bending (left) and pure bending tests (right).

A two node geometrically exact beam element, which employs incremental displacements and rotations as
primary variables, is derived for computational experiments. Following the concept presented in [4], the governing
equations of the beam are developed from the generalized virtual work principle taking strains as independent
variables. This leads to a mixed formulation with strains and internal forces as primary variables.

The main focus is on constitutive modeling, since plastic behavior with (strain) hardening can be observed in
the force-displacement diagrams from three-point bending experiments. A rate-independent plasticity model with
(isotropic) hardening [5] based on sectional quantities is formulated to include these effects of material nonlinearity.
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The main ingredients of the model are: (i) the additive decomposition of the total strain into an elastic and a plastic
part, (ii) a set of equations describing elastic (reversible) behavior, (iii) a yield curve in the bending moment
plane and (iv) an associated ow rule and hardening law. For the associated ow rule, the direction of the plastic
strain is assumed to be normal to the yield curve and its magnitude is given by the plastic multiplier, which is
determined from the consistency condition that plastic ow remains on the yield surface. Loading and unloading
are characterized by the Kuhn–Tucker complementarity conditions.

The plastic part of beam strains consists only of curvatures K pl
1 and K pl

2 , since the remaining deformation
modes are assumed to stay elastic. Under this assumption, the yield function can be written as

f (M1,M2,α) =
(
M2

1 +M2
2
) 1

2 − (M0 +αHI) , (1)

where M0 is the yield moment and HI the (constant) hardening bending stiffness. The internal hardening variable,
i.e. accumulated plastic strain, is denoted by α . For the resulting constitutive model, it is necessary to determine
the elastic parameters (axial stiffness EA, torsional stiffness GJ and bending stiffnesses EI1, EI2) and the plastic
parameters (yield moment M0 and hardening bending stiffness HI) of the cable.

In a rst approach, three-point bending of a simple cable consisting of a core of metallic wires and a rubber
jacket is modeled. While the elastic parameters can be estimated from the corresponding experiments, it is not
possible to determine the plastic properties directly from three-point bending. Therefore, the plastic bending
parameters are obtained from an optimization problem wherein the results of the beam model of the three-point
bending test are tted to the experimental data. The results of the least squares optimization, solved with algorithms
for constrained optimization provided in Matlab, are presented in Figure 2.
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Figure 2: Three point bending: results of the optimization.
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Abstract
Liquid surface behavior in a partially filled liquid container (sloshing) is an important engineering problem

for such applications as designs of liquid storage tanks, liquid cargo transportations, tuned liquid dampers (TLDs)

and so on. The liquid in partially filled tanks tends to create a large liquid movement if the tank is subjected to

the excitation with frequency components being close to the natural frequency of the sloshing. Therefore, many

methods focusing on the nonlinearity have been developed. One of notable studies for the nonlinear sloshing has

been developed by Faltinsen and his colleagues. In a series of their papers, multidimensional modal approaches

have been presented for the nonlinear sloshing with irrotational inviscid flows in a tank having a rigid wall (e.g.

[1]). On the other hand, numerical approaches have also been applied to this problem. There are typical methods

with mesh discretization: the finite element method (FEM), the finite difference method (FDM) and the bound-

ary element method (BEM). These numerical approaches are available for fully nonlinear problems. Moreover,

incorporating the mesh discretization techniques into the numerical approaches has enabled us to analyze further

applications. The methods based on the multibody dynamics (MBD) approach are effective in describing interac-

tion between sloshing and structures. For example, in the case of TLD, which is used for suppressing the vibration

of tall buildings, a lot of containers filled with liquid partially are installed in the building at the same time for

improving its performance. Thus, it can be expected that MBD approaches are beneficial for describing the whole

system. Moreover, liquid motion in the container is originally expressed as a constrained system since the free

surface boundary conditions for a liquid domain lead to constraints. Once the system is formulated by the DAEs,

methods based on the MBD are available. In addition, it could facilitate the extension of theory for the sloshing

and structure interaction problem.

In this paper, we try to introduce a differential algebraic equation (DAE) approach to formulate the nonlinear

sloshing problem. The present theory is based on the analytical dynamics framework such as Lagrangian mechanics

and Hamiltonian mechanics. The resulting equations take the form of DAEs due to existence of algebraic equations

given as a continuity equation and boundary conditions. Then, direct numerical integration technique known as

the energy–momentum method[2, 3] is employed for calculating the derived DAEs. The proposed approach is

validated by comparing with an existing model and an experiment in the time domain analysis.

We consider a two-dimensional nonlinear sloshing problem shown in Fig. 1. The quantities in the fluid

domain are described by using the tank-attached Cartesian coordinate system (o−xy). An assumption of inviscid

irrotational flow is introduced for liquid. The tank has vertical side walls and a flat bottom, which can be regarded

as rigid walls. The tank is subjected to external excitation in a horizontal direction.

η

h

2L

o
x

y

fx(t)

Figure 1: Analytical model for liquid in partially

filled in a two-dimensional tank.

According to the variational principle in continuum me-

chanics, the Lagrangian density of fluid is equivalent to pres-

sure P(x,y, t)[4], that is,

L =

∫∫∫
V

P(x,y, t)dxdydz, (1)

where V is the volume of fluid. As a first step, this study

considers the inviscid and irrotational flow. Therefore, the

velocity potential Φ = Φ(x,y, t) can be introduced. It yields

a following expression for the pressure P(x,y, t)

P = −ρ
{

∂Φ
∂ t

+
1

2
∇Φ ·∇Φ+

1

2
gy+ x f̈x(t)

}
, (2)

where ρ is the fluid density. The operator ∇ is defined by

∇ = (∂/∂x, ∂/∂y)T . Substituting Eq. (2) to Eq. (1), then

applying integration by parts to Eq. (1), the Lagrangian of

fluid is rewritten by

L = ρ
∫∫

S
Φ|y=η

∂η
∂ t

dxdy−T −U, (3)
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where functionals T and U denote kinetic and potential energies defined by

T = ρ
∫∫∫

V

1

2
∇Φ ·∇Φdxdydz, U = ρ

∫∫∫
V
(gy+ x f̈x)dxdydz.

One way to derive a set of equations of motion is to introduce the Euler-Lagrange equation (or Hamilton’s

principle). It gives a kinematic condition and an equilibrium of the pressure on the liquid surface as the boundary

conditions, which govern time evolution for the velocity potential and the liquid surface elevation. In addition, a

continuity equation (Laplace’s equation) and boundary conditions on the bottom and the side walls can also be de-

rived. Therefore, this approach leads to differential algebraic equations expressed as a well-known set of equations

for the sloshing problem. Another way is to apply Hamiltonian formulation to Eq. (3). In this method, canonically

conjugate momenta regarding the liquid surface displacement η and the velocity potential Φ are introduced. Ap-

plying a functional derivative defined as δF [ f (x)]/δ f (ξ ) = lim
ε→0

(1/ε){F [ f (x)+ εδ (x−ξ )]−F [ f (x)]} to Eq. (3),

it gives

π(η) =
δL
δ η̇

= Φ|y=η , π(Φ) =
δL
δΦ̇

= 0, (4)

where a dot (˙) denotes a time-derivative d/dt. The resulting momentum in Eq. (4) imply that (i) the momentum

π(η) is given as a function of other (canonical) variables, and (ii) the momenta π(Φ) becomes 0. According to

Dirac’s method for constrained Hamiltonian system, these relations have to be considered as constraints (called

“primary constraints”). Specifically, these constraints are expressed as

C1 = π(η)−Φ|y=η = 0, C2 = π(Φ) = 0. (5)

Employing the Legendre transform for deriving the Hamiltonian, then modifying it by means of the method

of Lagrange multipliers with the primary constraints (5), it gives an augmented Hamiltonian:

H = T +U +λ1C1 +λ2C2. (6)

Let q and p be the canonical coordinates (η ,Φ) and momenta (π(η),π(Φ)), it gives a DAEs as follows:

q̇ =
δH
δ p

, ṗ = − δH
δq

, 0 =
δH
δλ1

=C1, 0 =
δH
δλ2

=C2. (7)

When dealing with the liquid surface displacement η and the velocity potential on the liquid surface Φ|y=η
as the canonical coordinates, Equation (7) results in the kinematic condition and the equilibrium of the pressure on

the liquid surface as well as the Euler-Lagrange equation. On the other hand, equation (7) also gives the continuity

equation (Laplace’s equation) and the boundary conditions on a bottom and side walls when dealing with the

velocity potential in the fluid domain V and on the bottom and the side walls, respectively. In particular, the

second equation of Eq. (7) leads to such boundary conditions as constraints in this case. Conventional asymptotic

models (e.g. Faltinsen and Timokha[1]) and FEM models (e.g. Nakayama and Washizu[5], Wu and Taylor[6]) can

be applied to the above Lagrangian and Hamiltonian formulations. Consequently, both formulations leads to the

DAEs comprised of the equations of time evolution for the liquid surface displacement and the velocity potential

and the boundary conditions. Then, direct numerical integration techniques are employed in order to solve the

DAEs.
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Abstract
Model reduction has been largely studied in structural and multibody dynamics as necessary to reduce the size

of complex mechanical systems. Model reduction methods are varied. Some of these consider both the static modes

at the boundaries of a domain and the restrained modes of the internal part when the boundary nodes are restrained.

This method is used to obtain a reduced impedance matrix from a larger mechanical impedance matrix and to

create a superelement [1], that is a subsystem able to interconnect to other superelements at the boundary nodes

which takes into account its internal dynamics through a number of eigenmodes. The well-known Craig-Bampton

representation is an impedance matrix reduction method in which the dynamics of the internal nodes is described

by modal parameters, or intensities, of the internal modes [2]. Some reduction techniques do not consider the

contribute of internal modes and are indicated as static reduction methods. The Guyan-Irons condensation method

employs statically reduced stiffness matrices to reduce the stiffness of a mechanical system to the boundaries. The

Guyan-Irons representation is based on the reduced stiffness matrix KOr, defined as:

KOr = KO −KOIKII
−1KIO ≡ ΞT KΞ (1)

with the static condensation matrix Ξ expressed as

Ξ =

[
1

−KII
−1KIO

]
(2)

in which the subscripts O and I, respectively, refer to the outer nodes of the boundary and to the inner nodes of

the domain. In the physical domain a linear mechanical system is characterized by its mass M, damping C and

stiffness K matrices. Coupling different parts requires the use of compatibility and equilibrium conditions that,

combined with the equation of motions, yield the general framework described by a system of three equations, [3]:⎧⎨⎩
Mü+Cu̇+Ku = fe + r
Bu = 0
LT r = 0

(3)

in which u is the array of generalized displacements, fe is the array of external forces and torques. Finally, B ex-

presses the compatibility conditions operating on the boundary nodes of two adjacent substructures and L expresses

the equilibrium conditions between the constraint forces r at the boundaries. By introducing a set of independent

nodes with displacements q, such that

u = Lq (4)

the system of equations (3) is reduced to the following form:

Mrq̈+Crq̇+Krq = fer (5)

in which Mr = LT ML, Cr = LT CL, Kr = LT KL and fer = Lfe are the reduced matrices and array of generalized

forces.

Here, the formulation adopted in [4] is used to create a general framework for the model reduction of flex-

ible multibody systems in which two-node flexible beam elements are coupled by means of joints. The static

reduction method is augmented with the compatibility conditions of the joints using a primal formulation without

Lagrangian multipliers. In presence of joints the compatibility conditions must express the Multi Point Conditions
(MPCs) linking the displacements of the two adjacent nodes composing the joint. In the proposed approach the

compatibility conditions become:

u = Bq+Hθ (6)

in which H is a matrix or an array that includes the geometric features of the joint and θ is the array of joint

displacements. It is noteworthy that eq.(6) expresses MPCs in which the joint contribute is not included inside B
but is explicit. This approach is useful to insert joint stiffness, joint preload forces/torques or to easily recover joint

wrenches during the analysis. The compatibility conditions of (6) are coupled to the static equilibrium equations
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to obtain a reduction technique analogous to the Guyan-Irons condensation method but augmented with MPCs.

Then, the static equations are projected onto the joint-space through HT to solve for θ , i.e.:

HT Kuuu+HT Kuqq+Kθ θ +p = 0 (7)

where Kuu and Kuq are the stiffness block matrices, Kθ is the joint stiffness matrix and p is the array of joint

preload. By introducing eq.(6) into (7), θ can be obtained by the following equation:

θ =−(Kθ +HT KuuH)−1[HT (KuuB+Kuq)q−p] (8)

By substituting the expression of θ in eq.(6) an expression similar to eq.(4) can be derived:

u = Lq+ l (9)

where l depends only on the preload p. The static condensation matrix Ξ becomes:

Ξ =

[
1

B+HL

]
(10)

and can be used to obtain the statically reduced augmented stiffness matrix Kr = ΞT KΞ and the statically reduced
and consistent augmented mass matrix Mr = ΞT MΞ analogous to that reported in [1]:

Mr = MOO −MOIKII
−1KIO −KOIKII

−1MIO +KOIKII
−1MIIKII

−1KIO (11)

Following a similar approach the method can be extended to impedance matrices, as demonstrated in [5]. Be-

sides, the proposed static reduction is suitable to be used to include constraint modes of boundary points in the

transformation matrix of the Craig-Bampton representation.
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Abstract

The dynamic behavior of flexible multibody systems that consist of a chain of bodies can be studied efficiently 
by recursive solution procedures. In these, it is common to express the kinematics using the relative coordinates 
formulation and the dynamics using the floating frame of reference formulation. A comprehensive overview of the 
developments in this field for open-loop and closed-loop rigid and flexible multibody systems is given in [1]. 

The purpose of this work is to provide additional insights to these recursive methods. Key concept in most 
recursive solution procedures is to recursively eliminate a body from the chain, upon which the mass matrix and 
interface forces of the remaining adjacent body must be updated appropriately. In this work, it is shown that by 
expressing the motion with respect to an inertial frame, the mass matrix update can directly be related to the 
effective mass of the eliminated body, giving it a clear physical interpretation. This method is compared with a 
recursive solution procedure based on transfer matrices. This transfer matrix method may have advantages in the 
case of closed-loop systems and systems that consist of a chain of identical bodies, which is often the case for solar 
panel arrays, robotic manipulators, offshore equipment, etcetera.

Consider the equation of motion of a single flexible body using the floating frame of reference formulation:

 . (1) 

The rigid body coordinates  describe the configuration of a floating frame with respect to an inertial frame. 
The elastic coordinates  describe a linear elastic displacement field with respect to the floating frame, using a 
linear combination of deformation modes. The mass matrix consists of the rigid body mass matrix , the 
generalized mass matrix due to the elastic modes  and the modal participation factors  that couple rigid and 
elastic motions. is the generalized stiffness matrix due to the elastic modes. is the resultant generalized force 
acting on the body and is the generalized modal force. Here, quadratic velocity forces are contained in the right 
hand side generalized forces.

In [2], it is explained how this equation of motion can be used in a recursive order- -method that is applied 
for the simulation of flexible space structures. To explain the procedure, Figure 1 highlights the last two bodies, 
and , of an open-loop system. From the equation of motion of the last body , the second line is solved for 
and substituted in the first line. By doing so, it is possible to express the interface force between the two bodies in 
terms of the acceleration of the interface point and the generalized forces of body . Next, this is substituted in the 
right hand side of the equation of motion of second to last body . The term containing the acceleration of the 
interface point can be combined with the other inertia forces and forms the mass matrix update of this body. All 
other terms remain on the right hand side and form the update of the interface force. The procedure is repeated 
recursively, eliminating one body at a time, until one body remains. This equation of motion is solved and the 
result is back substituted in the equations of motion of the eliminated bodies subsequently. In case of a closed-
loop system, a loop closure constraint is enforced using Lagrange multipliers. 

If the elastic deformation is described by six appropriate modes, e.g. static Craig-Bampton modes, it can be 
shown that for a two-node body, it is always possible to find a coordinate transformation from  and  towards 
the global motion of the interface points, e.g.  and  for body . With this, the equation of motion eq. (1) can 
be rewritten to the following form:

 . (2) 

Note that these are nonlinear equations in terms of the (large) global motion of the interface coordinates. 
and  are the interface forces of interface points  and .  and  contains all other generalized forces acting on 
interface points  and . This form is similar to the co-rotational frame formulation of a finite element, with the 
difference that in eq. (2) also quadratic velocity forces are included in , which are normally neglected in a co-
rotational formulation. 
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Figure 1. The last two bodies,  and , of an open-loop flexible multibody system.

Using eq. (2) instead of eq. (1), a recursive solution procedure is set up similarly as explained above. The 
equation of motion of body  can be manipulated such that the interface force  is expressed as: 

 . (3) 

The term in between square brackets can be recognized as the mass matrix condensed on interface point ,
which consists of its relevant partition  and the added effective mass of the body , similar to 
linear vibration problems [3]. Without loss of generality, it is assumed that the bodies are connected rigidly, such 
that the kinematic and dynamic coupling conditions are  and . With this, the equation of motion 
of body  can be expressed as:

 . (4) 

In this form, it is clear that the elimination of body  results in a mass matrix update of body , but only in 
the partition directly related to interface point . This can be physically interpreted as follows: In order to have 
equivalent motion of the system from which body  is eliminated, the appropriate condensed mass is added to 
interface point . Simultaneously its interface force is updated to take into account the interface force  and elastic 
and quadratic velocity forces of body . By applying a coordinate transformation back to rigid and elastic 
coordinates on eq. (4), the same result is obtained as in [2]. With this, it can be understood that in this recursive 
solution procedure the mass matrix update can be related to a specific condensed mass matrix and a coordinate 
transformation.  

With the equations of motion in the form of eq. (2), an alternative recursive formulation is possible in terms 
of transfer matrices. To this end, the acceleration and interface force of interface point  are expressed in terms of 
the acceleration and interface force of interface point  and generalized forces as:

 
. (5) 

The combination of acceleration and interface force of an interface point is referred to as the state vector of 
that interface point. In this formulation, the state vector of  is related to the state vector of  by a so-called transfer 
matrix and an additional vector due to elastic and quadratic velocity terms. With this, it is possible to eliminate all 
intermediate bodies from a multibody chain by successive multiplications of transfer matrices and to obtain a 
reduced equation of motion in terms of the first and last states only. 

An advantage of this transfer matrix method is that these transfer matrices can be determined without any a 
priori knowledge of the boundary conditions of the entire structure, i.e. changing the boundary conditions on the 
first and last interface points does not influence the transfer matrices. As a consequence, no loop-closure constraints 
are required for closed-loop systems. Using the transfer matrix method becomes increasingly beneficial for 
systems that consists of a chain of identical bodies. In this case, the reduction of the full size equation of motion 
consists of multiplications of transfer matrices that are all the same, whereas when using techniques based on 
condensation and elimination of bodies, the mass matrix update still needs to be executed one body at a time. 
However, since this mass matrix update can be given the clear physical interpretation presented in this work, it is 
still an attractive alternative to the more mathematical transfer matrix method. 
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Abstract
Multibody simulations have already been used for a long time to reduce development time and cost in many

sectors of the industry [1]. Although the first applications of multibody simulations were aimed at predicting the

dynamic behavior of machines and/or mechanisms, the efficiency of the multibody formulations developed during

the last years, combined with the increasing computational power available, have allowed new applications for

multibody simulations, such as human-in-the-loop and hardware-in-the-loop simulations, which require real-time

execution [2, 3].

During the last decade, some research groups started to employ multibody dynamics techniques to devise

state observers [4, 5, 6, 7]. The advantages of this strategy with respect to state observers designed in a more

conventional way are the accuracy of the multibody models with respect to simplified closed-form models, and

the general methodology provided by the multibody formulations to develop models of new systems and sensors.

Moreover, multibody models usually provide more information, which is usually neglected when using a closed-

form model.

The main drawbacks of using multibody simulations for state observers include their high computational cost,

not allowing to employ unscented Kalman filters in problems of moderate size, and the lack of accuracy of the

force models employed.

Some of these problems can be overcome by using simple kinematic models, but at the cost of adding ac-

celeration sensors to provide the input to the kinematic model [8, 9]. If the extra sensors are not available, then a

dynamical model has to be used. However, if the force models are not accurate enough, the prediction of the model

0 2 4 6 8 10

Time (s)

0

10

20

30

40

50

60

A
ng

le
 (

ra
d)

Real

Model

Observer

(a) Position estimation.

0 2 4 6 8 10

Time (s)

-5

0

5

10

A
ng

ul
ar

 v
el

oc
ity

 (
ra

d/
s)

Real

Model

Observer

(b) Velocity estimation.

0 2 4 6 8 10

Time (s)

-40

-20

0

20

40

an
gl

ul
ar

 a
cc

el
er

at
io

n 
(r

ad
/s

2
)

Real

Model

Observer

(c) Acceleration estimation.
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Figure 1: Estimation results from the test with the four-bar linkage. Plots (a) to (c) show the crank

angle, angular velocity, and angular acceleration, while plot (d) shows the estimation of the torque

applied to the crank.
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will be biased. Although accurate results can be obtained with this approach if the values of the plant noise are

properly adjusted [10], correcting the plant by estimating the actual force applied to the system should provide a

more accurate solution. In some problems the force estimation can be the main aim, independently of the kinematic

magnitudes.

In this work, an indirect Kalman filter estimating position, velocity and acceleration errors of a multibody

simulation is proposed. The name indirect comes from the fact that the method does not estimate the magnitudes

of interest, but the errors that the multibody model makes in tracking the real system. The acceleration errors are

employed to calculate the force errors which would avoid the drift of the model, and these forces are applied to

the model. Moreover, the kinematic magnitudes previously estimated are also corrected. This approach allows to

obtain accurate state estimations, while estimating also the unknown forces.

In order to evaluate the behavior of this approach, two multibody models are employed. The first one is

considered as the real mechanism. Its motion is measured with one or more sensors, which are corrupted by noise

to simulate real sensors. The second multibody model acts as a model of the first one. They are similar, but there

are some differences as if they were modeling errors, such as those produced due to unknown forces or parameters,

or due to simplified force models. Finally, a state observer is built using the second multibody model and correcting

it with information provided by the noisy measurements taken from the first model (the “real mechanism”).

This methodology has been applied in this work to a four-bar and a five-bar linkages. The mechanisms

considered as real have constant torques applied to their cranks, while their corresponding models do not have any

applied torque, thus simulating a situation in which the actual forces are unknown.

The results obtained from a test with the four-bar linkage can be seen in Figure 1. In this test, the real

mechanism has a -15 Nm torque applied to its crank, while this torque is unknown to the model and the state

observer. The only sensor considered for this test was an encoder measuring the crank angle. The results show

how the errors in the multibody model make it diverge from the behavior of the real mechanism, while the state

observer properly tracks both the kinematic magnitudes and the torque applied at the crank.
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Abstract
In the analysis of multibody dynamics problems, it is often useful to know the equilibrium con gurations

and the way in which these con gurations change if a loading parameter changes. These solutions can often be
considered initial quasistatic approximations of the true motion of a system if the loads change relatively slowly
with respect to the eigenfrequencies of the system. Corrections can then be made with the aid of linearized dynamic
equations. So here, a method for nding and continuing static equilibrium solutions of a exible multibody system
and obtaining the linearized equations in these equilibria is presented.

The exible multibody systems are modelled by nite elements, as described earlier [1]. For each element
with nodal coordinates xxxe, a number of generalized strains εεεe are de ned as functions of the nodal coordinates,

εεεe = D
e(xxxe). (1)

These generalized strains are invariant under rigid-body displacements of the element and describe the state of
deformation of the element, so constraining them to be zero enforces rigidity of the element. Generalized stresses
σσσ e are de ned as energetically dual to the generalized strains, so the inner product of them with a virtual variation
of the generalized strain represent the negative virtual work of the internal forces in the element, δW e

i =−σσσT
δεεεe.

If these strains are not prescribed, either as constant values or as prescribed functions of time, the associated
generalized stresses are given by constitutive relations, which are assumed to be linear, so they can be speci ed by
a stiffness matrix SSSe and a damping matrix SSSe

d as

σσσ e = SSSeεεεe +SSSe
dεεεe. (2)

A dot over a variable denotes a derivative with respect to time. The dynamic properties are described by a mass
matrix and velocity-dependent convective terms, so the inertia force of the element is given by

−MMMeẍxxe −hhhe(xxxe,xxxe). (3)

A system can be modelled by a number of elements of several kinds, which are linked by sharing nodal coordinates.
Some coordinates and generalized strains can have prescribed values and applied forces can act on the system. The
equations for the complete system can be obtained by the familiar nite-element assembly process.

Static solutions are found by equating the accelerations and velocities to zero and solving the resulting ordi-
nary equations. The variables used in the present method are the nodal coordinates and the generalized strains that
are not prescribed and all generalized stresses, for which the equations are simultaneously solved without further
reductions.

Continuation methods to determine branches of equilibrium solutions have been used for some time. These
methods consist of an explicit predictor, which estimates a new solution some distance away from a current so-
lution, and an iterative corrector, which determines a more accurate solution on the branch of equilibria. One of
the rst to apply these methods was Haselgrove [2]; many fundamental ideas for continuation are contained in this
article. Early applications to structural mechanics were made by Riks [3, 4] and Wempner [5], where an auxiliary
equation that de ned a hyperplane perpendicular to the tangent vector of a known solution was used to de ne a
step size. Another auxiliary condition was used by Cris eld [6], whereas Fried [7] proposed a search direction
orthogonal to the present level curve.

An application of continuation methods to the problem of nding equilibrium solutions for exible multibody
systems was reported by Cardona and Huespe [8]. Their method resembles somewhat the proposed model here, in
that Lagrangian multipliers are included in the set of equations that has to be solved, but their formulation does not
include generalized strains. The larger system of equations used in the present formulation is easier to evaluate,
whereas the sparse structure of the matrix hardly in uences the calculation time. In addition, the formulation
appears to have better convergence properties. Also the linearized equations of motion in equilibria are formulated
in a set of minimal coordinates, which are useful for obtaining stiffness values and natural frequencies. These can
also be used with advantage for designing control systems.

The method is applied to large-de ection problems of a planar beam and a curved spatial beam, the bucking
of a stylized parallel leaf-spring mechanism due to a misalignment and the de ection of a uid-conveying pipe,
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initially bent to a semicircle, due to the uid ow. In the last two examples, stable as well as unstable branches
could be traced.
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Abstract
In structural dynamics, Newmark integrators are developed as methods with high-frequency dissipation and

small low-frequency damping. The generalized-α method according to Chung and Hulbert [4] is such an integrator

with second order accuracy. The algorithmic parameters are defined in terms of the desired amount of high-

frequency dissipation. Brüls and Cardona [3] extended the method to constrained systems on matrix Lie groups G,

that allow to describe large rotations without singularities. In this presentation, the Lie groups R
3 × SO(3) and

SE(3) are considered.

The differential-algebraic equations of motion are either solved in the index-3 formulation (1) or in the stabi-

lized index-2 formulation (2), see [1]:

Index-3 formulation Stabilized index-2 formulation

q̇ = DLq(e) · ṽ (1a)

M(q)v̈ = −g(q,v, t)−BT (q)λλλ (1b)

0 = ΦΦΦ(q) (1c)

q̇ = DLq(e) · Δ̃ΔΔq (2a)

ΔΔΔq = v−BT (q)ηηη (2b)

M(q)v̈ = −g(q,v, t)−BT (q)λλλ (2c)

0 = ΦΦΦ(q) (2d)

0 = B(q)v, (2e)

with position coordinate q, velocity coordinate v, holonomic constraints (1c) and (2d), constraint gradients B(q),
mass matrix M(q), force vector g(q,v, t), Lagrange multipliers λλλ and an auxiliary vector ηηη . The tilde opera-

tor (̃•) : R
k → g with the Lie algebra g and the directional derivative of the left translation DLq(e) : g → TqG,

ṽ �→ DLq(e) · ṽ in e along ṽ are used to summarize the kinematic relations in their compact form (1a) and (2a),

respectively. The numerical solution of the index-3 formulation does in general not preserve the hidden constraints

at velocity level (2e), which is why an index reduction is useful [1].

For the generalized-α method with constant step sizes, the optimal parameters for accuracy and stability

depend on the spectral radius at infinity ρ∞, see [4]. For fixed time step sizes h, the position and velocity coordinates

in the index-3 formulation (1) are updated in time step tn → tn+1 = tn +h according to

qn+1 = qn ◦ exp(hΔ̃ΔΔqn) (3a)

ΔΔΔqn = vn +(0.5−β )han +βhan+1 (3b)

vn+1 = vn +(1− γ)han + γhan+1 (3c)

with the Lie group operation ◦ : G × G → G, the exponential map exp : g → G and acceleration like vectors

an ≈ v̇(tn +Δα h) that satisfy

(1−αm)an+1 +αman = (1−α f )v̇n+1 +α f v̇n. (3d)

For the stabilized index-2 formulation (2), vector vn in (3b) must be replaced by vn −BT (qn)ηηηn, see [1].

The generalized-α method is characterized by its algorithmic parameters αm, α f , β and γ with Δα = αm −α f
and considers the equilibrium conditions (1b,c) or (2c,d,e) with (q,v, v̇,λλλ )→ (qn+1,vn+1, v̇n+1,λλλ n+1) at t = tn+1,

see [1,3,4].

In general, it is more efficient controlling the step size to improve the result accuracy and to keep the cost low

at the same time. In a variable step size implementation of (3), step size h has to be replaced by hn := tn+1 − tn and

the time shift of approximation an ≈ v̇(tn+Δα hn−1) depends now on the variable time step size hn−1 = hn/σn with

the step size ratio σn := hn/hn−1. Therefore, the update formulae (3) have to be modified to guarantee (as before)

local truncation errors of size O(h3
n) for second order convergence.

For variable time step sizes, the order conditions may be satisfied by variable algorithmic parameters β =
β (σn), γ = γ(σn), see [2], or by substituting an ≈ v̇(tn + Δα hn−1) in (3) by an := an + Δα(hn − hn−1)ȧn ≈
v̇(tn + Δα hn) with an approximation ȧn of v̈(tn), see [5]. In the present paper, we follow the latter approach

and furthermore substitute in the application to the index-3 formulation (1) the velocity coordinates vn ≈ v(tn) by

vn := vn +M−1
n Bn(BnM−1

n BT
n )

−1Bn(1−1/σ2
n )((1/6−β −Δα/2)h2

nȧn +1/12 ·h2
nRn) (4)

to avoid order reduction in the Lagrange multipliers λλλ , see [1]. In (4) the notations Mn := M(qn), Bn := B(qn) and

R̃n = [ṽn, ˜̇vn] with the matrix commutator [A,B] = AB−BA are used.
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For a moderate number of random step size changes with step size ratios σn ∈ (0.5,2) and spectral radius

ρ∞ = 0.8, second order convergence may be observed numerically. In Figure 1, the maximal absolute error of a

position coordinate is shown in double logarithmic scale for two different Lie group formulations for the benchmark

Heavy top [3]. The situation changes drastically if the step size is changed frequently. Rapidly growing numerical

solutions and numerical instability are observed systematically, see Figure 2.

Figure 1: Global error for a small number of step size

changes (position coordinates)

Figure 2: Time history of velocity coordinates for fre-

quent step size changes, hmean = 5 ·10−4

To study these stability problems analytically, it is observed that the crucial point of the convergence analysis

for fixed step sizes (σn ≡ 1) is a contractivity condition for a matrix T = T(ρ∞) ∈ R
3×3 with spectral radius

ρ[T(ρ∞)] = ρ∞ < 1. By a continuity argument, we construct lower and upper bounds σ = σ(ρ∞) and σ = σ(ρ∞)
such that this contractivity condition is satisfied also for variable step size implementations with step size ratios

σ ≤ σn ≤ σ for all n ≥ 0. Figures 3(a) and 3(b) show such bounds of σn for which the stability can always be

guaranteed.

In the adaptation of the generalized-α method to variable step sizes an approximation ȧn ≈ v̈(tn) occurred,

which can be obtained by several difference quotients. The two applied approaches are

Approach 1: ȧn =
an − v̇n

Δα hn−1
(5a) Approach 2: ȧn =

an+1 −an

(σn +(σn −1)Δα)hn−1
. (5b)

The bounds for the step size ratios for guaranteed stability become smaller with a bigger spectral radius ρ∞.

In general the bounds are very small in the index-3 formulation. The stabilized index-2 formulation is much more

robust. These observations are reproduced qualitatively by comprehensive numerical test results.

(a) Index-3 formulation (b) Stabilized index-2 formulation

Figure 3: Lower and upper stability bounds of the step size ratios for variable step size changes
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Abstract
In geometrically exact beams dynamics [6], a model of slender structures is used, where the beam is rep-

resented by the position of points on the centerline and the orientation of the cross section at each point. In

three-dimensional space, a point – comprised of the position and the orientation of the cross section – has six

degrees of freedom, similar to a rigid body.

The derivation of higher order Lie-group variational integrators requires the interpolation of two or more

points on the beam [1, 2, 4, 5]. Doing this, special care has to be taken in order to avoid shear locking. Since shear

locking is independent of the velocity, we restrict ourselves in the following to an elastostatic analysis of the beam

without loss of generality.

Shear locking is a phenomenon, that arises in the formulation of the deformation energy density, which is

gives as

U (Ω,w) =U1 (w)+U2 (Ω) =
1

2
(w− e3)

T C1 (w− e3)+
1

2
ΩTC2Ω

where w−e3 and Ω are the linear and angular strains, given in the material frame, and C1 and C2 are symmetric pos-

itive definite matrices representing the linear and angular stiffnesses of the beam. Thereby C1 = diag(GA,GA,EA)
and C2 = diag(EI1,EI2,G(I1 + I2)) where A is the cross section area, I1 and I2 are the principal area moments of

inertia and E and G are Young’s modulus and the shear modulus respectively. U1 (w) is composed of tensile and

shear energy and U2 (Ω) is composed of bending and torsional energy. For the parametrization of a point on the

beam, we use x ∈ R
3 for the position and a unit quaternion p ∈ H

1 = {p | p ∈H,‖p‖= 1} for the orientation of

the cross section. The arc-length parameter s ∈ [0, �] denotes the point in the undeformed configuration and the

deformation map is ϕ : s �→ (p,x). The linear strain then becomes w− e3 = p̄x′p− e3, where p̄ is the conjugate

quaternion and x′ = dx
ds is treated as a pure quaternion, i.e. the real part ℜ(x′) = 0 vanishes. The angular strain is

given as Ω = 2p̄p′.
The beam is discretized into K elements and therefore K + 1 nodes. The interpolation between the nodes is

done by two different methods A and B, which are compared with respect to shear locking. In the following, the

interpolation weights Wk depend on the parameter s.

Interpolation method A
The interpolation between the nodes is done separately for the positions and the orientations. The positions are

interpolated by a weighted sum, where the weights can e.g. be Lagrange polynomials. The orientations are interpo-

lated by the normalized weighted sum of the unit quaternions, a.k.a. quaternion linear interpolation (QLERP) [3].

With

x(s) =
K

∑
k=0

Wk (s)xk p(s) =
P
‖P‖ with P =

K

∑
k=0

Wk (s) pk

the angular strain and w are

Ω =
2

‖P‖2

K−1

∑
k=0

K

∑
l=k+1

(
WkW ′

l −WlW ′
k
)

ℑ( p̄k pl) w =
1

‖P‖2

K

∑
k=0

K

∑
l=0

K

∑
m=0

WkW ′
l Wmℑ( p̄kxl pm)

Interpolation method B
The interpolation between the nodes is done using unit dual quaternions p̃ = p + ε

2 xp where p̃ ∈ H̃
1 ={

p̃ | p̃ = pr + ε pε ,ε2 = 0,‖p̃‖= 1
}

and x is treated as a pure quaternion. The interpolation is done by the nor-

malized weighted sum of the unit dual quaternions, a.k.a dual quaternion linear blending (DLB) [3]. Therefore the

positions and the orientations are interpolated at the same time. With

p̃(s) =
P̃∥∥P̃
∥∥ with P̃ =

K

∑
k=0

Wk (s) p̃k = Pr + εPε
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the angular strain and w are

Ω =
2

‖Pr‖2

K−1

∑
k=0

K

∑
l=k+1

(
WkW ′

l −WlW ′
k
)

ℑ(p̄k pl) w =
1

‖Pr‖2

K−1

∑
k=0

K

∑
l=k+1

(
WkW ′

l −WlW ′
k
)

ℑ [p̄k (xl − xk) pl ]− Pr ·Pε

‖Pr‖2
Ω

Pure bending
Consider a beam – or some part of a beam – of length Δs with the following deformed configuration

x(s) =
Δs
ϕ0

⎡⎣ 1− cosα (s)
0

sinα (s)

⎤⎦ w = p̄x′p =

⎡⎣ 0

0

1

⎤⎦

p(s) =

⎡⎢⎢⎣
cos

α(s)
2

0

sin
α(s)

2
0

⎤⎥⎥⎦ Ω = 2p̄p′ =

⎡⎣ 0
ϕ0
Δs
0

⎤⎦ e3

e1

ϕ0

d3
d1

Δs

ϕ0

s

Figure 1: Pure bending

where α (s) = ϕ0
Δs s, i.e. the beam is bent into a circle without any elongation as depicted in Figure 1. Insertion into

the deformation energy yields U1 = 0 and U2 =
1
2 EI2

(ϕ0
Δs

)2
, i.e. it is only composed of bending energy.

To compare the two interpolation methods, we insert the positions and orientations as xk and pk at αk into the

equations for the strains and since Pr = P, the angular strain is the same for both methods

ΩA = ΩB =
2

‖P‖2

K−1

∑
k=0

K

∑
l=k+1

(
WkW ′

l −WlW ′
k
)⎡⎣ 0

−sin
αk−αl

2
0

⎤⎦
and represents bending around the e3-axis as expected. The difference lies in the linear strain, where

wA =
2

‖P‖2

Δs
ϕ0

K

∑
k=0

K

∑
l=0

K

∑
m=0

WkW ′
l Wm

⎡⎣ −sin
αl
2 sin

αk−αl+αm
2

0

sin
αl
2 cos

αk−αl+αm
2

⎤⎦

wB =
1

‖Pr‖2

Δs
ϕ0

K−1

∑
k=1

K

∑
l=k+1

(
WkW ′

l −WlW ′
k
)⎡⎣ 0

0

2sin
αl−αk

2

⎤⎦
Figure 2: Results of dynamic simulation

of method A (red) and method B (green)

The fact, that in wA the e1 component is not equal to zero, is the reason why method A leads to shear locking and

method B does not. This result is verified by a dynamics simulation, where a moment M0 is applied to the beam,

which should deform it into a circle. The result is shown in Figure 2 and shows that method A leads to a beam with

an unrealistic stiffness. Thus method B is superior and facilitates the derivation of higher order multi-symplectic

Lie-group variational integrators for geometrically exact beam dynamics without shear locking.

References
[1] François Demoures, François Gay-Balmaz, Marin Kobilarov, and Tudor S. Ratiu. Multisymplectic Lie group

variational integrator for a geometrically exact beam in R3. Communications in Nonlinear Science and Nu-
merical Simulation, 19(10):3492–3512, October 2014.

[2] James Hall and Melvin Leok. Lie Group Spectral Variational Integrators. Foundations of Computational
Mathematics, pages 1–59, November 2015.
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Abstract
There has been a growing attention to efficient simulations of multibody systems. This trend is apparently

seen in many areas of computer aided engineering and design both in academia as well as in industry. The need for

efficient or real-time simulations is readily observed in, e.g.: industrial or space robotics, in automotive industry

or in a variety of simulators for mining, construction or crane operations including cables and ropes simulations.

Additionally, there are interdisciplinary applications in molecular dynamics in which one can exploit the benefits

associated with such simulations. Also hardware-in-the-loop or human-in-the-loop applications require specialized

formulations to decrease the turnaround time associated with evaluation of multibody system responses. The real-

time multibody simulator is typically connected with virtual reality environments and motion platforms to provide

real sensations. Such complex simulation scenarios require better and faster formulations. Parallel computing is

one of the approaches to achieve this objective. With the advances in parallel computer architectures equipped with

cheap multi-core processors and graphical processor units, researchers pay more attention to the development of

parallel algorithms for efficient multibody dynamics simulations.

Recently, the divide and conquer based schemes have attracted significant attention to the development of

efficient parallel algorithms for complex multibody dynamics simulations. Various divide and conquer algorithms

(DCA) based on Featherstone’s original idea [1] are elaborated with a myriad of extensions to include constraint

enforcement, rigid-flexible multibody dynamics, non-holonomic constraints, discontinuities in the system defi-

nition [2] or exploitation of Hamilton’s canonical equations [3], [4]. This paper presents a novel DCA based

algorithm for efficient multibody dynamics simulations of complex systems with the prospect for real-time ap-

plications. A redundant set of absolute coordinates is used for the system state description, similarly as in [5].

Initially, the algorithm is formulated by using a classical index-3 Lagrangian approach [6]. The resulting set of

equations is written at discrete time instants. The trapezoidal rule is exploited as a numerical integrator. The divide

and conquer scheme is used for the solution of nonlinear differential-algebraic equations. Figure 1 presents the

flowchart of the algorithm. The most computationally intensive parts the formulation are marked as orange boxes.

These procedures may be parallelized by using the approach proposed in the paper. The constraint equations for

the velocities and accelerations may suffer from violation errors during the simulation. To overcome this difficulty,

mass-orthogonal projections at the velocity and acceleration level are used in order to calculate the adjusted state

of the system. Again, the projections are performed in a divide and conquer manner.

Figure 1: Flowchart of the algorithm. The orange boxes indicate parallelizable parts of the formulation.

Sample multibody system test cases are reported in the paper to indicate overall characteristics of the formu-

lation measured in terms of constraint violation errors and total energy conservation. Figure 2 presents a planar
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four-bar mechanism. The system is modeled as a spatial one. If absolute coordinates together with Euler parame-

ters are used, there are 21 generalized coordinates for the three bodies. Since the mechanism possesses one degree

of freedom, there must be three redundant constraints. Such over-constrained systems represent a challenge for

numerical algorithms. In this situation one has to permanently deal with rank-deficient constraint Jacobian matri-

ces. The existence of redundant constraints might have consequences in non-uniqueness of constraint reactions.

Figure 3 presents the performance of the algorithm for the simulation that lasts 300 seconds. The method gives

bounded response in terms of constraint violation errors as well as in terms of the total energy conservation. The

constraint errors are kept under control. The total energy of the system indicates a small oscillatory behavior with

the tendency to marginal energy dissipation. It can be noticed that the proposed formulation handles well the sys-

tem with redundant constraints, which may repeatedly pass through the neighborhood of singular configuration.

Figure 2: Sample test case. Planar four-bar mecha-

nisms. Joints 1 – 4 are revolute joints.
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Figure 3: Constraint violation errors and total energy

for the four-bar mechanism.

In summary, we propose a unified divide and conquer based formulation for efficient simulation of complex

multi-rigid-body systems. The framework is employed on top of the index-3 formulation with mass-orthogonal

projections. The trapezoidal rule is embedded into the solution process without the deterioration of the binary-

tree structure of the algorithm. The efficiency gains might be obtained for the simulation of large multibody

systems, especially those expected in real-time applications. The performance of the simulations might be further

diminished by careful implementations on various embedded platforms as well as parallel computers involving

multicore processor units or/and graphical processor units.
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[5] P. Malczyk, J. Frączek. A divide and conquer algorithm for constrained multibody system dynamics based

on augmented Lagrangian method with projections-based error correction, Nonlinear Dynamics, 70:871-889,

2012.

[6] D. Dopico, F. González, J. Cuadrado, J. Kövecses. Determination of Holonomic and Nonholonomic Constraint

Reactions in an Index-3 Augmented Lagrangian Formulation With Velocity and Acceleration Projections. Jour-

nal of Computational and Nonlinear Dynamics, 9, 2014.

50



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

In-Extensible ANCF Cable Element for Real-Time Simulations
Grzegorz Orzechowski, Aki M. Mikkola

Department of Mechanical Engineering
Lappeenranta University of Technology

Skinnarilankatu 34, 53850 Lappeenranta, Finland
gorzeedu@gmail.com, aki.mikkola@lut.fi

Abstract
Efficient dynamic analysis of the cable elements is of high demand in many practical applications. Cranes,

reeving systems and offshore constructions are examples. Moreover, the rising requirements on human-in-the-loop

software that requires real-time computations put even more constraints on computational efficiency of employed

formulations. Therefore, it is in high demand to have a cable element formulation that captures the most important

dynamical phenomena while offering real-time simulation capability.

The common approach in cable modeling is an approximation based on rigid bodies or physical particles

interconnected with string-damper elements. This method has many advantages such as simplicity and reasonable

efficiency. However, modern crane and reeving systems may consists of hundreds of meters of cables that require

thousands of rigid bodies to obtain a reasonable cable response [1]. Therefore, other techniques are often used,

including employment of cable finite elements or semi-analytical approach [2]. One possible solution is the use

of absolute nodal coordinate formulation (ANCF). As pointed out in literature, however, ANCF is computation-

ally expensive making it difficult to be used in cable applications. The main objective of this work is to present

computational considerations which aims to make ANCF cable elements suitable for real-time.

The ANCF cable used in this work is originally introduced in [3]. The cable element under investigation is a

simple two-node element with twelve degrees of freedom. Each node i has six coordinates eeeT
i =

[
rrrT rrrT

,x
]

where

rrr is a position vector of node i, and comma indicates the partial derivative with respect to spatial coordinates. As

usually for ANCF elements, the mass matrix is constant. More details about kinematic description of the element,

including shape functions etc., can be found in work [3]. The virtual work of the elastic forces can be proposed as

δW = δW a +δW b =
∫ l

0
EAεxδεxdx+

∫ l

0
EIκδκ (1)

where δW a and δW b are components of the virtual work of internal forces produced, respectively, due to axial

deformations and bending, E is Young modulus, A and I are cross section area and second moment of cable area,

while εx = 0.5
(
rrrT
,xrrr,x −1

)
is axial strain and κ = |rrr,x × rrr,xx|/ |rrr,x|3 is element center-line curvature. Using Eq. (1)

the expression for body vector of elastic forces can be easily established.

To make cable element suitable for real-time simulation, it can be assumed to be in-extensible. This assump-

tion will remove the high frequencies that are associated with axial deformation modes. To model in-extensible

cable the nonlinear constraint equations are proposed to restrict axial strain to remain zero at element center-line.

Thus, one can write an axial strain constraint as

C = rrrT
,xrrr,x −1 (2)

Constraint Eq. (2) should be applied at several points along the element to ensure in-extensibility of the

element. In general, five points should be constrained as cable element is described with polynomial of order

four. It is worth to note that as all slope vectors in straight and undeformed configuration lies on the common line,

more than three constraint equations for single element produces a singular constraint Jacobian matrix. Therefore,

Eq. (2) is applied at three points along the element, which is sufficient especially when small deformations are

assumed. Constraint equations may be imposed with Lagrange multiplier technique. When axial constraint is

applied the axial part of the internal forces is omitted as it should be always equal to zero.

After the verification of cable formulation by employing static and dynamical tests, the simulation for simpli-

fied crane is performed. Long, slender structure is connected at one end to moving base and the mass is attached

to the second, free end. The cable model is 40 m long with circular cross-section of 5 mm radius. The material

properties of steel are assumed, i.e. Young modulus of 200 GPa and density equal to 7810 kg/m3. The structure is

modeled with four ANCF cable elements and the end mass is considered by introduction of proper entries in body

mass matrix (for details consult [4]). The modeled mass is a steel cube with equal sides with total mass of 100 kg,

so all its second moment of inertia about main axes are equal to 0.9130 kg·m2. The gravity is acting in negative

x direction. The displacement of the base along x axis ux and velocity along y axis vy is defined with a function

that reaches maximum value of, respectively, 0.1 m and 0.1 m/s for time t ∈ [2,3] s, while the transients from 0 to

maximum for time from 0 to 2 s, and from maximum to 0 for time from 3 to 5 s are modeled smoothly with quarter

cycle sine waves. Base movement in z direction is also constrained.

The simulation is carried out for 10 s motion using Matlab computational package with default solver error

tolerances. Four different model variants are considered, all described in Table 1. Two constraint stabilization
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Table 1: Model settings and simulation times. Time is taken as an average from seven consecutive simulations.

Name Matlab Solver Formulation Axial Constraints Time [s]

Model I ������ SI1 no 204.4

Model II ������ SI1 yes 28.9

Model III ����� Baumgarte no 358.6

Model IV ����� Baumgarte yes 3.1
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(a) Displacement ux of the free end (mass).
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(b) Displacement uy of the free end (mass).

Figure 1: Results for four crane models: model I ( ), model II ( ), model III ( ), model IV ( ).

techniques are considered: stabilized index 1 (SI1), and Baumgarte stabilization with parameters α = β = 20.

As it can be noticed, the simulation speedup for models with axial constraint included is from 7, in case of SI1

formulation, to almost 116, when Baumgarte stabilization is employed. It also means that the Matlab simulation of

simple crane model (version IV) can be run in real time, despite the large overhead introduced by Matlab package.

Figure 1 shows a displacement of the mass attached to the cable free end. It can be seen that displacements of

the mass are similar for all models, especially in the direction of y axis. In Figure 1a one can notice the oscillations

for models without axial constraints, but they are expected as the simulation does not start at static equilibrium. In

addition, for a Baumgarte solution a slight shift of the displacement with respect to SI1 solution can be noticed,

while for model IV and displacement ux some oscillations are noticeable for simulation time greater then 5 s. These

effects are due to inexact fulfillment of the constraints in case of the Baumgarte stabilization.

Presented results indicate that the cable model with constrained axial mode can provide a reasonable solution

when small deformations are considered. In addition, the computational speed-up due to axial mode suppression

suggest that the ANCF cable element can be employed in real-time analysis of the crane model, especially when

Baumgarte stabilization is employed. Presented research is a preliminary study that requires further examination

and improvements, mainly to account for a variable length of elements.
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Abstract

The absolute nodal coordinate formulation (ANCF) [1-3] is used for modeling flexible multibody systems 
(FMBS) with geometrical nonlinearity of both overall motion and large deformation. However, significant 
computational cost is required when handling systems with a great number of degrees of freedom. In order to 
improve efficiency, reduced-order models (ROMs) are constructed based on the proper orthogonal decomposition 
(POD) [4] and Galerkin projection methods for multiple simulations of FMBS. The reduced stiffness matrices and 
generalized force vectors of ROMs are computed within each finite element via the OpenMP-based parallel 
technique. Besides, a simple approach for the selection of reduced constraint equations is proposed to deal with 
the singularity of the coefficient matrices of ROMs. After that, the method for adapting ROMs of pre-computed 
sampling points to new sets of physical or modeling parameters are presented. The interpolation of reduced-order 
basis vectors is performed on manifolds to obtain a parametric ROM [5]. Finally, numerical examples are given to 
validate the effectiveness and efficiency of the proposed model order reduction scheme for FMBS.

The FMBS in this study are modeled by using the finite elements of ANCF [1-3], of which the generalized 
coordinates contain the global position coordinates and the position gradient coordinates. Consequently, the 
derived dynamic equations of the system have a constant mass matrix and show no centrifugal and Coriolis forces 
explicitly. Therefore, the key issue of the present study is to solve efficiently the system dynamics equations, which 
are Differential Algebraic Equations (DAEs). The DAEs can be further transformed as a set of linear equations as 
following with the generalized- method and Newton-Raphson iteration:

Tt
q

q

K q
0

(1)

where Tˆ ˆ( ) ( ) ( , ) ( , )t int ext ext
q q qK M K q K q q F q q , T ( , )int ext

qMq F q F q q .
The POD scheme [4] is performed to compute the reduced-order bases (ROBs) by extracting the solution 

snapshots (the time series of generalized coordinate increments) from the full-order model of high-fidelity. Then 
the truncated ROBs are carefully chosen according to the dominant oriented energy of the snapshot data. 
Afterwards, the ROM is obtained based on the Petrov-Galerkin projection of the full-order model onto the subspace 
of the ROBs, such that Eq. (1) is rewritten as:

TT Tt
q

q

U K U U U

U 0
(2)

With the pre-computed sets of ROBs, a new set of ROBs with respect to arbitrary parameters in the 
neighborhood of the sampling ones can be obtained via interpolation. However, direct interpolation of the ROBs 
cannot guarantee the orthogonality of the constructed ones, which may lead to the breakdown of simulation. Since 
the ROBs belong to the Grassmann manifold, a manifold interpolation approach [5] can be applied. First, the 
sampling ROBs are mapped onto a tangent space to the manifold so as to release the orthogonality constraint. 
Subsequently, the mapped data is interpolated in this space using a preferable univariate or multivariate 
approximation method. Finally, the interpolated result is mapped back to the original manifold to derive the desired 
ROBs, and the ROBs is further applied to construction of a new ROM for online simulation.

The case study presents the effectiveness of the proposed method by simulating the dynamics of a flexible 
double-pendulum system with changes of parameters, including Young’s modulus and gravitational acceleration.
Figure 1 shows the initial configuration of the double pendulum composed of two beams with square cross-sections. 
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There involve two uncertain parameters, namely, Young’s modulus of the two beams E [1.0e9 Pa, 1.0e10 Pa]
and the gravitational acceleration g [gearth/6, gearth] where gearth=9.81 m/s2. Other related geometry sizes and the 
connected relationship between ground and Beam1 and between the two beams are also shown in Fig. 1. The 
material density and Poisson’s ratio are set to be 1610 kg/m3 and 0, respectively. Figure 2 a and b show the time 
histories of Y-displacement of the tip point C for different models corresponding to the desired parameters E and 
g, respectively. It can be indicated that the dynamics responses computed by the interpolated ROM are in good 
consistency with those of the full-order model and the directly computed ROM based on POD.

C

O
A B

Cylindrical jointSpherical joint

Beam 1

Beam
2

Figure 1. Initial configuration of a double pendulum

      

a. E=3.5e9 Pa, L2=0.5 m, g=gearth                              b. E=1.0e9 Pa, L2=0.5 m, g=2gearth/5

Figure 2. Curves of Y-displacement of tip C with respect to different uncertain parameters
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Abstract
Multi-body simulations with contact are non-smooth systems and wrought with discontinuities which arise

due to non-interpenetration and frictional constraints. Linear systems are used for applications where real-time

performance is a concern, such as interactive training or video games, which gives rise to a linear complementarity

problem (LCP). A common mathematical formulation [5] of the LCP for the velocity-level equations of motion is

JM−1JT︸ ︷︷ ︸
A

Δtλ︸︷︷︸
z

+J(v+ΔtM−1fext)︸ ︷︷ ︸
b

= w (1)

zlo ≤ z ≤ zhi, w ⊥ z,

where J ∈ R
m×n is the Jacobian matrix encoding the non-penetration and friction constraints, M ∈ R

n×n is the

generalized mass matrix, v and fext ∈ R
n are the generalized velocities and external forces of simulation bodies,

respectively, λ ∈ R
m are Lagrange multipliers representing the non-interpenetration normal forces and tangential

frictional forces of each contact. The box constraints defined by zlo and zhi contain the lower and upper bound,

respectively, of the normal and frictional impulses.

The unilateral and discontinuous nature of the system in Eq.(1) is problematic for many numerical solvers.

Previous work has solved the LCP using simplex based pivoting methods, such as Lemke’s or the block pivoting

approach by Judice and Pires [6]. These methods are able to provide exact solutions to the LCP, but are com-

putationally infeasible for more than several hundred contact constraints. Iterative methods are more prolific for

simulations involving a large number of contacts since an approximate solution can be found after only small num-

ber of iterations. Where performance is a concern, the algorithm can terminate early once specified error tolerance

has been reached, or computational time budget has been exceeded.

Gauss-Seidel and Jacobi based solvers are among the most popular iterative methods for solving LCPs. No-

tably, the projected Gauss-Seidel (PGS) method [1, 2, 5], which has even been extended to handle non-linear

complementarity problems [7]. These solvers are used extensively in computer graphics applications due to their

speed, stability, and convergence properties. Briefly, the PGS algorithm works by splitting the lead matrix as

A = L+D+U, where D, L, and U are the diagonal, strictly lower triangle, and strictly upper triangle parts of A,

respectively. The algorithm loops over each variable i ∈ m and updates its value at iteration k+1, such that

zk+1
i ← bi −∑i−1

j=1 Li, jzk+1
j −∑m

j=i+1 Ui, jzk
j

Di,i
, (2)

which is followed by a projection step zk+1
i = min(max(zlo,zk+1

i ),zhi). It’s obvious by inspection of Eq.(2) that

the solution at each fixed-point iteration is dependent on the constraint order. This affects the number of iterations

required to find a solution to the LCP, which is important if early termination is required. Furthermore, Stam [4]

notes that for iterative solvers, the order in which constraints are solved has an effect on the resulting physical

behavior. Likewise, Erleben [5] observes that correct stacking and shock propagation behavior cannot be simulated

using standard PGS or Jacobi solvers and proposes a modified algorithm that sequentially solves blocks of contact

constraints spatial ordering (e.g., in a bottom up order for stacking).

Figure 1: The examples used in our experiments. A capsule (left) and
three sphere body (right) slide across a planar surface with an instanta-
neous angular velocity 1 rad/s and linear velocity of 10 m/s with directions
shown as dashed orange arrows. The capsule and three sphere body are
simulated using two and three frictional contact constraints, respectively,
and coefficient of friction μ = 1.0. Each body has a mass of 10 kg.

Our own experiments verify that the constraint order af-

fects rate of convergence. We highlight this by simulating

the examples shown in Fig. 1 using the complimentarity for-

mulation of [5]. Since the simulations involve only two or

three frictional contacts, all possible permutations of con-

straint equation ordering can easily be evaluated (i.e. there

are 720 and 362880 permutations, respectively, for the cap-

sule and three sphere body example). The default constraint

ordering is such that if j = (i mod 3) is zero, it corresponds

to the non-interpenetration constraint of the jth contact, and

rows i+1 and i+2 are the associated friction equations.

The convergence plots for the default, best, and worst orderings are show in Fig. 2. The best ordering con-

verges in less than 20 iterations for both examples. However, for the worst ordering, the error remains high even
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Figure 2: The convergence plots for the sliding capsule example (left) and three sphere body (right). The error at each iteration using the default order of the
constraint equations (black) is compared versus the optimal order (blue) and worst case order (red).
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Figure 3: Histograms showing the number of iterations required to reach an error < 10−4 for the sliding capsule (left) and three sphere body (right).

after 25 iterations. Furthermore, as indicated by Fig. 3, there is a large variation in the number of iterations required

to reach a reasonable error threshold.

Motivated by these results, our work investigates strategies to accelerate the convergence of iterative solvers

for multibody simulation by reordering of the constraint equations. We present an analysis of the following strate-

gies:

• Solving constraint equations in a randomized order;

• Re-ordering constraint equations by heuristics based on the complementarity error and the effective mass;

• Grouping constraint equations and solving for several variables at once by a blockwise PGS.

We investigate the viability of each strategy for a number of rigid body simulation scenarios involving frictional

contact and develop heuristics that allow automatic re-ordering, and grouping, of constraint equations to improve

solver performance.
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Figure 3. Decay comparison for damping conditions 
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Abstract

As the number of applications which require real-time performance increases model order reduction and other

simplification techniques have become an important topic in Multibody Dynamics. Most frequently, models are

computationally expensive and reaching real-time constraints requires some sort of simplification.

The Lagrange equations of a multibody system can be written as:

d(z, ż,ϕϕϕ) = Mzz(z,ϕϕϕ)z̈− δδδ z(z, ż,ϕϕϕ) = τττz (1)

where z, ż and z̈ are respectively the sets of independent coordinates, velocities and accelerations, ϕϕϕ is the model

dynamic parameters vector, Mzz represents the mass matrix, τττz is the vector of external generalized forces and

δδδ z are the Coriolis, centrifugal and constitutive generalized forces. Equation (1) is not only linear with respect to

the independent accelerations, but under some conditions, it can expressed linearly with respect to the dynamic

parameters. Therefore, in their Inverse Dynamics (ID) form, the model equations can be written as:

d(z, ż,ϕϕϕ) = Kzϕϕϕ(z, ż, z̈)ϕϕϕ = τττz (2)

where Kzϕϕϕ is the single instant Observation Matrix.

As exemplified in Equation (2), the ID model can always be written in linear form with respect to the inertial

parameters. Friction and other phenomena can frequently be expressed as linear-in-the-parameter generalized

forces. Linear-in-the-parameters models should be used if it is desired preserve the linearity of the ID model with

respect to ϕϕϕ .

The goal of the simplification by parameter elimination presented here is to reduce the model computational

complexity by removing some parameters of ϕϕϕ (and the corresponding columns of Kzϕϕϕ ) so that:

KzϕϕϕR
(z, ż, z̈)ϕϕϕR ≈ Kzϕϕϕ(z, ż, z̈)ϕϕϕ = τττz (3)

where KzϕϕϕR
is the reduced single instant Observation Matrix and ϕϕϕR is the reduced model parameter vector. As

the number of columns of KzϕϕϕR
is smaller τττz can be computed more efficiently1.

For parameter estimation purposes the ID model for a set of n instants is used, leading to the following set of

equations:

W(E )ϕ =

⎡⎣Kzϕϕϕ(
1z,1ż,1z̈)
. . .

Kzϕϕϕ(
nz,nż,nz̈)

⎤⎦ϕ =

⎧⎨⎩
1τττz

. . .
nτττz

⎫⎬⎭= χχχ(E ), (4)

where W(E ) is the so called Observation Matrix for the data set E =
{
(iz,iżi,

iz̈,iτττz)| i = 1, . . . ,nE

}
. The previous

equation can be seen as a linear regression problem, this in turn suggests to use model selection techniques found

on regression bibliography [2, 3] to reduce the number of parameters, and therefore regressors, required to fit the

data. This is the inspiration in this work.

Even for a “well exciting” data set E , the matrix W tends to be rank deficient meaning that linear dependencies

between its columns exist. In this context one can reorder the columns of W so that WϕϕϕR
are the independent

columns and WϕϕϕE
are the dependent ones. Being ϕϕϕR and ϕϕϕE the parameters that multiply the columns of WϕϕϕR

and WϕϕϕE
respectively, the reduced model can be rewritten as:

χχχ = [WϕϕϕR
,WϕϕϕE

]

{
ϕϕϕR

ϕϕϕE

}
= [WϕϕϕR

,WϕϕϕR
βββ R]

{
ϕϕϕR

ϕϕϕE

}
= WϕϕϕR

(ϕϕϕR +βββ RϕϕϕE) = WϕϕϕR
ϕϕϕ ′

R, (5)

where the new parameters set of the model,

ϕϕϕ ′
R = ϕϕϕR +βββ RϕϕϕE , (6)

1consider this a convenient form to explain the procedure, for computational reasons the Jacobian KzϕϕϕR
does not need to be assembled in

general, the parameters are directly removed from the symbolic funtions involved in the problem setup Eq. 1 (i.e. d(z, ż,ϕϕϕR)≈ d(z, ż,ϕϕϕ))
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is the so called Base Parameter set [1].

For this parametrization both Direct Dynamics (DD) and ID models can be simplified -without error- to:

Mzz(z,ϕϕϕ ′
R)z̈− δδδ z(z, ż,ϕϕϕ ′

R) = τττz (7a)

d(z, ż,ϕϕϕ ′
R) = KzϕϕϕR

(z, ż, z̈)ϕϕϕ ′
R = τττz. (7b)

It is possible to define an approximate model using an even smaller number of parameters, smaller that the rank of

the original W. In this case the matrix WϕϕϕE
is approximated by a linear combination of the columns of WϕϕϕR

:

WϕϕϕE
≈ WϕϕϕR

WϕϕϕR

+WϕϕϕE
= WϕϕϕR

βββ R (8)

Based on the preceding equation, Wϕϕϕ can be approximated as:

χχχ = [WϕϕϕR
,WϕϕϕE

]

{
ϕϕϕR

ϕϕϕE

}
≈ [WϕϕϕR

,WϕϕϕR
βββ R]

{
ϕϕϕR

ϕϕϕE

}
= WϕϕϕR

(ϕϕϕR +βββ RϕϕϕE) = WϕϕϕR
ϕϕϕ ′

R, (9)

Using the smaller parameter set ϕϕϕ ′
R in Eqs. (7), approximate parameter-reduced DD and ID models can be derived.

In this context the parameter-reduced model selection problem can be formulated as follows:

“Given a dynamic model with a known parameter set determine a minimal set of parameters of the model that

approximate the characteristic model data with the desired accuracy.”

Two important issues remain to be solved in this problem: a) how to select the specific parameters that will

be part of the reduced model and b) how to define an error criterion to choose one combination of parameters over

another.

In order to solve the first issue, due to the enormous complexity of the problem, three candidate-model se-

lection heuristics are proposed in this work: QR decomposition, Backward Elimination and Forward Selection

[2, 3]. These heuristics do not assure the determination the optimum reduced-parameter set, for a given number of

parameters (< rank(W)), but provide a good compromise between precision and computation time.

For the second issue the norm of an error vector is used as the objective function to be minimized. If one is

focused on obtaining a parameter-reduced ID model, the norm of the difference between the actual external forces

and their model based estimation can be used. On the other hand, if the focus is on simplifying the DD model, the

norm of the difference between the accelerations calculated with the full and the parameter-reduced model seems

appropriate. We propose to use these errors normalized as follows:

ετττz(ϕϕϕR,E ) =
‖col

(
iτττz −

iτττzR(E )
)
‖

‖col(iτττz)‖
(10a)

εz̈(ϕϕϕR,E ) =
‖col

(
iz̈− iz̈R(E )

)
‖

‖col(iz̈)‖
(10b)

where the operator col(S) arranges the elements of S into a column and iτττzR and iz̈R are the forces and independent

accelerations for the i− th data sample in E , calculated based on the reduced model parameters.

In a previous work [4] the force-based criterion has been used for the determination of ID parameter-reduced

models. In this work the above defined acceleration-based error criterion will be used to measure the parameter-

reduced model quality.

The reduction algorithms is applied to a 6-DOF serial and a 6-DOF parallel manipulator. The results show

that very significant computational savings can be achieved with a very small approximation error. To be fair, these

savings are demonstrated over the very efficient symbolical implementation of order 3 recursive formulations, and

measured in terms of the number of operations.
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Introduction
Real-time capable simulation models are becoming increasingly more important in development of lightweight

structures and machines, e.g. for modern road vehicle development. The scope of application includes driver-

in-the-loop simulation environments, test benches for electronic control units and control algorithms. However,

current real-time capable simulation technologies usually neglect elastic deformations occurring in lightweight

components.

To investigate the real-time capabilities of various modeling and integration options for flexible multibody

systems, a real-time capable vehicle model including a flexible car body has been set up [1]. The flexible car body

is thereby based on a high-detail finite element model and reduced to a low number of elastic coordinates using

model order reduction technologies. This model features several challenges: The flexible car body is modeled as a

free body with attached suspension parts which provide the connection to the environment. A vehicle suspension

is considered as numerically stiff, since the ratio between suspension stiffness and suspension mass is high. In

addition, due to the suspension kinematics each suspension yields to kinematic loops and hence additional algebraic

equations have to be considered in the multibody system formulation, resulting in differential algebraic equations

(DAE).

This work focuses on the performance enhancements feasible within the real-time simulation of such stiff

flexible multibody systems. Since higher accuracy can be achieved when using a larger number of elastic degrees

of freedom, faster and more efficient integration procedures are necessary. The investigated aspects include the use

of various solvers, stabilization methods and efficient kinematics calculations.

Modeling of a Real-Time Capable Flexible Multibody Simulation
Real-time capable simulation requires the calculation time of the equations of motion (EOM) to be known in

advance. Fixed-step Runge-Kutta solvers can be used to solve the EOM in real-time if the system is formulated in

minimal coordinates. However, kinematic loops require either additional iterative processes or calculation of the

algebraic equations on acceleration level. In this research the flexible multibody simulation has been formulated in

redundant cartesian coordinates instead of minimal coordinates. The cartesian position and velocity coordinates zI

and zII respectively are defined for each body and the EOM are written as

żI = K(zI) zII

M(zI) żII = fa(zI,zII)−G(zI)
Tλλλ (1)

g(zI) = 0

with the kinematic matrix K, mass matrix M, vector of applied forces fa and the constraint equations g. The

constraint equations are included in the EOM with their Jacobian G = ∂g
∂zI

K and the Lagrange multipliers λλλ .

For the case of an flexible multibody system and using the floating frame of reference method [2], zI and zII

contain the rigid body coordinates of the floating frame as well as the elastic coordinates. This method is applicable

to a vehicle dynamics simulation since the elastic deformations of a car body remain small compared to the overall

motion of the vehicle itself.

The system of differential-algebraic equations is of index 3. By differentiation of the algebraic equations g an

index-2 formulation can be obtained. Solving a DAE-system usually requires iterative processes, whose calculation

time is unknown in advance. However, non-iterative processes like the linear-implicit Euler-method [3] exist for

solving index-2 DAE, which have been proven to be applicable for real-time capable flexible multibody simulations

[1].

Performance Aspects
For an efficient evaluation of the possible performance improvements, all major calculation steps during the

integration cycle have to be evaluated. An overview of the performance-critical calculations analyzed in this work

are shown in Figure 1. They include the evaluation of the kinematics and force calculation as well as the integration

process itself.
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g(zI,t),G(zI,t)

Kinematics, constraints,

fa(zI,t ,zII,t)

force elements, Jacobians

∂ fa
∂zI

, ∂ fa
∂zII

State update and stabilization

Correction ΔzI,t+1

zII,t → zII,t+1

(prediction & correction)

• Efficient calculation of kinematics

• Neglect of Jacobian calculation

• Performance increase of state update

• Efficient constraint correction

Challenges: Challenges:

zI,t → zI,t+1

Figure 1: Performance options within the integration cycle

Linear-implicit Runge-Kutta methods require the calculation of the Jacobian matrices of all applied forces,

which can be calculated either numerically or analytically. Calculation of Jacobians is very time consuming and

calculating the exact Jacobian is often not necessary. Hence significant performance increase can be achieved by

reducing the number of Jacobian evaluations or by neglecting certain parts of the Jacobians. Negligible components

are usually changing slowly in time, for example it can be shown that this is true for some components of inertial

forces or elastic forces. Other parts may be kept constant during time integration and hence can be calculated in

advance, e.g. the Jacobians of some components of tire and suspension forces.

The kinematics of the points on an flexible body depend in general upon all elastic degrees of freedom, which

yields a high computational effort for evaluating constraint equations and computing forces acting on a body.

However, the kinematics may be calculated with less effort by using lower-order approximations of the elastic

deformations.

Besides the linear-implicit Euler method, multi-stage methods of the group of W-solvers have been shown to

be suitable for real-time vehicle dynamics simulation and show higher accuracy [4]. Methods with higher accuracy

can be used at a larger integration step size, hence the additional calculation effort may be compensated and yield

a performance increase.

Since the constraint equations of eq. (1) are only considered on velocity level by using the index-2 formula-

tion, the position constraints g have to be corrected after the integration process. Stabilization methods like the

Baumgarte stabilization or GGL-formulation are suitable for this purpose. In [1] a mass-based projection method

has been used to correct the constraints. Since in these simulations elastic deformations remain small compared to

rigid body movement, the influence of stabilizing elastic coordinates on the simulation result are evaluated.

The Vehicle Model
The vehicle simulation is set up in MATLAB/Simulink, which provides code generation tools for real-time

targets and hence can be used to compare the performance of the suggested methods. It is equipped with the

empirical MF-tire model and road model OpenCRG to provide a low-cost real-time capable connection of the

vehicle model to the environment. The flexible car body itself is adopted from a frontal crash simulation model

of a 2nd generation Ford Taurus and reduced with the Craig-Bampton method. The suspension is realized as

McPherson suspensions at all four wheels, identical to the real car, consisting of two kinematic loops at each

wheel. Overall, the vehicle model consists of nine bodies including the car body with 72 elastic coordinates.
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Abstract

The most effective methods for the parallel multibody dynamics solution are the ones with the
logarithmic complexity usually based on the Divide and Conquer (DAC) algorithm [1, 2, 3]. 
The paper describes the extension of the procedure [6] towards the parallelized dynamic solution of 
flexible multibody system. The method is based on the modified state space and the efficient set of 
natural coordinates [4] and modal coordinates for the description of the deformation in the system. The 
the equation of motion for single body i is derived as

(1)

where Mi is the mass matrix, Ki is the stiffness matrix and Qi is the vector of generalized forces. Using 
the procedure described in [5] exploiting the Schur complement the resulting system of equations of 
motion (EOM) is obtained

(2)

(3)
where is the diagonal mass matrix, is the Jacobi matrix corresponding to the constraints , is the 
coefficient of the Baumgarte stabilization, is the vector of natural coordinates describing the absolute 
system position, is the modified momentum of the system and is the vector of the new Lagrange 
multipliers. Expressing from (2) and substituing into (3) the resulting system for unknown is 
obtained

(4)
which can be simply written as follows

(5)
The system of equations (5) is sparse, symmetric, positive definite with band structure for the case of a
simple kinematic chain (Fig. 1 a). The system (4) has a structure of blocks (Fig. 1 b) corresponding to 
particular bodies with equivalent (small) sizes.

Figure 1 a): The simple kinematic chain b) The resulting matrix-structure

Thus the whole system of the equations can be understood as a set of the interconnected subsystems 
representing by the blocks for unknown vectors . Based on the comparison of the application of 
elimination process and Cholesky decomposition the combination of both approaches has been proposed 
[5]. The result is the efficient combination of elimination process and Cholmod procedure (Fig.2). This 
combination has been investigated for the small blocks (9x9). In the case, that the 9x9 division is used 
and there are not enough processors for the matrix transformations, the process is following. The number 
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of subsystems ns for elimination is the same as the number of bodies n. The number of processors np is 
smaller than n. Therefore it is possible to evaluate only np elimination in parallel on one elimination 
level and the rest has to be carried out after that. 

Figure 2: Efficient combination of the elimination with the Cholesky decomposition

It is obvious, that the system of equations (5) can be split into the sub-blocks which number corresponds 
to the number of processors (ns= np). However, it is always better from the complexity point of view to 
split the system in that way, that the number of sub-blocks corresponds to the number of particular 
bodies in the kinematical system (ns= n). Thus the optimal elimination process is obtained, see Fig. 3.
The complexity of the solution is depicted for both the cases with different factors representing 

the relation between number of bodies in the multibody system and the number of processors.

Figure 3: Comparison of the optimal and non-optimal system division

The resulting computational complexity is very promising. The elimination procedure is applied only to 
the computation of reaction forces (5) and the local equations of motion (1) are solved completely 
independently on parallel processors without any constraints between the processors.
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Abstract
Assessing the mobility of off-road vehicles is a complex task that most often falls back on semi-empirical

approaches to quantify the tire-terrain interaction. Herein, we present an open-source ground vehicle mobility

analysis simulation framework called ������ [1], which uses physics-based models of the vehicle, tires, and terrain

to factor in both tire flexibility and terrain deformation. The tires are modeled using a nonlinear finite element

approach that involves layers of orthotropic shell elements. The soil is represented as a large collection of rigid

elements that mutually interact through contact, friction, and cohesive forces. The vehicle, which is a high-fidelity,

template-based model that incorporates suspension, steering, driveline, and powertrain models, is driven through

driver inputs to the appropriate subsystems.

A deformable-terrain vehicle mobility analysis in ������ leads to a multi-physics, multi-scale problem in

several millions degrees of freedom. To solve this and similar problems arising in multibody dynamics, finite

element analysis, and granular dynamics, ������ leverages parallel computing at several levels: (i) x86-AVX

acceleration; (ii) multi-core, shared memory OpenMP; (iii) GPU-based parallel computing using CUDA; and,

(iv) distributed parallel computing via MPI. Specifically, the nonlinear FEA component, which is computationally

taxing when evaluating the tire internal force and Jacobian, is accelerated with OpenMP directives. Granular

dynamics, including both the collision detection phase and the numerical solution of the discretized equations of

motion, can be performed in parallel either on the GPU, or in a multi-core shared-memory OpenMP fashion, or

else in a distributed MPI framework.

������ is designed in a modular fashion around a modeling and computational core which provides full sup-

port for modeling, simulation, and visualization of multibody systems. The optional modules (i) provide domain-

specific support, e.g., (������::FEA for finite element analysis, ������::FSI for computational fluid dynamics

and fluid-solid interaction), (ii) allow rapid modeling and prototyping of specialized systems (������::Vehicle

for template-based modeling of wheeled and tracked vehicles, and ������::Granular for setting up large granular

dynamics problems), or (iii) implement specialized parallel solution techniques (������::Parallel for CPU shared

memory or GPU computing and ������::Distributed for MPI distributed granular simulations).

To address the inherent multi-scale nature of the off-road mobility problem, ������ has an additional co-

simulation layer which decouples the vehicle, tire, and terrain subsystems. This approach allows further accelera-

tion of the simulation by (i) allowing each subsystem to advance its state using a suitable integration time step; (ii)
using different integration schemes (e.g., an implicit, adaptive HHT scheme for FEA tires and a semi-implicit Euler

scheme for the granular terrain), as called for by the particular dynamics problem; and (iii) leveraging different

and independent parallelization techniques, as dictated by the structure of each subsystem. Owing to its modular

design, the co-simulation framework facilitates the swapping between a shared memory, OpenMP-based simula-

tion of the granular terrain (using the ������::Parallel module), and an MPI-based distributed terrain simulation

(provided by the ������::Distributed module).

The co-simulation framework itself, schematically illustrated in Fig. 1, is distributed and leverages MPI to

perform the exchange of synchronization data in an explicit, force-displacement, co-simulation setup [2]. ������

provides two co-simulation choices. The first one, tailored for a tire-test rig, is a two-way co-simulation scheme

in which two MPI nodes control the simultaneous and independent simulation of the rig and tire on the one hand,

and the granular terrain, on the other hand. The two nodes communicate through MPI messages the required

synchronization data; i.e., positions and velocities of the tire FEA mesh in one direction, and tire contact forces

at mesh vertices in the opposite direction. The rig mechanism, which is composed of a sequence of rigid bodies,

joints, and actuators, enables one to control the toe angle, tire angular velocity, and rig linear velocity. The nonlinear

finite element tire is modeled with shell finite elements using an Absolute Nodal Coordinate Formulation (ANCF)

approach. A four-node, bilinear, and continuum mechanics-based shell element used was developed and validated

for tire dynamics applications [3].

The second co-simulation setup supports full-vehicle mobility simulations. As illustrated in Fig. 1, it imple-

ments a three-way communication mechanism. The MPI node controlling the vehicle subsystem provides wheel

states and receives cumulative tire forces at the wheel center to/from all tire nodes. The tire MPI nodes commu-

nicate with the terrain node to exchange FEA tire mesh vertex states, in one direction; and tire-terrain normal and
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Figure 1: 3-way co-simulation scheme for the simulation of a HMMWV, ANCF tires, and granular terrain. Three types of MPI

nodes exist: tire (4), terrain (1), and vehicle (1). The four ANCF tire nodes play a central role in the co-simulation scheme; at

each communication time step, each tire node sends geometry information to the terrain node and receives the action of terrain

on the tire in the form of nodal forces. Simultaneously, the tire receives the position of the rim body and sends an equivalent

force and moment to a vehicle hub.

tangential contact forces, in the opposite direction. The simulation of the granular terrain and the tire-terrain inter-

action can be conducted either on one multi-core shared-memory node using up to 40 OpenMP threads, or else can

be dispatched to a distributed memory HPC cluster, organized in a separate MPI communicator.

This co-simulation framework allows the expensive components of the solution process – the dynamics of the

deformable tires and of the deformable terrain – to take place simultaneously. This has a significant impact on the

overall simulation time. For instance, if the simulation of one deformable tire is slightly less time consuming than

the computation of the terrain dynamics, all the four tires are going to be processed “in the shadow” of the terrain

computation; i.e., the four tires add basically no additional wall-clock time to the total simulation time.

The physics-based co-simulation approach summarized here allows for the simulation of a variety of scenar-

ios, e.g., deflated tires on hard terrain, overinflated tires on soft terrain, etc. The tire-test rig can be employed to

compute key mobility measures parameters, such as drawbar pull, terrain resistance, and multi-pass effects, as well

as assess the impact of various model parameters (e.g., tire inflation pressure, soil cohesion, coefficient of friction,

etc.) on these mobility measures. The full-vehicle co-simulation framework enables the simulation of various

maneuvers, such as straight line acceleration/deceleration, constant radius turn, or obstacle crossing.
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Abstract
Open section thin-walled members of exible multibody systems are analyzed in the simplest approximation,

as thin-walled beams with a cross-section that exhibits out-of-plane warping due to torsion. The beams undergo
arbitrary large rigid body motions but small strains, requiring a non-linear beam formulation.

In this paper a geometrically non-linear beam nite element model is developed that captures non-uniform
torsion and exural-torsional coupling of shear deformable thin-walled beams with an open unsymmetrical cross-
section. The beam model is based on the generalized strain beam formulation proposed by Besseling [1]. In
this formulation, a set of independent discrete deformation modes is de ned as generalized strains which are
invariant under arbitrary rigid body motions of the element. For a 3D beam element, six independent deformation
modes can be de ned, see Fig. 1. The rst deformation mode, ε1 describes the axial elongation, the second
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Figure 1: Visualization of deformation modes ε1 − ε6.

mode, ε2 describes the torsional deformation and the remaining modes, ε3 − ε6 represent bending deformations.
The discrete deformations are expressed as analytical functions of the nodal coordinates referred to a xed global
coordinate system. The deformation functions include the speci cation of rigid body motions as displacements
and rotations for which the discrete deformations are zero. Flexible elements are modelled by allowing non-zero
deformations. If the deformations remain suf ciently small, then in the elastic range they are linearly related
to dual discrete stress-resultants in a single co-rotational frame which continuously translates and rotates with
the element. In this way, discrete interpolation of nite rotations is avoided, leading to an intrinsic objective
description. Since the elastic deformations can be assumed to be small with respect to the co-rotational frame, they
can be modelled using existing linear beam models at various levels of sophistication ranging from elementary
small-de ection beam theory to relatively advanced formulations for shear deformable thin-walled beams [9, 8].
The effect of warping shear may have signi cant in uence on the vibration and stability behaviour of open thin-
walled beams with low shear rigidity [3]. For complex-shaped exible members a two-node superelement with
deformable interface surfaces can be used [2]. Component mode substructuring methods are then employed to
determine the dynamical properties of the super element using standard linear FEM software. The inclusion of
deformable interface modes allows to capture out-of-plane warping deformation. Geometric non-linearities arising
from change in con guration involving nite de ections and pre- and post-buckling are accounted for by additional
second-order terms in the expressions for the discrete deformations, such that existing linear relationships between
discrete stress resultants and discrete deformations are retained. This formulation combines the advantages of the
co-rotational formulation with the consistency of the inertial frame approach, viz derivation of the inertia forces
in terms of absolute nodal velocities and accelerations. A detailed description of the generalized strain beam
formulation for exible multibody dynamics is found in Jonker and Meijaard [7].

In formulating a shear-deformable nite element model, a local displacement eld for unsymmetrical thin-
walled cross-sections is introduced. In this formulation axial displacement and exural rotations are de ned at the
centroid and lateral displacements and torsional rotation at the shear centre of the cross-section. The kinematics
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Figure 2: Visualization of deformation modes ε7/l0 and ε8/l0.

of the cross-sectional deformations is based on Timoshenko’s bending theory and Reissner’s torsion theory [11],
where a single warping function and corresponding warping parameter are used [5]. Coupling effects between
shear deformations due to the shear forces and the non-uniform torsion in two orthogonal principle planes are
included using the procedure outlined in Kollar and Springer [9] and Kim et al.[8]. The stiffness matrix is derived
by interpolating both exure displacements and torsional rotations by means of locking-free Hermitian polynomi-
als [10], using parameters indicating the in uence of shear deformations. Additional degrees of freedom ϕ p

x,x and
ϕq

x,x at the end nodes p and q are de ned, which represent the rst derivative of the angle of twist to a coordinate
x along the beam axis. Next two discrete deformations are de ned by the relations ε7/l0 = ϕ p

x,x and ε8/l0 = ϕq
x,x,

where l0 is the reference length of the beam, see Fig. 2. Coupling among bending and torsion deformations due
to non-coinciding centroid and shear centre is accomplished by transforming the element stiffness matrix from a
parallel coordinate system passing through the shear centre to the system of principle axes passing through the
centroid. A Taylor series expansion is used to expand the non-linear curvature and strain-displacement equations
into a polynomial form of second-order. Integrating these equations over the length of the beam using the second
moment-area theorem [4], yields the additional quadratic terms in the expressions for the discrete deformations de-
scribing the geometrically non-linear couplings such as extension-torsion, bending-torsion and bending-extension.

The inertia properties of the beam are described using both consistent and lumped mass formulations. The
latter is used to model rotary and warping inertia of the beam cross-section. The derivation of the consistent mass
matrix is based on a discretization of the beam’s centroid axis in the global inertial coordinate system. The element
has been implemented in an enhanced version of the computer program named SPACAR [6].

The ef ciency and accuracy of the proposed beam nite element are tested for a thin-walled beam with C-
shaped cross-section attached to a rigid hub rotating at constant angular velocity and subjected to an eccentric tip
loading. The system exhibits exural/torsional buckling behaviour. An incremental-iterative method based on the
Newton-Raphson method combined with constant arc length of the incremental displacement vector is employed
for the solution of the quasi-static equilibrium equations. A comparison of the obtained results with those computed
by the commercial code ABAQUS using shell elements is presented.
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Abstract
The theory of Cosserat rods [1] provides a self consistent framework for modeling large spatial deformations

of slender flexible structures at small local strains. The main deformation modes of a Cosserat rod are bending and

twisting, accompanied by very small, but in general non-zero amounts of longitudinal stretching (or compression),

and transverse shearing, related to tiny out-of-plane cross section deformations.

Discrete Cosserat rod models may be derived in terms of a finite difference approximation that preserves

essential geometric properties of the continuum theory [2, 3]. In a recent contribution [4], we discussed the discrete
kinematics of Cosserat rods, based on the difference geometry of framed space curves defined on a staggered grid

(see Fig. 1). The present work complements these considerations, with a focus on kinetic aspects.

As sketched on the left of Fig. 1, the kinematic skeleton of a Cosserat rod configuration mathematically

corresponds to framed curve (or Cosserat curve), parametrized by the arc length s of its centerline r(s), augmented

by a moving quaternion frame field q̂(s) ∈ S3. The material curvature and tangent vector fields K = 2q̂∗ ◦∂sq̂ and

ΓΓΓ = q̂∗ ◦ ∂sr ◦ q̂ are the differential invariants that determine the geometry of a Cosserat curve uniquely, up to a

global rigid body motion. In the case of dynamic motions, the velocity v = ∂tr of points on the centerline and the

angular velocity ωωω = 2∂t q̂◦ q̂∗ of the local cross section rotations w.r.t. the global inertial frame, or equivalently its

material counterpart given by ΩΩΩ = q̂∗ ◦ωωω ◦ q̂= 2q̂∗ ◦∂t q̂, are additional kinematical variables that characterize the

space–time configuration of a Cosserat rod, subject to the compatibility condition ∂sΩΩΩ−∂tK ≡ K×ΩΩΩ.

Local strains occuring in Cosserat rod configurations that are deformed w.r.t. a given reference state can be

descibed in terms of the difference functions ΔK(s, t)≡ K(s, t)−K0(s) and ΔΓΓΓ(s, t)≡ ΓΓΓ(s, t)−ΓΓΓ0 measuring the

deviations of the invariants from their reference values K0(s) and ΓΓΓ0 = (0,0,1).
The basic kinetic quantities of a Cosserat rod are the force f(s, t), also denoted as stress resultant, and the

moment m(s, t), also denoted as stress couple. Both vector fields are spatial quantitities obtained by the integration

of traction forces of the over the local cross section area, and respectively the integrated couples resulting from

these traction forces w.r.t. the cross section center. The kinetic sectional quantitites are both functions of the curve

parameter s, usually chosen as the arc length of the centerline in its reference configuration, and the time t. Their

dynamic equilibrium is governed by the balance equations

∂sf + βββ = ∂t [ρLv] , ∂sm + ∂sr× f + μμμ = ∂t [ρLJ ·ωωω] . (1)

The inertial terms on the r.h.s. are the time derivatives of the translational momentum density ρLv of infinitesimal

mass segments with density ρL on the centerline of the rod, and the angular momentum density ρLJ ·ωωω of the

corresponding cross sections, propotional to their rotational inertia tensor ρLJ w.r.t. the global inertial frame.

Figure 1: Left: Centerline curve r(s) and attached moving frame R(s) = a(k)(s)⊗ek of a Cosserat curve, describing

the geometry of the configurations of a prismatic rod in Euclidian space. The volumetric geometry is generated by

sliding the cross section spanned by the frame directors {a(1),a(2)} along the centerline. The position vectors of the

material points in the rod volume are parametrized by: x = r(s)+ξα a(α)(s). Right: Polygonal arc approximating

a smooth regular geometric curve C : The vertices p j ∈ C define edges [p j−1, p j] of length � j−1/2 > 0, with

edge centered unit length tangent vectors t j−1/2. A discrete Cosserat curve consists of a polygonal arc with edge

centered quaternions q̂ j−1/2 ∈ S3, representing the frames R j−1/2 = E(q̂ j−1/2) via the Euler map E : S3 → SO(3).
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Figure 2: Overlay of screenshots from IPS Cable Simulation vs. Matlab plots of the centerline curves exported

from IPS and the analytical solutions of the corresponding inextensible Elastica problem. The IPS solution is

computed by minimization of the stored energy of the rod subject to given b.c., while the Elastica curves result

from the analytical solutions of the corresponding b.v.p. for the centerline tangent angle computed in Maple.

Consistent with the staggered discretization approach for Cosserat rods [3], semidiscrete balance equations
may be formally derived from the continuous ones by integrating the balance equations (1) over parameter intervals

between adjacent edge centers s j±1/2 around a vertex r j = r(s j), and over intervals between adjacent vertices. With

an approximation of various integral terms by midpoint quadrature one obtains the semidiscrete system of equations

f j+1/2 − f j−1/2 + h̄ jβββ j = h̄ jρL∂tv j , (2)

m j+1 −m j + (r j+1 − r j)× f j+1/2 + h j+1/2μμμ j+1/2 = h j+1/2ρL ∂t
[
J j+1/2 ·ωωω j+1/2

]
, (3)

where βββ j and μμμ j+1/2 denote the integral averages of the external force and moment vector fields over the respective

intervals of length h̄ j := 1
2 (s j+1/2 − s j−1/2) and h j+1/2 := s j+1 − s j.

While this semidiscrete system provides a consistent finite difference discretization of the continuous bal-

ance equations (1) displaying obvious formal similarities, it is less obvious that a semidiscrete system of this form

results as an equivalent of the Euler–Lagrange equations of our discrete quaternionic Cosserat rod model, if a

hyperelastic constitutive behaviour of the rod material is assumed. In this case the semidiscrete force and mo-

ment vectors f j+1/2(t) and m j(t) defined at the edge centers and the vertices of the staggered grid are given as

gradients of a stored energy potential function V ({ΓΓΓ j−1/2} j=1,...,N ,{K j} j=0,...,N) w.r.t. the discrete material shear–

extensional strain vectors given by ΓΓΓ j+1/2 := q̂∗j+1/2 ◦ (r j+1 − r j)/h j+1/2 ◦ q̂ j+1/2, and material curvature vectors

K j := 2 log(q̂∗j−1/2 ◦ q̂ j+1/2)/h̄ j extracted from the difference rotations connecting adjacent frames q̂ j±1/2, rotated

to the global inertial frame according to:

f j+1/2 = q̂ j+1/2 ◦
∂V

∂ΓΓΓ j+1/2

◦ q̂∗j+1/2 , m j = q̂ j±1/2 ◦
∂V

∂K j
◦ q̂∗j±1/2 .

While a derivation of the semidiscrete balance equations (2) of the sectional forces is straightforward, it is less

obvious that the semidiscrete balance equations of the sectional momenta as given in [3] in quaternionic form are

equivalent to equations of the form (3). Also, the relation of the latter to the pair of balance equations for the

momenta as derived in [2] needs to be explained. In our contribution, we investigate these issues and thereby

elucidate the seemingly differing kinetic aspects of discrete Cosserat rod models otherwise based on identical

kinematic concepts.

We also present applications of our Lagrangian approach to (semi)discrete Cosserat rod models in computing

equilibrium configurations of elastic cables by minimizing their potential energy w.r.t. external boundary condi-

tions. Apart from a discussion of some interesting academic test examples (like e.g. the one shown in Fig. 2), we

point out applications in cable assembly process simulation in automotive industry.
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Abstract

Compliant mechanisms are widely used in different fields, such as robotics, micromechanics, aerospace and 
biomechanics. In order to address the design of such devices, engineers often localize the deformation zones in the 
so called “flexure hinges”, as to mimic the presence of standard kinematic pairs. The kinematics and the dynamics 
of compliant mechanisms is often studied using the pseudo-rigid body approach [1]. For the definition of the 
pseudo-rigid body of leaf-type hinge, many authors suggest to include a revolute joint (pseudo-revolute joint) 
placed at a convenient location of the flexible beam and a torsion spring acting on the connected bodies [2-3]. In 
this way, only a first order approximation of the relative motion between the connected parts is achieved and the 
distributed elasticity of the flexible element is reduced to a lumped component. 

In general, flexure hinges undergo large deformations and an intrinsic elasto-kinematic behavior is observed
(i.e. the kinematics is affected by the loads). For the standard pseudo-revolute joint models currently available in
literature, the matching between the actual relative motion of the bodies connected by the flexure hinge and the 
one reproduced by the model is limited within a few degrees rotation. This limitation requires a more careful study 
on the kinematic properties of the most used hinges especially for large deformation. A recent study [4] introduced 
the use of kinematic invariants for studying the kinematics of the flexure hinge in order to achieve a second order 
approximation of relative motion. The relative motion features between two rigid bodies are embedded in the 
kinematic invariants, independently from the actual structural embodiment of the mechanism [5]. The kinematic 
invariants relevant for this type of investigation are the fixed and moving polodes and the inflection circle. The 
first two invariants are the loci of the center of instantaneous rotation in the fixed and moving reference frames, 
respectively. The inflection circle is the locus of the points whose acceleration is parallel to velocity. Its diameter 
is related to centrodes radii of curvature.

The aim of the study is to investigate the second order kinematics of three types of common hinges (the 
circular profile flexure hinge, the elliptical profile flexure hinge, the leaf flexure hinge).  The outcome is a pseudo-
rigid mechanism with a second order approximation of the relative motion of the connected bodies in both small 
and large deformation. The inflection circle diameter is computed by postprocessing the results of full flexible 
multibody planar models (see Figure 1). The models include two rigid bodies and a variable flexible part meshed 
with plate elements. One of the rigid body is considered fixed and an enforced rotation of 90° is applied to the 
other one by means of a driving constraint. The connection between rigid and flexible parts is ensured with a force 
distributing rigid element (rigid spider).

Figure 1. Examples of the flexible multibody models of the flexure hinges (leaf hinge, on the left; elliptical profile hinge, in 
the middle; circular profile hinge, on the right).

Kinematic invariants are then computed according to the procedure discussed in [4]. The analysis of results 
show that the diameter of the inflection circle is almost constant for the entire range of motion (Figure 2, on the 
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left). Since the diameter of the inflection circle and the radii of curvature of the two polodes (
fcr and

mcr ) are 

related by the following equation [6]

 
1 1 1 ,

m fc cr r
  (1)  

the two connected rigid bodies evidenced an epicycloidal relative motion. This result suggests to reproduce the 
relative motion as the , without slipping, of two circles (see Figure 2, on the right). For sake of symmetry, the two 
circles should have the same radius that can be computed as the double of the inflection circle diameter:
 2

f mc cr r   (2) 

The new pseudo-rigid mechanisms can include two circumferences (attached one on each body) and a rolling 
without slipping constraint, a trade-off between simplicity and accuracy in reproducing almost the same motion 
invariants of the actual flexible assembly. 

Figure 2. Inflection circle diameter as a function of rotation angle (on the left) and the precise pseudo-rigid model (on the 
right)

The accuracy of the proposed solution is assessed through the setup of three fully rigid multibody models 
(one for each hinge) including the pseudo-rigid arrangement and by comparing the results with those from the 
flexible models and from the traditional pseudo-hinge approach. The comparison confirms that the proposed 
pseudo-rigid body model can reproduce, for a large range of deformation, the relative motion with a feasible 
accuracy.

The results of the investigation encourage a more deep investigation of the kinematic properties of different 
types of flexure hinges and a parametric or preferred analytic study relating the dimension of the rolling circles to 
the dimensions of the actual flexible element in order to establish reliable design guidelines. 
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Figure 2. Decrease of parasitic frequency of a single leaf spring for increasing deflection in the first mode shape. 
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ABSTRACT
Traditionally the Robotic Multibody Systems (RMBS) were considered composed by rigid bodies interconnected

by rigid joints, thanks to the less difficult approach in studying their motion and performances. The limits of this

method were faced with the increase of the robotic structures design complexity and with the growing demand of

having safer and more efficient robots. In all the cases when the structural deformations determine the external

forces acting on the system, the structural flexibility cannot be neglected. At the same time the design of a robot

eligible for the Human Robotic Interaction requires a non-stiff and non-bulky robotic structure.

The computational effort for analysing a RMBS with flexible components is much heavier than the ones

required for its rigid counterpart. This aspect caused a sharp slowdown of their research area development because

the computers performances were not able to challenge with such effort. As shown from the state of the art, from

the seventies to the early twenty-first century, the robotic research was more focused on design and control of rigid

robots with some exception represented by the robots having flexible connections.

a b c d e

Figure 1: Flexible Jumping Robots: a) Mowgli; b) StralETH; c) Kangaroo; d) GOAT; e) SALTO; f) FLEGX

Later on, thanks to the advent of high-performance computers, the development of flexible robotic structures

arose. In 2007 an artificial musculoskeletal system consisting of six pneumatic muscle actuators including bi-

articular muscle and two legs with hip, knee and ankle joints was developed. It is called Mowgli (Fig. 1.a), it

can jump as high as 0.5 m, more than 50% of its body height and can land softly. In 2012 StarlETH (Fig. 1.b)

was born, it is fully actuated with high compliant series elastic actuation, making the system torque controllable

and at the same time well suited for highly dynamic manoeuvres. The robot is able to jump up to 0.76 m, which

corresponds to 150% of the leg length. In 2014 the German-based engineering company Festo developed a bionic

kangaroo (Fig. 1.c) which, like its natural model, can recover the energy of a jumping phase, store it and efficiently

use it for the next jump. In 2016 the Gearless Omni-directional Acceleration vectoring Topology (Fig. 1.d) was

conceived, it is an electromechanically actuated robot with legs capable of dexterous walking, running, explosive

omni-directional jumping and actively compliant landing. The robot can deliver 20 J in jumping experiments,

achieving a height of 82 cm. In the same year of the previous, a one-legged hopper with the highest robotic vertical

jumping agility ever recorded was designed. Its name is SALTO (Fig. 1.e) that stands for "SAltatorial Locomotion

on Terrain Obstacles" and the motion of the mechanical jumping leg was modeled after galagos, a small jumping

primates native to Africa. SALTO is 26 cm tall when fully extended and it can jump 400% of it tallness during its

first leap and reach 500% with second one. [1].

A detailed analysis of the above mentioned robots shows that no one presents a flexible structure. The im-

provement we propose tends to add a contribution to the aforementioned panorama with the design of a 3 DoF

underactuated mechanism with one flexible components. It is called FLEGX (FLEXible LEG) and it would be the

first step in the design of a jumping humanoid robot with flexible limbs (Fig. 2.a). The two brushless DC motors

83



and their gearheads are directly mounted on a linear guide support plate and two tendons transfer the motion from

the worm wheel to the knee joint. The virtual prototyping techniques played a key role in the identification of

the optimal geometric and dynamic features of the system, such as the length and thickness of the flexible link or

the inertial properties of the whole system, and in the choice of the most suitable mechanical and electromechani-

cal components. An early system-level design validation of the FLEGX mechanical configuration was performed

using the software MSC.Nastran R© and MSC.Adams R©-Matlab/Simulink R© integrated environment.

The control architecture of the robotic structure here presented is based on a low level joint position control

and an high level hybrid control. The low level control is based on the singular perturbation theory [2] applied to

an hybrid system in order to obtain a order reduction model. Considering the Lagrangian-assumed modes dynamic

model of the system:

[
mrr mr f
m f r m f f

][
q̈
δ̈

]
+

[
0 0

0 D f f

][
q̇
δ̇

]
+

[
0 0

0 Kf f

][
q
δ

]
+

⎡⎣hr

(
q, q̇,δ , δ̇

)
h f

(
q, q̇,δ , δ̇

)⎤⎦+

[
Gr (q,δ )
G f (q,δ )

]
=

[
τ
0

]
(1)

where m is the inertia matrix, h represents the Coriolis vector, q is the rigid DoF, δ is the flexible DoF while G
is the vector containing the torque due to gravity. The subscript r is referred to joint variables while the subscript

f is referred to deflection variables. Assuming that it is possible to chose as perturbation parameter ε2 = k−1
m

which is the smallest value of the stiffness matrix (Kf f ). Thanks to a change of coordinates φ = δ
ε2 it is possible

to decompose FLEGX dynamics into a slow and a fast subsystem, independent each other. The slow subsystem

is obtained if ε tends to 0; while the fast subsystem can be estimated by applying a time scale T = t/ε . This

decomposition allows to implement two independent control laws, one for the slow subsystem which allows to

follow the joint trajectory using a simple PD controller as the robot was rigid, the other for the fast subsystem

which allows to damp the oscillations of the flexible link.

The high level control is based on the theory of hybrid system [3]. The aim of this controller is to produce a stable

orbit in the state space variable in order to obtain a controlled sequence of jumps.

As shown in Fig. (2.b) even if the high level control is not implemented, this mechanical structure is able to lift off

and land taking advantage of the energy stored in the elastic link. In fact, the torques exerted/required to lift off and

during the stance phase assume reasonables values compared to the one obtained for a complete rigid structure.
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Figure 2: Adams-Matlab co-simulation of a single jump

Future works concern the accomplishment of an extended campaign of experimental test to collect data useful

for the numerical model validation. The implementation of the squat jump will be also a further development of

the numerical model in order to analyse more complex dynamic tasks.
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Abstract
The Elastic Multi-Body Simulation (EMBS) progressively constitutes the established method when dealing

with elastic deformations of components in mechanical systems. This is motivated by the increasing complex-

ity of technical assemblies and lightweight design. The Floating-Frame-of-Reference-Formulation (FFRF) is the

state-of-the-art method, whereas the model of the elastic body is usually generated by the Finite-Element-Method

(FEM) [1], see Figure 1. The validity of the FE-model is crucial for the simulation success. However, the FE-model

consists of several uncertainties concerning geometry, mass distribution, local and directional stiffness as well as

damping phenomena. For representing realistic components, a model-updating based on a tuning by measurement

data would be mandatory. The updating procedure is highly expensive since a vast number of optimization param-

eter must be defined and evaluated [2]. Finally, a Model Order Reduction (MOR) condensates the elastic degrees

of freedom, which embodies further approximation errors.

Due to the drawbacks of the conventional approach, a novel approach is suggested, where the data of the

elastic body model is directly gained from the data of an Experimental Modal Analysis (EMA) without using any

FE-model, see Figure 1. Using measured data to represent the global ansatz functions of the elastic body is also

noted by other authors [1]. The novel approach makes the representation of very complex components available

for EMBS considering any uncertainties of the real component. Since the FE-model becomes superfluous, a costly

MOR is unnecessary. Besides, the expensive numerical eigenanalysis of the FE-model also vanishes.

Figure 1: Generation of elastic body data by conventional approach (top) and novel approach (bottom)

All required data of the elastic body is obvious from the equation of motion 1 for a single body k [3]. With

Mk being the mass matrix, qk being the vector of generalized coordinates, hk
ω being the vector of Coriolis and

centrifugal forces, hk
e being the vector of inner elastic forces, hk

b being the vector of body forces and fk being the

vector of external loads. Separating the generalized coordinates into translational (t), rotational (r) and elastic (e)

coordinates, the terms of the required data are exposed, which are classified via the Standard Input Data (SID)

definition [3]. The required data consists of eigenvalues λλλ , normal modes ΦΦΦ, modal mass m̃ and modal damping d̃,

which can be extracted from an EMA, see Table 1.

Mkq̈k +hk
ω +hk

e = hk
b + fk, (1)
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Table 1: Required data (SID) for the representation of the elastic body

Symbol Name Required data for generation

Me modal mass matrix measured modal masses m̃EMA

Ce modal stiffness matrix measured eigenvalues λλλ EMA

De modal damping matrix measured modal damping parameter d̃EMA

m, c, J,

Ct, Cr, Gr, Ge, Oe

rigid body parameter,

elastic body parameter

artificial rigid body modes ΦΦΦRB,

measured elastic normal modes ΦΦΦEMA,

mass matrix of FE-model MFE or via m̃EMA
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The novel approach in Figure 1 yields five challenges that need to be dealt with. At first, a proper measurement
setup that realizes a free-free support has to be established and a set of representative measurement points must

be determined. Secondly, the parameter identification for the extraction of the modal information (λλλ EMA, ΦΦΦEMA,

m̃EMA, d̃EMA) is crucial as well as the realization (complex-to-real-conversion) of the complex eigenvectors. The

representation of the mass distribution is the central issue, since the mass information (MFE) is usually not available

from an EMA. Furthermore, the treatment of rotational coordinates is difficult for the reason that usually only

translational coordinates can be detected using triaxial acceleration sensors. Finally, interface nodes are required

for the EMBS-couplings (e.g. for bearings), which must be created artificially, if not being part of the FE-structure.

Adequate solutions are presented in detail in the contribution.

Figure 2: Measurement setup Figure 3: FE-model of U-section Figure 4: Extrapolation procedure

In SIMPACK version 9 the elastic body is represented using modal information. The processing of the exper-

imental data and generation of the SID are realized by means of the software MORPACK (Model Order Reduction

PACKage), which is developed at the chair of dynamics and mechanism design [4]. The novel approach is vali-

dated using an U-section, which underwent an EMA (Figure 2). For comparison of the methods, a FE-model of

the U-section was created consisting of 2 master nodes and 81328 structure nodes (Figure 3). The extrapolation of

additional interface nodes for the couplings within the EMBS is shown in Figure 4. The contribution deals with the

mentioned challenges and shows results of the imported elastic body model in SIMPACK according to Figure 5.

Figure 5: SIMPACK model of U-section, bending mode at 731 Hz (left), torsional mode at 1730 Hz (right)
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Abstract
One of the most expensive operation in the numerical simulation of exible multibody systems is the solution

of the nonlinear equations of motion. Indeed, these equations may involve a large number of degrees of freedom due
to the nite element discretization of the exible components and to the Lagrange’s multipliers used to enforce the
kinematic constraints at the mechanical joints. Furthermore, the treatment of large amplitude motion, in particular
large rotations, leads to strong kinematic non-linearities. The iterative solution of the nonlinear problems involves
large, albeit sparse, iteration matrices. Therefore, streamlining the solution strategy would reduce computational
costs signi cantly. The proposed strategy is based on three key aspects.

Material frame formulation. The equations of motion are expressed in a local material frame and all physical
quantities are resolved in this frame. This reduces the nonlinearity of the governing equations that become invariant
under rigid-body motions and furthermore, nonlinearities stem from local effects only. The use of the motion
formalism [1, 2] allow change of frame operations to be performed naturally. Consider for instance the motion
tensor, represented as the 6×6 matrix C ,

C =

[
R x̃R

03×3 R

]
; d(C ) = C d̃U = C

[ ˜dψ d̃u
03×3

˜dψ

]
where x∈R

3 is a position or a displacement and R∈ SO(3) is the rotation tensor representing an orientation. Matrix
˜dψ denotes the skew-symmetric matrix built on the three components of vector dψ . The local material frame

derivative introduces dU =
[
duT dψ

]T , a differential motion vector, where notation •̃ indicates the mapping of
a 6× 1 vector into a 6× 6 matrix. Local frame velocities, strains, and variations can be introduced in a similar
manner. A remarkable property of this local frame representation of derivatives is that it remains invariant under a
rigid-body motion.

Typical mechanical components found in practical applications, such as rigid bodies, rigid-body connections,
lower-pair joints, universal joints, exible joints, and exible beams, can be modeled using the motion formal-
ism. Collecting the contributions from the different components of a system, the assembled, spatially discretized
equations of motion at system level take the following form

C k = C kṼk, k = 1 . . .N,

F̂ (C −1
j C k,V ,V )+BT (C rel)λ = 06N×1,

Φ(C rel ,C
−1
j C k) = 06m×1,

where notation • indicates a time derivative, V is the 6N-dimensional velocity vector of the nodal velocities V k, N
is the number of motion nodes and λ is a 6m-dimensional vector of Lagrange multipliers introduced to enforce the
constraint equations Φ arising from the m kinematic joints and whose gradient is denoted B. The relative motion
variables at the joints is denoted C rel . Because the motion formalism is used, the equations of motion depend on the
relative motions between the nodal motions only, not on their absolute position and orientation; this fundamental
property of the formulation is expressed by the composition of motion, C

−1
j C k, which remains invariant under a

rigid-body motion.
The generalized-α scheme [3] is used to integrate these nonlinear differential-algebraic equations. The itera-

tion process involves the iteration matrix given by

S =

[
β M+ γG+K BT

B 06m×6m

]
,

where M, G and K, of size 6N × 6N, are the tangent mass, gyroscopic/centrifugal and stiffness matrices, respec-
tively, stemming from the linearization of the equilibrium equations of the exible components with respect to the
accelerations, velocities, and incremental motions, respectively. Parameters β and γ pertain to the time integration
scheme and are functions of the time step size and algorithmic damping. Because the local frame approach reduces
the level of nonlinearity, the iteration matrices become nearly constant under the small strain assumption and nearly
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steady velocity states. Clearly, ef cient solution strategies should be explored that take advantage of these nearly
constant iteration matrices. A general domain decomposition approach is proposed.

Domain decomposition procedure. A domain decomposition procedure has been developed to decrease the
cost of the iterative solution. Each of the exible components of the system is associated with a sub-domain. The
mechanical joints connect the exible components and become the physical interfaces between the sub-domains.
Each exible component is handled by a dedicated sub-domain.

Consider a exible component i that is connected to the rest of the system at a set of interface nodes X . The
contribution of the sub-domain to the iteration matrix can be partitioned as follows

SiΔU
i = ri ⇔

[
Si

XX Si
XY

Si
Y X Si

YY

][
ΔU

i
X

ΔU
i
Y

]
=

[
ri

X
ri

Y

]
,

where Y denotes the set of nodes which are not connected to the rest of the system. In practice, the set of nodes Y
is much bigger than the set of interface nodes X . Because they do not interact directly with the rest of the system,
the nodes in the set Y can be condensed, leading to a modi ed contribution of the remaining set X with respect
to the rest of the system. This modi ed contribution is assembled with the rest of the system, handled by the
main sub-domain. This approach corresponds to the well-known Schur complement reduction, which involves the
following steps

ΔU
i
Y = (Si

YY )
−1
(

rY −Si
YX ΔU

i
X

)
, (1)(

Si
XX −Si

XY (S
i
YY )

−1Si
Y X

)
︸ ︷︷ ︸

Si∗
XX

ΔU
i
X = rX −Si

XY (S
i
YY )

−1rY︸ ︷︷ ︸
ri∗

X

. (2)

During the assembly procedure of the entire system, each exible component contributes a reduced stiffness
matrix, Si∗

XX , and a reduced load vector, ri∗
X ; note that the condensed node set Y no longer appears. Consequently,

the assembled iteration matrix of the main sub-domain is far smaller than the iteration matrix of the entire system.
The assembled nonlinear system of equations of the main sub-domain is then solved to yield increments for the
interface node set X , ΔU

i
X . The corresponding increments at the condensed node set Y , ΔU

i
Y , then follows from

Eq. (1).
The domain decomposition strategy discussed above is based on the Schur complement reduction approach

and hence, is quite general. When applied to exible systems modeled with local frame motion formalism, it fea-
tures particularly attractive numerical characteristics. If the iteration matrices are kept constant, the condensation
process expressed by Eqs. (1) and (2) involves constant matrices only and hence, Schur complement matrix Si∗

XX
remains itself constant. Consequently, Schur’s reduction process, which involves the expensive factorization of
matrix SYY , is performed once only. On the other hand, the system of nonlinear equations for the global system is
updated and factorized at each time step. This strategy may lead to a slight increase in the number of iterations at
system level, but this global problem is far smaller than that involving all the exible components.

The strategy outlined above can still accommodate changes in the iteration matrices for the exible compo-
nents. If required, the iteration matrix for the exible component can be re-evaluated regularly and the associated
Schur complement reduction repeated. Nevertheless, this re-evaluation takes place at sub-domain level. In many
practical applications, the Schur complement reduction in each of the exible sub-domains is performed once only
at the beginning of the simulation.

Parallel implementation. The sub-domains created by the domain decomposition are independent and many
operations can be performed in parallel on different processors. In particular, the evaluation of the equations of
motion, their linearization, and the condensation process can be done in parallel.

The proposed solution strategy has been implemented in DYMORE 5 using the MPI environment. Its per-
formance will be presented and assessed for academic examples as well as for practical exible multibody system
applications, such as a helicopter rotor.
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Abstract
In this work we address the problem of computing stable static equilibria of Kirchhoff rods under different

boundary conditions and possibly subject to contact constraints. Our approach relies on formulating the continuous

problem as an Optimal Control Problem (OCP) and discretizing it using direct methods of numerical optimal

control. Conceptually our approach is similar to the one developed in [3] in that we also leverage constructions

from the discrete mechanics of rigid bodies ([1] in our case) in conceiving numerical schemes for the statics of

rods.

A Kirchhoff rod is a thin elastic rod characterized by small strains (linear elasticity), large displacements and finite

rotations (geometrical non linearities). It is assumed perfectly inextensible, and undergoes only pure bending and

twisting deformations. The centerline of a Kirchhoff rod of length L is parametrized by a curve r mapping the

arclength parameter s ∈ [0,L] to R
3. The orientation of the cross sections is given by a material frame varying

along the curve r and represented here as a rotation matrix R(s) ∈ SO(3). As in [2] the configuration space of our

geometrically exact rod is the special Euclidean group SE(3). Accordingly the state of our OCP is (R,r) : [0,L]→
SE(3). We collect the bending strains κ1,κ2, and the twisting strain τ in a vector κ := (κ1,κ2,τ)T which will be

interpreted as the control input in our OCP. The kinematics of the material frame read R′ = Rκ̂ , where κ̂ is the

skew symmetric matrix κ̂ =

⎡⎣ 0 −τ κ2

τ 0 −κ1

−κ2 κ1 0

⎤⎦ and prime(’) denotes derivation with respect to the arclength s .

The Euler-Bernoulli constraint reads r′ = Re3, where e3 = (0,0,1)T ; it encodes the incompressibility and no shear

conditions, and couples the frame to the centerline (the frame is said to be adapted to the centerline). The SE(3)

structure of the problem becomes apparent by rewriting the frame kinematics and Euler-Bernoulli constraint as the

SE(3) reconstruction equation,

d
ds

[
R(s) r(s)

0 1

]
=

[
R(s) r(s)

0 1

][
κ̂ e3

0 0

]
. (1)

Finding the stable static equilibria of a Kirchhoff rod subject to boundary conditions and contact constraints

can then be formulated as the OCP

min
R,r,κ

∫ L
0 L (R(s),r(s),κ(s))ds

s. t. R′ = Rκ̂
r′ = Re3

gI(R,r,κ)≤ 0

gbd(R(0),r(0),R(L),r(L)) = 0,

(2)

where the ’Lagrange cost’ models in our example the sum of bending twisting and gravitational potential energies

L = 1
2 (EI1κ1(s)2 +EI2κ2(s)2 +μJτ(s)2)+Ug(r(s)), while gI models inequality constraints and gbd encodes the

boundary conditions. Note that finding stable static equilibria of Cosserat rods could be formulated similarly, it

would amount formally to doing a regularization of the Euler Bernoulli constraint: one would just have to add

a shear and stretch degree of freedom v : [0,L] → R
3, an extra quadratic term 1

2 (v− e3)
TC(v− e3) in the elastic

energy and to modify the kinematics as r′ = Rv.

From the point of view of numerical optimal control there are two major categories of ways to find local solutions

of the problem (2), namely indirect methods and direct methods. The indirect approach would be to first write the

(infinite dimensional) first order optimality conditions of the OCP (2) and then to discretize it. In the absence of

inequality constraints one would retrieve the Kirchhoff balance equations. However in the presence of inequality

constraints the first order optimality conditions take on the form of a non smooth boundary value problem which is

difficult to solve and one would not be guaranteed to find local minima but rather saddle points. In our opinion it is

simpler to tackle the problem using direct methods, where one first discretizes the OCP (2), turning it into a finite

dimensional Non Linear Program (NLP), and then optimizing it using standard NLP software like IPOPT [4].

From the point of view of direct methods of numerical optimal control the easiest technique to try is ’direct single

shooting’, where the controls (ie the strains κ) are discretized into a suitable finite dimensional space and the states

(R,r) are retrieved as functions of the strains by numerically solving the reconstruction equation in the OCP (2).

In this case one then retrieves a ’strain based’ finite element approach. Using piecewise constant strains and a Lie-

Euler integrator on SE(3) for the kinematics, the formulation coincides precisely with the Super-Helix element for
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Figure 1: (a) Rod equilibrium under periodic boundary conditions and inequality constraints. (b) Rod equilibrium

under fixed-fixed boundary conditions.

the statics of Kirchhoff rods [6]. More interestingly, the optimal control framework suggests a way to tackle higher

order strains by simply using higher order Lie group integrators, for example general Runge Kutta Munthe-Kaas

methods as employed in [1] in the similar context of Hamilton Pontryagin mechanics on Lie groups. The second

branch of direct methods is ’direct multiple shooting’ where both the strains κ and the states (R,r) are discretized,

leading to a mixed formulation. The NLP in the mixed formulation is of higher dimensionality but with more

sparsity and simpler non linearities. Using Lie group methods to discretize the kinematics allows us to avoid

formulating supplementary orthogonality constraints for the frame Ri at each node si. In Figure (1b) we obtain

a stable static equilibrium of a Kirchhoff rod subject to fixed-fixed boundary conditions, the director vectors are

shown as red arrows. In Figure (1a) we obtain a stable static equilibrium configuration for a planar Kirchhoff rod

with periodic boundary conditions and subject to the inequality constraint of remaining inside a circle, this curve

can be found for example experimentally as the profile of a paper cylinder packed into a smaller cylinder of radius

ρc. Using the mixed formulation allows to keep the inequality constraints ||ri||2 ≤ ρ2
c convex albeit nonlinear.

The simulation used 100 elements, total simulation time was 1.3s on a 2.6GHz Intel Core i7 processor parting

from a random initial configuration using IPOPT. Our proposed method is quite robust to the choice of the initial

configuration and could thus be used to initialize load displacements analyses. In conclusion the Optimal Control

point of view provides a very useful theoretical and numerical framework to conceive, analyse and implement

strain based and mixed finite element discretizations of rod statics under constraints.
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Abstract

A new computation methodology is proposed to study the dynamics of spatial flexible multibody systems 
with interval probabilities by taking into account interval mean values and interval variances. Within this 
consideration, the standard perturbation-based method is relaxed in order to incorporate interval probabilities in 
dynamics analysis of flexible multibody systems. The flexible multibody system is modeled in a unified Absolute 
Nodal Coordinate Formulation (ANCF) frame. Firstly, the second-order perturbation method is performed: the 
essential idea is to expand the items of dynamics equations about the mean of the uncertain input variables by 
means of the second-order Taylor series. Here, the first-order and the second-order sensitivity analysis of flexible 
multibody systems with interval parameters are performed. Based on the continuum mechanics, the computational 
efficient analytical formulations for the derivative items of the system sensitivity equations are deduced. Then, 
with the consideration of the interval parameters existing in the system, the Chebyshev collocation method (CCM) 
is utilized to generate the Chebyshev surrogate model for the dynamics and sensitivity equations. The interval 
bounds of the dynamics and sensitivity responses are determined by scanning the deduced Chebyshev surrogate 
model. Finally, the interval mean values and interval variances of the dynamics responses are obtained by using 
the interval arithmetic. Two numerical examples are studied to validate the proposed methodology. The first 
example is used to check the effectiveness of the proposed methodology. And the second one of a complex flexible 
robot with interval probabilities shows the effectiveness of the proposed computation methodology in the dynamics 
analysis of complicated spatial flexible multibody systems.

Most previous studies only studied the systems with random parameters with precise probabilistic information 
and interval parameters simultaneously. Few studies focused on imprecise probability. In fact, statements as ‘‘the 
mean is approximately equal to. . .” and ‘‘the variance lies in the range. . .” are common when handling real 
mechanical data. Qiu et al. [1] claimed the importance of ‘‘imprecise probability” in engineering applications. The 
dynamic equations in this section are carried out for uncorrelated interval probabilistic variables [b] ~ ([ b], [ b]),
whose interval mean vector and variance matrix are, respectively.
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According to the perturbation-based method, the interval mean generalized coordinates, interval mean 
Lagrange multipliers and the interval covariance matrix can be re-written, respectively, as follows
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From above all, the interval displacement vector, interval Lagrange multiplier vector and their interval 
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derivatives should be obtained. It is obvious that the dynamic equations, first-order and second-order sensitivity 
equations are Interval Differential Algebraic Equations (IDAEs) if considering existing interval parameters. The 
Chebyshev sampling methods can obtain higher accuracy than most other sampling methods. They provide a non-
intrusive computation methodology to study IDAEs system. In this study, the CCM sampling method proposed by 
Wang et al. [2] is used to study the dynamics of flexible multibody systems with interval probabilities. It worth 
noting the fact that the proposed methodology incorporates, both probabilistic method and interval method as 
special cases. Given interval mean parameters and zero variances, the proposed methodology can handle the 
dynamics of flexible multibody systems with interval parameters.

A spatial crank-slider mechanism is employed as shown in Fig. 1. Both the crank and connecting rod are 
flexible beams and modeled using 3-dimensional fully parameterized ANCF beam elements and their deterministic 
characteristic parameters can be found in Table 1 of the work by Pi et al. [3].

L1=0.9 m

L2=1.8 m

O X

Z

Y
Gravity=[0 0 -9.81]T m/s2Crank

Connecting rod

SliderSpherical joint 

Figure 1. Schematic view of the spatial slider-crank mechanism

Figure 2a shows the X-displacement of the slider with interval parameters. It can be seen from Fig. 2a that 
the upper and lower bounds obtained by solving different scanned models are in good agreement with each other, 
and these bounds can wrap the results of the deterministic model very tightly. And it is very different from the 
results with deterministic parameters. It illustrates that the interval parameters influence the dynamic results. 
Figures 2b and 2c show the interval mean values and the interval variances of the X-displacement of the slider 
with interval probabilities. Actually, the numerical results shown in Fig. 2a can be regarded as the interval mean 
value of the X-displacement of the slider with zero variances. Comparing Figs.2a with 2b, it can be concluded that 
the ranges of the X-displacement of the slider intervals become wider when considering interval variances existing 
in the flexible multibody system. From Fig. 2b, it can be seen that the interval width of the interval mean value is 
dependent on the values of the interval variances. Other numerical examples will be presented on the conference.

 Figure 2. X-displacement of the slider
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Abstract
Flexure-based mechanisms enable high dynamic performance, repeatability and accuracy in high precision

applications due to the absence of friction, hysteresis and backlash. However, the complicated non-linear be-

haviour of the deforming compliant joints has to be accounted for when deriving the far from trivial (inverse)

kinematic relations between actuators and end-effector. In this paper we compare modelling approaches of varying

complexity in terms of accuracy and computational load. Next a geometrical calibration is developed to realise the

desired performance in an experimental set-up. The method is applied to a flexure-based parallel manipulator for

a six degrees of freedom (DOF) mirror mount. The manipulator consists of a mirror mount to which six arms are

attached, see Figure 1. The other end of each arm is translated by a linear direct drive motor that is fixed to a rigid

frame. Each arm contains five joints that each release one DOF, see Figure 2. This means that each arm transfers

one DOF to the mount. In x- and y-direction the translational and rotational strokes are respectively ±2.5 mm and

±85 mrad. The desired accuracy is 50 μm (2%) for the translations and 1 mrad (2.2%) for the rotations.

z

x

y

2

1

3 5

4

6

Figure 1: Six DOF flexure-based parallel mechanism

with the mirror mount in the origin of the coordinate

system. The six linear motors are labelled 1–6.

Figure 2: Single flexure arm in which the five arrows

indicate the compliant motion of each joint: Black ar-

rows for four Three Flexure Cross Hinges and a white

arrow for a torsional compliant link.

The accuracy is mainly limited by the (inverse) kinematic model that is used to compute the motor positions

from a desired end-effector pose. Effectively each arm can be described with five rotational joints or hinges con-

nected by rigid links. A simple model is obtained when all hinges are assumed to be ideal. This is illustrated with

the ideal hinge in Figure 3(a) where the pivot point remains fixed relative to the base link and all link lengths are

constant. Using the Denavit-Hartenberg (D–H) notation [1] a kinematic model can be derived quite straightfor-

wardly for each arm. However, the accuracy of this model is by far insufficient to meet the desired requirements.

Hence, the deformation of the flexures should be described more accurately. Four of the five flexures in each

arm are Three Flexure Cross Hinges (TFCH) of which the deformed pose is illustrated in Figure 3(b). Their shape

can be evaluated from a non-linear flexible multibody analysis. The SPACAR software [2] package has been used to

build a flexure-based kinematic model that accounts accurately for these joint deformations. Spatial flexible beam

elements are used to model all sheet flexures in the TFCH. The accuracy of this model is expected to be high,

but it appears to be computationally too expensive as the elastic deformations of all flexures are evaluated from an

equilibrium analysis.

Acceptable accuracy and numerical efficiency can be obtained by combining the results of the SPACAR anal-

ysis with a modified D–H model. This is accomplished by recognising that for both hinges shown in Figure 3

the position (y,z) of the arm is a function of the joint angle θ . The result is a modified D–H model in which
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the translation vector in the homogeneous transformation matrix depends on the joint angle. It was found that

an approximation of the numerical data of the SPACAR analysis with a Taylor expansion with no more than three

coefficients could offer close to nm accuracy for joint angles in the range of ±20o. This modified D–H model can

still be evaluated relatively fast. For the so-called nominal kinematic model the geometric parameters are retrieved

from the CAD model of the mechanism.
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Figure 3: Deflected ideal hinge (a) and (b) Three Flex-

ure Cross Hinge.
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Figure 4: Measurement set-up with a beam splitter

and two 2D lateral effect Position-Sensing Detectors

(PSD) that jointly measure two positions (x,y) and two

rotations of the laser beam originating from the left.

The actual performance of this nominal kinematic model is evaluated with an experimental set-up, see Fig-

ure 4. The mirror mount on the end-effector is replaced by a laser and the position of the emitted laser beam is

measured with two 2D lateral effect Position-Sensing Detector (PSD). Each PSD can measure 2D translations with

a best resolution of 0.75 μm. A beam splitter is used to be able to acquire data from two PSD that are placed at

different distances from the laser source. In this way four of the six DOF of the end-effector can be measured,

namely the positions x and y, and the rotations about the x- and y-axis, denoted a and b.

The measurements show a significant deviation of the end-effector pose compared to the nominal model. The

mean errors in x, y, a and b are respectively 7.7%, 8.1%, 3.4% and 8.9%. The highest error of 20% was found

in the translation y. Clearly, the desired accuracy is not achieved and the kinematic model parameters need to be

estimated to improve the match between the kinematic model and the measurements. From a sensitivity analysis

it appeared that offsets in the positions of the linear motors cause relatively large errors in the end-effector pose.

These offsets could well be introduced by tolerances in assembly of the mechanism.

These parameter offsets are estimated with a calibration procedure. The model is linearised for small differ-

ences in these parameters to enable the use of linear regression techniques [3]. With a least squares estimate the

parameters are updated. To avoid inaccuracies arising from overfit, the estimation is checked using singular value

decomposition in combination with cross-validation. After applying the calibration method twice with updated

regression matrices, the mean errors are reduced to respectively 1.3%, 1.7%, 3.0% and 0.8%. The highest error

is now in rotation a and is 5%. Some non-repeatability was observed which is attributed to play in plain bearings

used in the actuators.

It can be concluded that the modified D–H model after a kinematic calibration is able to remove the first order

errors from the model. It is expected that further improvements can be realised by estimating more parameters and

using sensors and motor encoders with better resolutions. Furthermore, the reproducibility is expected to improve

by applying flexible guidances in the actuators as well.
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Abstract
Craig-Bampton, Rubin-MacNeal and other component mode synthesis (CMS) approaches for model order

reduction of mechanical systems generally approximate the system behavior with two different sets of shape func-

tions: normal modes and static modes. It is well known, that by reducing the system with only normal modes,

i.e. eigenmodes, the global system dynamics is captured very well, yet the static approximation error is often un-

acceptably high and, therefore, static correction modes are added in order to adress this problem. In case of a

Craig-Bampton or Rubin-MacNeal approach these static modes are mechanically motivated unit displacements or

unit loads, [1], hence they represent mechanically meaningful static deformation shapes. However, since these

static correction modes are simply added to the reduction basis and both the mass and stiffness matrix of the sys-

tem are reduced with the same reduction matrix, every static mode contributes one additional eigenfrequency to the

reduced system. Contrary to the eigenfrequencies of normal modes, which are physically meaningful, a dynamical

contribution of mode shapes that are by definition static deformation shapes, is unphysical. More recently devel-

oped reduction methods like Krylov-based schemes or balanced truncation, show the same behavior, [2]. A certain

frequency range is approximated optimally, but usually at the cost of the same type of high frequency modes as

introduced by static correction.

For mechanical systems, the frequency range of interest is often smaller than the frequency range of the

excitation. This is particularly true for impact-like excitations. In these cases, classic CMS approaches cause severe

problems. Even though the dynamical behavior of the system may very well be approximated for the frequency

range of interest with acceptable error, the excitation excites those unphysical high frequency modes introduced

by the static correction modes. This does not only result in increased integration times, but most importantly, in

strong and totally unphysical high frequency oscillations. The common approach to remedy this problem is to

either use implicit integration schemes with increased high frequency damping, like the generalized-α scheme, or,

to explicitly damp the static modes. Nevertheless, the problems remain for both cases. With these approaches,

static correction can only be obtained at the cost of artificial and mechanically invalid dynamics which cannot be

avoided.

Instead of achieving static correction by using static correction modes with all mentioned disadvantages, we

propose to obtain static correction by simply adding a constant term to the spectral sum. From a mechanical per-

spective, this can be interpreted as an infinitely fast dynamical approximation of the static behavior or as neglecting

the inertia of the reduced system related to the static mode shapes. This approach avoids the unphysical dynamics

in the reduced system by shifting them to a feedthrough term in the output equation. Since this reduction approach

is not structure preserving, it can best be interpreted as an alternative modeling approach: The full system is ap-

proximated by any arbitratry reduction scheme of choice in any frequency range of interest, but at the same time

the reduced system is guaranteed to only contain dynamics in this particular frequency range.

This approach has several advantages. First, compared to common CMS approaches, the number of degrees

of freedom is further reduced by keeping the physical dynamics, yet at the same time avoiding unphysical and high

frequency dynamics, and only those. Second, the reduction is still statically correct. Third, numerical efficiency

increases considerably, since the highest eigenfrequency of the reduced system is further lowered and, fourth,

neither artificial structural nor numerical damping is necessary. The potential and advantages of the approach will

be demonstrated for numerical examples including contact problems.
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Abstract 

The demand for energy-efficient machines with high processing speeds leads to the development of more and 
more lightweight machines. However, reducing the weight of a machine reduces the stiffness of a machine as 
well. Therefore, elastic deformations of the lightweight structures occur which have to be considered during the 
virtual product development. This can be done by incorporating flexible bodies in the equation of motion of 
classical rigid multibody systems, where such systems are called flexible multibody systems. Using the floating 
frame of reference formulation described in [1] the equation of motion reads 

                      (1) 

Here,  and  describe the rigid body motion. The matrices and  are the mass, damping and 
stiffness matrix of the flexible structure, respectively. They are obtained by a spatial discretization of the elastic 
continuum with the Finite Element Method (FEM). The vector  denotes the node displacement of the 
flexible structure.  

Recently, there came up a demand for more and more accurate models describing the flexible bodies which 
leads to complex models of very high dimension. For example FEM-models for simple components such as 
piston rods can easily exceed hundreds of thousands degrees of freedom leading to long computation times. 
Therefore, model order reduction (MOR) is used to reduce the computational complexity of the underlying 
FEM-models. The flexible bodies are regarded as a linear time invariant multi-input-multi-output system  

.                         (2) 

The solution of the full order system is then approximated by  in an -dimensional subspace 
spanned by the columns of the projection matrix . By inserting the approximation and left multiplying 
with  the reduced system reads  

,             (3) 

where the order of the reduced model  is much smaller than the order  of the original model. For linear time 
invariant systems this has been applied successfully with modern input-output based MOR-techniques such as 
Krylov subspace methods or reduction with Gramian matrices as described in [2]. However, in many engineering 
applications load positions are not constant but parameter dependent. These kinds of systems arise for example 
in simulation of gear trains, cranes or sliding components. Since the input and output matrices of such systems 
are not constant anymore, applying standard MOR techniques yields only very poor results. In the past years 
advances have been made in parameter preserving reduction of parameter dependent systems. A summary of 
methods suitable for parametric model order reduction in flexible multibody systems can be found in [3]. In [4] a 
distinction between local and global approaches is suggested. In local approaches the system matrices of several 
individual reduced systems are interpolated. In contrast, global approaches try to find one representative 
subspace capturing the entire parameter dependent dynamics of the system. In Figure 1 the reduction process for 
local and global approaches is shown.  

As in in local approaches the size of the reduced parametric system does not depend on the number of 
parameter samples, small reduced models can be created. However, since the individual projection matrices are 
parameter dependent, all reduced system matrices are parameter dependent as well and have to be interpolated 
during time integration. This increases the computational effort since the mass matrix of the elastic body has to 
be inverted in every time step.  
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Abstract 

Coordinate reduction is essential for efficient modeling and simulation of flexible multibody dynamics 
(FMBD) [1]. Then, Guyan reduction and Craig-Bampton (CB) method are the most well-known dynamic model 
reduction techniques [2, 3]. To simplify model, Finite element (FE) based flexible body in general, the nodal 
coordinate of the original model is approximated by only using its dominant mathematical basis such as fixed 
interface normal and interface constraint modes. Therefore, the accuracy and efficiency of the FMBD simulation 
with the dynamic model reduction directly depend on number of the retained basis. The following question then 
arises: 'How many modes should be used?' The relative eigenvalue error is a common way to evaluate the 
accuracy of approximated models by dynamic model reduction techniques, and then we can manually determine 
the number of retained modes based on the relative eigenvalue error. However, it is quite expensive because it 
requires reference eigenvalues resulting by eigenvalue problem of original models.  

To overcome this problem, robust estimation techniques of the relative eigenvalue error were recently 
developed by using the original eigenvalue formulation and its orthogonal condition [4-7] as follows: 

irg
i

g
T

r
T
iirg

i
g

TT
i

i

i )( 1)()( 1)(21 0 TKMTTKMT .         (1) 

The transformation matrices in Equation (1) are differently defined in the Guyan reduction and CB method. 
The proposed techniques can precisely estimate the relative eigenvalue errors without knowing the reference 
eigensolutions as shown in Figures (1) and (2). In this presentation, we introduce the key ideas and derivation 
procedures of the proposed error estimation methods including possible extensions in the FMBD simulation. 

   
Figure 1. An shaft-shaft problem. (a) selected nodes in Guyan reduction, (b) partitioned type in CB method. [8] 
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Figure 2. Exact and estimated relative eigenvalue errors. (a) Guyan reduction, (b) CB method [8]. 
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The paper deals with the calibration of an example of multibody system with mechatronic 
flexible joint. Flexible joints are used in compliant mechanisms (e.g. robotic arm in Fig. 1). If they are 
actuated they are called mechatronic flexible joint. Precisely the flexible joint is a compliant body 1 
fulfilling the function of movable connection of other bodies (e.g. Fig. 2). The mechatronic flexible joint 
is a flexible joint that is actuated and measured. If it is fullfiled the Saint-Venant principle then the 
mechatronic flexible joint can be described by finite number of parameters [1]. Therefore the existence 
of rigid flanges 10, 11 on both ends of flexible body 1 that creates the flexible joint is important (Fig. 
2).

Figure 1. Robotic arm with mechatronic flexible joints.                    Figure 2. Mechatronic flexible joint. 

Figure 3. Experiment with calibration of mechatronic flexible joint based on inflated body.

A real example of mechatronic flexible body from the Fig. 1 is in Fig. 3. It consists of inflated 
body with constant air pressure in a body between two metalic flanges that are supposed to be rigid. The 
mechatronic flexible joint is fixed by one rigid flange to the frame and it is loaded by cables attached to 
the other rigid flange. Therefore the Saint-Venant principle is fulfilled and the mechatronic flexible joint 
can be described by finite number of parameters [1]. The position of this joint is measured by the distance 
sensors to fixed points at the frame (12 string distance sensors) and by the additional laser tracker for 
the reference. 
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The description naturally maps the applied forces (loading and actuating) FL  and uF into the 
mechatronic flexible joint positions s

It is described by LOLIMOT approach, that is an adaptive nonlinear description of input-output relation 
of a nonlinear system [2].  

The calibration experiment is based on applying loading and actuating forces and the 
measurement of the mechatronic flexible joint position is carried out either by Laser tracker or by string 
distance measurements. The application of Laser tracker gives the mapping (1) from forces FL  and uF

to positions s of the mechatronic flexible joint and the application of string distance measurements dk

gives the possibility of self-calibration of the joint [1]. The self-calibration means that the redundant 
measurements of k string distance sensors enable to determine the positions of fixed points of the sensors 
at the frame, the offsets of distance sensors and finally the positions of the moving rigid flange of the 
mechatronic flexible joint. All these constant parameters are denoted as . The function of distance 
sensors k can be generally described as 

                                                                                  (2)  

If the number of sensors k and the number of measurements is large enough and the structural 
properties of the sensor scheme are suitable [1] then the self-calibration is possible and provides the 
results with reasonable accuracy. The paper desribes the  results of such experiment both computational 
and really experimental.  

The practical importance of this self-calibration procedure for mechatronic flexible joint is the 
capability of on-line formulation of description (1) that cannot be derived just by geometric 
considerations. Despite of that a similar kinematic description of mechatronic flexible joint to the 
description of traditional kinematic joints is possible. 
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Abstract
The life cycle of a wind turbine is mainly influenced by its dynamics. In order to avoid resonances in the

variable speed range of a wind turbine, resonant frequencies of the entire turbine including substructure resonant
frequencies as well as harmonic excitation must be known accurately. Whereas the harmonic excitation frequencies
are multiples of the rotational speed and well known, resonant frequencies have to be calculated using a proper
model or identified experimentally. A verification of calculated results by a measurement is the preferable ap-
proach. So the extensive knowledge and the deep understanding of the dynamics of a wind turbine allows the
precise prediction of its behaviour. For the identification of the modal parameters the operational modal analysis
(OMA) is chosen as it does not need any artificial excitation.

This contribution describes the identification of the modal parameters of the prototype W2E-93/2.0 wind
turbine (Fig. 1), designed and manufactured by W2E Wind to Energy. The wind turbine prototype has been
errected in 2011 in Tarnow, Mecklenburg-Western Pomerania, Germany (Fig. 1a). It has a hub height of 100 m,
a rotor diameter of 93 m and a nominal rated power of 2.05 MW. A CAD sketch of the wind turbine labeling its
main components is shown in Fig. 1b.

a

Low-Voltage Unit

Azimuth drives

Generator

Gearbox

Rotor 

Coupling

Main frame

b

Rotor

Figure 1: W2E-93/2.0 wind turbine a Wind turbine prototype, errected 2011 in Tarnow, Mecklenburg-Western
Pomerania, Germany b CAD sketch of the nacelle of the 2.05 MW wind turbine

In a first step the OMA was conducted for the wind turbine with fixed rotor. During the measurement campaign
the turbine and all mechanical devices such oil pumps and so on were stopped and the rotor blades were pitched out
of the wind (feathered position). Serveral acceleration sensors were installed at different positions on the tower,
the main frame, the gearbox, the generator, and the low-voltage unit. In order to achieve a high resolution of
the measurements seven measurement cycles with different sensor positions keeping four reference sensors at the
same positions were recorded. Altogether time data records for 61 measuring points were obtained. The vibration
responses were recorded over a period of 90 minutes, sampled with a frequency of 512 Hz. For data acquisition a
DYN-X system (Brüel & Kjær) with 2×24-bit AD converter (dynamic range 160 dB) in combination with seismic
accelerometers (piezoelectric, sensitivity: 10 V/g, PCB) were applied.

Figures 2a shows examplarily the first measurement cycle of the measurement campaign described above.
The blue arrows represent the position and direction of the reference sensors which have been placed at the tower
top position and at the rear end of the main frame. The green arrows represent the free placeable sensors, which
have been applied on the tower during the first measurement cycle.

The software ARTeMIS Extractor was used for modal parameter identification. To extract resonant frequen-
cies, corresponding to mode shapes and damping values, a frequency domain technique (Enhanced Frequency Do-
main Decomposition, EFDD) was applied for a preliminary analysis as well as a time domain technique (Stochastic
Subspace Identification, SSI [1]) for a detailed analysis. Using the EFDD, a Singular Value Decomposition (SVD)
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a b c

Low-Voltage Unit

Main frame
Generator

Gearbox

Figure 2: Measurement campaign a Measurement model with sensor setup for measurement series 1 (blue - refer-
ence sensors, green - free placeable sensors) b first measured tower mode in thrust direction c first measured tower
mode in side-side direction

of the Power Spectral Density (PSD) was carried out in a first step. Since the singular values near the resonant
frequency are proportional to the PSD of a SDOF system, it was used as a starting point for modal parameter
estimation [2], [3]. To reduce random and leakage errors in PSD estimation, especially for damping identification
of the first modes (starting from approx. 0.25 Hz), the long recording times (90 minutes) were necessary [4], [5].
Taking the advantage of the more sophisticated Stochastic Subspace Identification (SSI) [1], modal parameters
were extracted in a detailed analysis. The SSI techniques rely on linear least squares estimation of the model using
the raw measured time series. The Figs. 2b and 2c show the first tower modes in thrust and side-side direction
obtained from the SSI extraction.

In a second step a measurement campaign has been carried out on a rotor blade on the ground during the
replacement of the rotor main bearing of the wind turbine mentioned above. Here, the OMA has been applied to a
rotor blade equipped with eight sensors. Furthermore a classical modal analysis measuring the artificial excitation
and the response of the blade has been performed. The artificial excitation has been done by loading the structure
by an specified weight and cutting off the line at which the weight is attached to the blade.

Finally the measured results are compared to a flexible multibody model that has been used for designing the
wind turbine [6]. Some differences occurs due to uncertainties during the production of components, especially
the blades, and some site-specific aspects of the foundation.
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Abstract
Fourier analysis is an extremely powerful and well-established tool for analysing oscillations of undamped

linear mechanical structures, especially for beam structures [1, 2]. We extend this method to linear beam structures

with viscoelastic damping mechanisms of Kelvin-Voigt kind, where the viscous stress contribution is proportional

to the strain rate. In the following, we sketch the proposed generalised Fourier method.

The dynamic motion of a homogeneous and uniform axial beam with Kelvin-Voigt viscoelasticity can be

described by its normal displacement u(x, t), a real valued scalar function of the undeformed arclength parameter

0 ≤ x ≤ 1 and the time t ∈ R. The equation of motion can be formulated as

ü = u′′+2ζ u̇′′, where 0 ≤ x ≤ 1, t ∈ R (1)

with the viscosity ζ ≥ 0. Here, ′ = ∂/∂x and ˙= ∂/∂ t. For a derivation of (1), which is formulated in non-

dimensional form, see [4]. The internal normal force (or normal stress in the non-dimensional setting) is given by

N = u′+2ζ u̇′, where u′ is the normal strain and u̇′ is its rate.

We impose the following initial resp. boundary conditions

u(x,0) = u0(x), u̇(x,0) = u̇0(x) resp. u(0, t) ≡ 0, u′(1, t) ≡ 0, (2)

where 0 ≤ t and 0 < x < 1. In (2), the initial positions u0(x) and initial velocities u̇0(x) are prescribed functions

of x. The boundary conditions in (2) belong to those of a cantilever. Note that u′(1, t) ≡ 0 implies u̇′(1, t) ≡ 0.

Therefore, the normal force at the right free end vanishes identically, i.e. N(1, t)≡ 0.

As demonstrated in [3], it is straightforward to see that real eigensolutions of (1), subjected to the boundary

conditions (2), take the form

un(x, t) = fn(t)Un(x), where Un(x) =
√

2 sin(ωnx), ωn =
(

n+
1

2

)
π (3)

and

fn(t) = exp
(−ω2

n ζ t
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an cos
(
ωn
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n ζ 2 t
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+bn sin
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n ζ 2 t
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an exp
(
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√

ω2
n ζ 2 −1 t

)
+bn exp

(−ωn
√

ω2
n ζ 2 −1 t

)
if ζ > 1/ωn

(4)

for each n= 0,1,2, . . .. In (3), the number ωn denotes the n-th undamped eigenfrequency. Its corresponding mode
shape function is Un(x), see [1]. The reciprocal 1/ωn is the critical viscosity of the n-th eigenmode of the beam,

the total critical viscosity ζ � is defined as the critical viscosity for the zeroth eigenmode, i.e. ζ � = 1/ω0 = 2/π ,

see [3, 4].

We assume, that the solution u(x, t) in (1) with (2) can be expanded into a generalised Fourier series of the

form

u(x, t) =
∞

∑
n=0

fn(t)Un(x). (5)

We let 〈v,w〉 = ∫ 1
0 v(x)w(x)dx denote the L2 inner product, defined for square integrable functions v = v(x)

and w = w(x) on the compact interval [0,1]. Due to the orthonormality relationship 〈Un,Um〉 = δnm for n,m =
0,1,2, . . ., the well-known Fourier expansions u0(x) = ∑∞

n=0〈Un,u0〉Un(x) and u̇0(x) = ∑∞
n=0〈Un, u̇0〉Un(x) hold on

[0,1], provided that the initial positions u0(x) and initial velocities u̇0(x) are sufficiently regular.

Now, if (5) holds, it can be shown that the generalised Fourier coefficients an and bn in (4) must take the

following forms.

• If ζ < 1/ωn,

an = 〈Un,u0〉, bn =
1

ωn

(
〈Un, u̇0〉+anω2

n ζ
)√

1−ω2
n ζ 2. (6)

105



• If ζ = 1/ωn,

an = 〈Un,u0〉, bn = 〈Un, u̇0〉+anω2
n ζ . (7)

• If ζ > 1/ωn,

an =
1

2ωn
√

ω2
n ζ 2 −1

[
ωn

(√
ω2

n ζ 2 −1+ωnζ
)
〈Un,u0〉+ 〈Un, u̇0〉

]
bn =

1

2ωn
√

ω2
n ζ 2 −1

[
ωn

(√
ω2

n ζ 2 −1−ωnζ
)
〈Un,u0〉−〈Un, u̇0〉

] . (8)

The proof can as well be carried out using the orthonormality of the eigenshapes Un(x). Note that in the non-

dimensional setting – incidentally – ωn coincides with the n-th wave number of the beam [1, 4].

Example We consider the initial data

u0(x) = x and u̇0(x) = 0, where 0 < x < 1. (9)

Then, we have 〈Un,u0〉 = 4
√

2(−1)n/π2/(2n+ 1)2 and 〈Un, u̇0〉 = 0 for n = 0,1,2, . . .. These relations can be

derived by induction, similarly as it is done in [2]. Figure 1 displays the Fourier resp. Finite Element solution for a

sufficiently large number of elements. Both agree, which indicates the validity of the proposed method.

Figure 1: Solution of the IVBP (1), (2) with (9) for various viscosities ζ . Left: Displacement u(1, t) at the right

free end. Right: Normal force N(0, t) at the left clamped end. Colored: Fourier solution according to (5) together

with (6), (7) and (8). Black: Finite Element solution according to [4, 5].

The extension of the proposed generalised Fourier method to viscoelastic torsional and Euler-Bernoulli bend-

ing beams of Kelvin-Voigt type, experimental convergence issues and the quantitative contribution of each eigen-

solution un(x, t) to the series expansion (5) are part of the talk.
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Abstract

Over the past years, the deployable space structure such as modular space deployable antenna with large 
aperture and high accuracy has a huge development potential to meet the increasing requirements of 
telecommunication industry. The antenna mesh reflector is a rigid-flexible coupling multibody system mainly 
composed of elastic supporting truss, flexible cable-net structure, metal mesh reflector and rigid joints. The 
form-finding of the antenna mesh reflector to design a reflective surface with accurate geometrical facet 
approximation is indispensable in the process of the reflector design. Besides, the deployment of the antenna 
mesh reflector is also a complicated process from the relative motions among its components to a rigid-flexible 
coupling system.

 In order to obtain high precision reflector, the asymptotic iterative form-finding method is proposed based 
on the force density method[1] firstly. Figure 1 shows the reflector form-finding computation flowchart. The 
reflector geometric and material parameters are first specified. And then the desired cable tension force is 
specified, the initial cable force density coefficients of the reflector mesh can be evaluated. In the third part, the 
asymptotic iterative from-finding method is applied for the reflector form-finding. The desired reflector 
configuration is obtained when the criterion is satisfied; otherwise, the positions of the mesh boundary points 
will be updated according to the deformation of the reflector supporting truss. Figure 2 and 3 show the 
configuration of the reflector antenna before and after the form-finding process respectively. The positions of the 
points that connect the supporting truss also change after form-finding due to the truss deformation.

StartStart

Import the geometric and material parameters
Design the node coordinates of the supported

truss and cable-net structure

Import the geometric and material parameters
Design the node coordinates of the supported

truss and cable-net structure

Calculate the initial cable lengths

Specifyff the cable tension foff rces

Calculate the initial foff rce density coeffff iff cients

Calculate the initial cable lengths

Specify the cable tension forces

Calculate the initial force density coefficients

he asymptotic iterative foff rm-
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Finite element analysis based
an IGA and ANCF
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utolu
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k
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EndEnd

Figure 2. Configuration for the reflector before 
form-finding analysis

Figure 1. The reflector form-finding computation flowchart
Figure 3. The Configuration for the reflector after 

form-finding analysis
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In order to indicate the dynamic response of the space deployable antenna, the elastic flexible supporting 
truss is modeling with the fully parameterized beam elements in the frame of the absolute nodal coordinate 
formulation (ANCF)[2], and the flexible cable-net structure is modeling with nonlinear NURBS cable elements[3]. 
Using the ANCF and IGA, the dynamic equations for the whole mesh reflector can be expressed as a set of 
differential algebraic equations with a constant mass matrix as following[4]:

T( ) , ( , , )  
( , )                       

t
t

qMq F q D q q Q q q 0
q 0

T( ) , ( , , )  TT
qq F q D q q( )( ) ,) ,( ) , q q( , , )( , , )( , , ) . (1)

where M is the constant mass matrix of the system, F(q) is the elastic force vector which is a nonlinear 
function of nodal coordinates, D is the damping force vector, in this study, the simple Rayleigh damping is 
used[5].  represents the vector that contains the system joint constraint equations, q is the derivative matrix of 
constraint equations with respect to the generalized coordinates q,  is the Lagrange multiplier, and Q is the 
external generalized forces.

Figure 4. Typical dynamic configurations of the deployment process 

As shown in Figure 4, after form finding, the initial deployment configuration of the mesh reflector can be 
determined by shrinking the fully deployed mesh reflector to a quasi-static configuration. The deployment of the 
mesh reflector is achieved by applying the driving spring along the center bar. Finally, the typical four specific 
simulation moments of the mesh reflector dynamic configurations with von Mises stress contour are given in 
Figure 4. Other results will be shown on the conference report.
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Abstract 
The paper reports about a comparison of different techniques for the dynamic simulation of spur gears.  Dynamic 
analysis of gears represents an essential tool to identify and then to solve, motion irregularities, noise and vibration 
problems. Although the experimental approach is often adopted to understand the causes of noise, reliable 
analytical and numerical methods, with different complexity, are nowadays available. In the ideal case, gears are 
considered rigid with teeth meshing along the involute profiles.  However, for the purpose of vibration phenomena 
simulation, gear flexibility, localized contact effects and speeds have all a significant influence on the dynamic 
behavior of gear mates and cannot be neglected.
For this kind of studies, different models based on multibody methodologies are available. The simplest model to 
simulate an approximate behavior of gears is the Rigid Multibody Gears (RMG). This model is generated 
considering gears as rigid bodies and the contact is simulated using a penetration law [1] between surfaces in 
contact. This kind of model has the great advantage to be light 
provide accurate results in case of fast dynamics or variable loads. In fact, the flexibility of the components, one 
of the most important factor to evaluate noise or irregularities, is neglected.  Furthermore, due to the displacement 
of gears, the RMG model does not replicate the effects connected to variation of the contact load direction during 
the engagement.  
The setup of model with a realistic behavior requires to consider the gear deformation [2]. If we neglect shaft 
elasticity, the gear deformation can be associated mainly with three different causes [3,4]: the first one is the 
inflection of tooth due to bending and shear effects; the second one is the Hertzian type compression of the contact 
region [1]; the last one is the motion of the elastic foundation due to the thickness of the rim (Figure 1a). The 
Partial Flexible Multibody Gear (PFMG), based on the concept of flexible tooth, is a class of models that takes 
into account such effects. In these models, the tooth is considered as a rigid body connected to the main rigid body 
through a specific joint. In the translational tooth model (PFMGT), the joint used is a translational joint [5] located 
at the dedendum circle. In the rotational tooth model (PFMGR), the joint used, is a cylindrical or spherical joint 
[6] located on the midpoint of the segment that connects the extreme  (Figure 1b). 

Figure 1. a) Construction of lumped method model of gear mates. b) Representation of flexible multibody model 
with rotational joints (PFMGR). 
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In this paper, a comparison among the three models (RMG, PFMGT and PFMGR) is discussed.  
A significant parameter to evaluate the dynamic behavior is the transmission error. It is defined as the deviation in 
position of the driven gear and the position it would occupy if the gear drive were perfectly conjugate. Using the 
subscript 1 and the subscript 2 to identify, respectively, the driving gear and the driven gear, the transmission error 
in an ordinary gear train can be expressed with the equation (1)

1
2

1
2 z

zTE

where i and zi represent the angular position and the teeth number of i-th gear, respectively. 
The transmission error, can be measured statically or dynamically. Static Transmission Error is evaluated when 
the loads are applied at very low speed (quasi-static situation), because it has the aim to give an evaluation of the 
effects due to the . Dynamic Transmission Error observed under dynamic conditions of mating 
is related to the noise.   
The three models are also compared to a full flexible model of the gear pair in order to observe the differences in 
numerical results. Figure 2 shows the transmission error plots obtained with the full flexible model and the PFMGR 
model. This simulation was executed imposing a resisting torque of 2 Nm on the driven gear and an assigned ramp 
type rotational speed on the driving gear (starting from 0 rad/s at initial time and ending at 0.05s with 90 rad/s). 
The two spur gears are in steel, have a module m=2 mm, same number of teeth (24) and pressure angle of 20 
degrees. 

Figure 2. A comparison of transmission error in Full Flexible model and in PFMGR.  
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Abstract
Nowadays, industrial robots and mechanisms are demanded to be lightweight, easily manoeuvrable and less

energy-intensive. These features result in the design of manipulators in which structural flexibility has to be taken

into account and, therefore, simulation and control become more difficult and challenging. For these reasons, the

dynamic modeling of flexible multibody systems has become, in the last 20 years, a crucial research topic in both

industry and academia and it is still an open area of investigation.

In multibody dynamics, the classical approach to take into account the flexibility of elastic mechanisms is

based on the rigid-body dynamical model of the system and then the elastic deformations are introduced. The

elastic deformations of the bodies are influenced by the rigid motion and vice versa. It results in a highly non-

linear dynamic formulation described by a coupled set of partial differential equations. Two main methodologies

can be found in literature for obtaining a set of ordinary differential equations: the nodal approach (i.e. the Finite

Element Method, FEM) and the modal one [1]. However, since a high number of Degrees of Freedom is introduced

by the discretization of the flexible bodies, proper reduction methods should be applied in order to allow an efficient

simulation of the multibody system while keeping an accurate description of the predominant dynamic behaviour.

Different model reduction techniques have been studied and proposed by several authors, starting from the

dynamic equilibrium equation such as:

Mẍ(t)+Cẋ(t)+Kx(t) = F(t) (1)

where M, C, K are the mass, dumping and stiffness matrices, x is the independent coordinates and F is the force

vector acting on the system.

In particular, model reduction methods can be classified in physical coordinates techniques, generalized co-

ordinates (i.e. modal coordinates) and hybrid methods, such as the Component Mode Synthesis (CMS). A review

of model reduction techniques for structural dynamics, numerical mathematics and system and control is proposed

in [2], whereas in [3] reduced order modeling strategies are applied in dynamics sub-structuring. An example of

model reduction can be found in [4], in which a study on an elastic rod is proposed. Furthermore, in the field

of multibody systems, an overview of the basic approaches to model elastic multibody systems with the help of

Floating Frame of Reference formulation in given by [5]. A new ranking method (Interior Ranking Method, IMR)

for the selection of interior normal modes in the Craig-Bampton technique [6] has been proposed in [7].

In this work, a theoretical and numerical comparison of different reduced order modeling strategies in flexible

multibody dynamics is presented. In particular, an Equivalent Rigid-Link System (ERLS) formulation for mod-

eling the dynamics of flexible multibody systems is applied [8] [9]. This approach, suitable in the case of large

displacements and small elastic deformations, differently from other formulations, e.g. the Floating Frame of Ref-

erence (FFR), enables the kinematic equations of the ERLS to be decoupled from the compatibility equations of the

displacement at the joints. It has been recently extended through a modal approach so as to obtain a more flexible

solution based on a reduced-order system of equations. In particular, the dynamics of spatial flexible mechanisms

is formulated with a Component Mode Synthesis technique (ERLS-CMS) and a Craig-Bampton approach has been

adopted [10]. However, the Craig-Bampton reduction is not the only technique that is capable of reducing a high

number degrees-of-freedom model. Indeed, it can be reduced either at substructure level, i.e. “component level

reduction”, or at the whole model, i.e. “system level reduction”.

Different model reduction techniques such as Craig-Bampton, Interior Mode Ranking (IMR), Guyan, SEREP,

Least Square Model Reduction (LSMR), Mode Displacement Method and Subspace Iteration Method are here im-

plemented and the results compared. In order to assess the advantages and disadvantages of the different method-

ologies, these techniques can be applied to different benchmarks (Fig.1), e.g. L-shaped, slider-crank, double

pendulum or four- and five- bar mechanisms.

FEM models for each link of the benchmark mechanisms are developed in Ansys R© environment with different

discretizations, whereas dynamics and post-processing are evaluated by means of MatlabTM. The reduced model
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accuracy is evaluated through the comparison of the computational time, the accuracy in the frequency domain and

by means of vector correlation methods such as the Modal Assurance Criterion (MAC), the Cross-Orthogonality

(CO) and the Normalized Cross-Orthogonality (NCO) [3] [7]. Moreover, the mechanisms behaviour is simulated

under different input conditions, e.g. a step torque input and gravitational force, and nodal displacements, ac-

celerations and frequency response compared. Results allow to obtain several different considerations about the

effectiveness of different model reduction methods in different simulated cases.

Y

X

Z
(a) L-shaped mechanism (1 DoF).

X1Y1

Z1 X2

Y2

Z2

(b) Double pendulum (2 DoFs).

Figure 1: Examples of benchmark mechanisms.
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Abstract

The paper deals with the modeling and simulation of multibody systems where some of the joints are 
mechatronic flexible joints. Flexible joints are used in compliant mechanisms (e.g. robotic arm in Fig. 1). If they 
are actuated they are called mechatronic flexible joint. Precisely the flexible joint is a compliant body fulfilling 
the function of movable connection of other bodies(e.g. Fig. 2). The mechatronic flexible joint is a flexible joint 
that is actuated and measured. If it is fullfiled the Saint-Venant principle then the mechatronic flexible joint can 
be described by finite number of parameters [1]. Therefore the existence of rigid flanges 10, 11 on both ends of 
flexible body 1 that creates the flexible joint is important (Fig. 2). 

                                                   
Figure 1. Robotic arm with mechatronic flexible joints.                    Figure 2. Mechatronic flexible joint. 

The description naturally maps the applied forces (loading and actuating) FL  and uF into the mechatronic 
flexible joint positions s

                                                                                  (1) 

The forces FL includes the moments. It is described by LOLIMOT approach, that is an adaptive nonlinear 
description of input-output relation MFJ of a nonlinear system [2]. It is an adaptive nonlinear description of input-
output relation of a nonlinear system [2]. The output y is described as a function of input u by summation of linear 
models with coefficients w and weighting Gaussian functions 
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The overall nonlinear function is replaced by local linear functions that are smoothened by Gaussian functions 
in weighted sum. Certainly, it must be taken into account that this description of mechatronic flexible joint is 

quasi-static as the identification experiments are carried out quasi-statically. Similar problem but with dynamic 
identification experiments are at damper description [3]. 

The description naturally maps the applied forces (loading and actuating) into the mechatronic flexible joint 
positions.This is however a difficulty for multibody modelling and simulation. The equations of motion are 
mapping the forces into the body accelerations, i.e. the opposite direction.  

The simulation model is developed by the inverse of this mapping immediately or after the substitution of 
acceletations from the Newton-Euler law described in composite form [4]. Then the multibody simulation can be 
completed. The forces acting on the upper flange at Fig. 2 include the inertia forces in composite formulation 

                                                                                  (3) 
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where IP is composite inertia matrix, aP composite acceleration, P composite dynamic forces. This equation is 
then inverted or solved for the composite acceleration that is then integrated. However, in order to do it is necessary 
to express the composite accelerations by the time derivatives of the relative physical coordinates of mutual 
positions of the subsequent flanges in the chain of flanges.  

The other approach is based on the first inversion of the dependence (1)  

                                                                                  (4) 

This equation is simply resolved for the composite acceleration that is then integrated. 

Both approaches lead to the description of composite acceleration of a body that is unified with the rigid 
flange of the mechatronic flexible joint. This enables to carry out the dynamic simulation of motion of mechatronic 
flexible joint similarly as the description of automotive dampers. 
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Abstract
When designing rotating machines, it is crucial to ensure that vibrations do not cause excessive wear on

bearings, or additional noise at operating speeds or during running up. To predict vibrations and determine critical

speeds of rotating machines, an often used approach is the Campbell diagram, constructed by solving the eigenvalue

problem of the finite element model at each rotational speed and plotting the resulting natural frequncies. For this

application, structural finite elements (such as Timoshenko beam elements) are often used due to their simplicity

and low computational costs. It is, however, noteworthy that transient dynamic analyses are also sometimes needed

in the design process to analyze rotor dynamics in case of acceleration, deceleration or component failure. Transient

analysis can be carried out using nonlinear finite element methods [1], which is required e.g. when geometrically

nonlinear effects should be taken into account. Considering this, it is advantageous to be able to use the same FE

model in both modal and transient analyses.

The absolute nodal coordinate formulation (ANCF) is a finite element based approach in which the kinemat-

ics of beam and plate elements are described using an absolute (inertial frame) position and components of the

deformation gradient [2]. By using the components of the deformation gradient instead of rotation angles, large

reference rotations can be described without the singularity problems that may occur in the three-dimensional rota-

tion description in a total Lagrangian formulation. The ANCF has been especially designed to predict the dynamic

behavior of flexible bodies subjected to large deformations in multibody applications. As a geometrically exact

formulation, it takes geometric nonlinearity into account [3], which is not the case in most commonly used struc-

tural beam based simulation approaches in the field of rotor dynamics. The aim of this research is to apply ANCF

elements to the analysis of the critical speeds of a structure.

To compute a Campbell diagram using an ANCF element, the effect of rotor spin on the element’s kinetic

energy should be considered. In an element’s cross-sectional reference frame, rotation at constant angular velocity

Ω around the rotor’s longitudinal axis contributes to the velocity of an arbitrary point within the element as follows:

vΩe(x,y,z) = Ωb, (1)

where b = [0 − z y]T and x,y,z are coordinates inside the cross-sectional frame, x denoting the lengthwise direc-

tion. Using the orthogonal rotation matrix A= [e1 e2 e3], which describes the element’s cross-sectional coordinate

frame, the total velocity of a point of the element in the inertial frame can be written as:

v(x,y,z) = ṙ+vΩi = ṙ+ΩAb, (2)

and subsequently the total kinetic energy of the element (with dm = ρdV ) as:

T =
1

2

∫
V
|v|2dm =

1

2

∫
V

vTv dm. (3)

Substituting Eq. (2) into Eq. (3), the kinetic energy can be separated into three terms:

T1 =
1

2

∫
V

ṙTṙ dm, T2 = Ω
∫

V
ṙTAb dm, T3 =

1

2
Ω2

∫
V

bTb dm. (4)

When considering the contributions of these energy terms to the equations of motion, it is apparent that the

first term involves translational inertia and results in the mass matrix. The second term involves the gyroscopic

effect and results in the gyroscopic matrix. The third and final term has no relation to nodal coordinates, and

thus no contribution to the equations of motion. Defining the base vectors of the cross-sectional frame exactly

(e.g. as described by Nachbagauer et al. [4]) complicates the calculation of the gyroscopic matrix, due to the

normed vectors’ nonlinearity with respect to nodal coordinates. Calculation can be simplified by assuming small

displacements, in which case A ≈ [rx ry rz]. Employing this approximation and definitions r = Sq, ry = Syq and

rz = Szq, the mass matrix and gyroscopic matrix can be written as follows:

M =
∫

V
STS dm, G = 2

∫
V

ST(ySz − zSy)dm. (5)
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The resulting system of equations of motion is of the form:

Mq̈+ΩGq̇+Kq = f(t). (6)

For comparison of results, a dynamic example was obtained from literature. The example case is a rotating

shaft with a hollow cross-section and an unbalanced rigid disk attached at the midspan point. This example was

originally presented by Bauchau et al. [1]. The numerically efficient quadratic ANCF beam element by Nachba-

gauer et al. [4] was used in the computation. The stiffness matrix of the system was computed via finite differences

from the elastic force vector, which in turn was computed from the Jacobian of the strain energy via Gaussian

quadratures. A second order quadrature was used for the standard structural mechanics term and a third order

quadrature for the cross-sectional term of the strain energy. A comparison of the Campbell results produced using

the ANCF beam elements in MATLAB and BEAM188 elements in ANSYS is presented in Fig. 1 and Tab. 1.

Figure 1: Campbell diagram comparison for the example structure.

= 32 ANCF beam elements, = 32 ANSYS BEAM188 ele-

ments. Diagonal line represents the 1×spin frequency (ω = Ω)

Table 1: Critical speed [rpm]

comparison for the lowest bend-

ing modes. BW = backward

whirl, FW = forward whirl. Re-

sults are presented with an accu-

racy of 3 significant digits

Whirl BEAM188 ANCF

BW 541 543

FW 556 558

BW 2590 2600

FW 2880 2900

BW 4320 4360

FW 4340 4380

BW 6790 6820

FW 8780 8790

FW 9650 9720

Fig. 1 and Tab. 1 show an acceptable level of agreement between the result sets. However, a small difference

in natural frequencies is observed, even at zero spin speed. A probable cause for this difference is the definition of

cross-sectional shear values in ANSYS.
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Constrained systems with rank-deficient mass and constraint matrices
Following Glocker [1], mechanical systems with unilateral constraints and impacts can be described by a

measure differential inclusion

dq = vdt , (1a)

M(q)dv = f(q,v)dt +G�(q)di , (1b)

−di ∈ NCN (ξξξ )dt +NCN (ξξξ )dr with ξξξ := G(q)(v++ εv−) , ε ∈ [0,1] (1c)

with respect to the absolutely continuous position q : [0,T ]→ R
k and the velocity v : [0,T ]→ R

k of locally bounded

variation with a Lebesgue decomposition for the differential measure dv = v̇dt +(v+−v−)dr referring to the

Lebesgue measure dt and the jump measure dr := ∑ j δt j containing all Dirac measures δt j of the discontinuity

points of v. The set NCN (ξξξ ) := {y ∈ R
k : y�(ξξξ ∗ −ξξξ )≤ 0 , (ξξξ ∗ ≥ 0)} defines the normal cone of the set of all

non-negative real vectors being orthogonal to ξξξ .

In (1), matrices M(q) and G(q) denote the mass and constraint matrix, respectively, and the force vector

f(q,v) represents external and applied forces. The constraint matrix G(q) summarizes gradients of active con-

straints g(q)≥ 0. For smooth systems with bilateral constraints g(q) = 0, it is given by G(q) := (∂g/∂q)(q) and

the equations of motion get the more compact form

q̇ = v , (2a)

M(q)v̇ = f(q,v)+G�(q)λλλ , (2b)

0 = g(q) (2c)

with Lagrange multipliers λλλ . For physical reasons, the mass matrix M(q) in (1) and (2) is symmetric, positive

semi-definite. García de Jalón and Gutiérrez-López [2] point out that “in physical terms, . . . any physically

possible movement (i.e., which satisfies the constraint equations) cannot be associated with zero kinetic energy”.

This may be achieved by the condition

ker M(q)∩ker G(q) = {0} (3)

which is equivalent to the condition that M(q) is positive definite at ker G(q). This setting is much more general

than the full rank assumptions on M and G that are typical of the mathematical literature on DAE aspects of

constrained systems (2), see, e.g., [3]. In particular, condition (3) covers the case of redundant constraints that

result in rank-deficient constraint matrices and non-unique Lagrange multipliers [2, 4].

In the present paper, we discuss several mathematical tools for the analysis of systems (1) and (2) with redun-

dant constraints and constraint matrices G(q) satisfying (3).

Lyapunov stability of measure differential inclusions
To analyse the Lyapunov stability of equilibria of the non-smooth system (1), we follow Leine and van de

Wouw [5] and consider a more general problem class that is given by linear measure differential inclusions

B(x)dx ∈ F(x) (4)

with a measure- and multi-valued right hand side and an admissible set A = {x : F(x) �= 0}. The challenge of

stability analysis of such systems is their impulsive character and the resulting state discontinuties. According to

Leine, van de Wouw [5], an equilibrium x∗ of (4) is said to be stable if there exists for every ε > 0 a δ > 0 with

‖x0 −x∗‖< δ ⇒ ‖x(t)−x∗‖< ε for almost all t ≥ t0 , all x0 ∈ A

and all solutions x(t) of (4) to initial values x0. Note, that the implication does not need to be true for the disconti-

nuity points of function x.

To generalize the direct method of Lyapunov to systems (4) with singular matrices B(x), we follow the con-

siderations for smooth systems and present a theorem for the stability analysis of equilibrium points of (4). Appli-

cations to non-smooth systems with rank-deficient mass matrix M(q) are discussed in more detail in [6].

Theorem: An equilibrium x∗ of (4) is stable in the sense of Lyapunov if there exists a lower semicontinuous function
V : Rk → R∪{∞} and a neighborhood U := B(x∗,h)∩A for a h > 0 with (i) V (x)≥ 0, (x ∈U ), V (x∗) = 0, (ii)
dV (x)≤ 0, (x ∈U ), (iii) the set {x ∈U : V (x) = 0} contains no negative orbit of (4) except the trivial one.
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Decomposition of rank-deficient systems by linear algebra methods
For the analysis of systems with redundant constraints, the separation of an equivalent regular system proves to

be favourable [7]. We consider (constant) matrices M ∈ R
k×k and G ∈ R

m×k with rankM = r ≤ k and rankG = s
≤ m ≤ k that satisfy condition (3). Using methods from numerical linear algebra, we get non-singular matrices

U ∈ R
k×k and Q ∈ R

m×m such that

(
M G�

G 0

)
=

(
U 0

0 Q

)⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 Ik−r

0 M̄ Ḡ� 0 0

0 Ḡ 0 0 0
0 0 0 0 0

Ik−r 0 0 0 0

⎞⎟⎟⎟⎟⎟⎠
(

U� 0

0 Q�

)
(5)

with a non-singular matrix M̄ ∈ R
r×r and a matrix Ḡ ∈ R

(s−(k−r))×r that has full rank s− (k− r) , see [7, Lemma 2].

After decomposition, we have the 5×5 block structure (5) with the second and third block row / block column

corresponding to a regular subsystem satisfying the classical assumptions on constrained mechanical systems in

DAE theory [3].

The zero blocks in the 4th block row of (5) represent redundant constraints. The corresponding zero blocks

in the 4th block column refer to those components of the Lagrange multipliers λλλ that remain undefined in the

rank-deficient case. We discuss consistency conditions on the (bilateral or unilateral) constraints to distinguish

redundant constraints from contradictory ones and get a local existence and uniqueness result for smooth systems

with rank-deficient constraints matrices G, see [7, Theorem 2].

The transformation (5) is based on QR-decompositions of rank-deficient matrices. In a practical implementa-

tion, it makes use of a small threshold σ0 > 0 to separate non-zeros being caused by round-off errors from structural

non-zero elements. Special care is necessary to get transformation matrices U, Q that vary smoothly for state de-

pendent matrices M(q) and G(q). Furthermore, the transformation (5) and its practical implementation may be

generalized to systems with G and G� being evaluated at different arguments representing, e.g., different stage

vectors of a half-explicit Runge-Kutta method for the index-2 formulation of smooth systems (2).

Regularization of rank-deficient constraints
The non-uniqueness of Lagrange multipliers λλλ is typical of systems with redundant constraints [2]. For

systems with force vectors f(q,v) being independent of λλλ this non-uniqueness does not affect the position and

velocity coordinates. More sophisticated models are necessary for systems with friction forces depending on λλλ .

The qualitative consideration of elastic effects may help to regularize rank-deficient constraints without introducing

(very) stiff contact forces. We recall a scalarization approach from multi-objective optimization that was used

successfully to reduce a finite set of (redundant or even contradictory) constraints (2c) to a smooth scalar constraint

equation [8] and discuss, how to extend this approach to non-smooth systems (1).
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Abstract

Reliable numerical simulations of a multitude of multibody systems require proper modeling of contacts 
between elements of the considered system. In a general sense, modeling contacts between bodies involve both a 
continuous process occurring over a finite time and a short time events taking place when the bodies collide, i.e. 
during impacts. The reason for that is that generic multibody dynamics simulation codes should be able to account 
for the transition from the short time duration impacts toward a prolonged contact between bodies possibly 
occurring afterwards. 

In the literature, there is a considerable amount of information on modeling contact phenomena, with only 
selected items cited here, such as, for example, published books [1, 2] and review papers [3, 4]. The most notable 
approach for contact modeling is based on Hertz theory [1, 2]. The pure elastic contact force model defines the 
force through a nonlinear power function , with K denoting the contact stiffness parameter and n the 
power exponent of the indentation  between contacting bodies. Both K and n depend on the material and geometric 
properties of the contacting bodies. The early Hertz model didn’t account for energy dissipation during impact, 
and that is why subsequent approaches aimed at adding damping effects to the contact force definition. The 
simplest Kelvin and Voigt approach combines a linear spring (n=1) and a linear damper with damping coefficient 
D to define the contact force as . As pointed out in the literature [3], although the Kelvin Voigt 
model can be used for some low speed impacts, it does not represent the nonlinear nature of the impact and also 
produces a discontinuous force at the onset of the impact when parts collide with a non-zero velocity. It also 
produces a ’sticky’ contact force: non-zero attraction during part separation. A more elaborate approach, proposed 
by Hunt and Crossley [5], avoids the aforementioned inconsistencies. It uses Hertz theory in the elastic portion of 
the contact force expression, and a nonlinear damping term related to the coefficient of restitution cr and the impact 
velocity :

              (1)
A modification of the Hunt and Crossley model proposed by Lankarani and Nikravesh [6] introduces a 

hysteresis damping factor obtained by relating the kinetic energy loss by the impacting bodies to the energy 
dissipated in the system due to internal damping. Their contact force model takes the form: 

. A number of similar approaches can be find in the literature, with varying 
definitions of the damping term in function of cr and , each bringing certain improvements for particular impact 
conditions [3, 4]. It is known that they provide good predictions if coefficients of restitution are sufficiently high. 
All those approaches, however, are not suitable for generic multibody dynamics code implementation due to their 
dependence on the pre-impact velocity  appearing in the denominator. Numerical problems may arise for small 
impact velocities, and the need to monitor and store pre-impact velocities may lead to cumbersome manipulations. 
Moreover, in multibody systems bodies are often in contact before separation and subsequent impact, after which 
they again may stay stationary. Not sure what values of  should be used in the contact force equation in such 
cases.

A recently published contact force model [7] avoids some of the above mentioned limitations. It doesn’t 
explicitly refer to the impact velocity, it doesn’t produce ‘sticky’ contact forces, and it allows for non-zero 
indentation at the separation of the impacting bodies. The new model is defined by the following equations [7]:

       (2a)

       (2b)
There are four constants used in the model:  determines the nonlinearity of the force-indentation 

relationship (similar to parameter n in Eq. (1)),  and  are damping parameters, and  is a tuning 
parameter. The variable a(t) is an internal state. The effects of model parameter changes have been investigated 
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[7]; it appears that  determines the residual indentation and the slope of the force profile in function of time at 
the beginning of impact, influences the roundedness of the contact force – indentation curve, and  influences 
the overall shape of that curve.  

The main purpose of this paper is to investigate the applicability of the new contact force model (2) for 
selected materials and body shapes, and to establish a strategy to identify the parameters appearing in the contact 
force expression. The model described in Eq. (2) has been implemented in the multibody dynamics simulation 
code MSC ADAMS. The contact element computes the contact force through a user written subroutine, getting 
the local deformation between interacting bodies from ADAMS Solver. The implementation of the model (2) in 
the commercially available code is relatively easy because, as opposed to the Hunt-Crossley model (1), the impact 
velocity  does not appear in (2).

Typical experiments used to validate contact force models involve a ball falling onto a solid surface, with 
contact force measurements carried out directly through a piezoelectric element installed on top of the surface [8] 
or indirectly with an accelerometer mounted to the ball [9]. In the research described in this paper, together with 
the ball drop experiments, and alternative method is also used, based on a modified Kolsky bar apparatus [10] 
available at York University. The Kolsky bar test fixture, also called the split Hopkinson pressure bar, is composed 
of a striker bar, an incident bar and a transmission bar (Fig. 1). The specimen is sandwiched between the incident 
bar and the transmission bar. The impact of the striker on the end of the incident bar generates a longitudinal 
compressive wave in the incident bar propagating through the specimen to the transmission bar. The strain gages 
mounted on the incident and the transmission bars monitor the wave propagation, allowing to compute the strain 
rate, strain and stress histories in the specimen, together with relative displacements and forces on both ends of the 
specimen. In order to increase the precision of measurements and to allow for dynamic characterization of softer 
materials, modifications to the original Kolsky bar were introduced [10], involving a pair of quartz crystal force 
transducers at the specimen ends of the incident and transmission bars (Fig. 1). A pulse shaping technique was also 
implemented, aimed at modifying the incident loading pulse in order to control the deformation strain rate and the 
inertia effects in the specimen. The results of experimental validation of the contact force model (2) using two 
aforementioned approaches will be presented in the full conference paper.

Figure 1. Schematic view of a modified Kolsky bar setup.
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Abstract
Due to increasing operation speed and lightweight construction, elastic deformations or component vibrations

may occur in machines. These vibrations affect the system dynamics and cannot be neglected during the design of

mechanical systems. For the efficient investigation of the global dynamic behavior of mechanical systems the ap-

proach of multibody systems (MBS) is widely used. In order to consider body flexibility, the approach of MBS can

be extended by elastically deformable bodies, which leads to the method of flexible multibody systems (FMBS).

The most widely used method for modeling FMBS is the floating frame of reference formulation. In this method,

the motion of a body is separated into the nonlinear motion of the reference frame and the small linear elastic

deformations with respect to the moving reference frame. If structural deformations remain small, which is the

case in many dynamic systems, linear submodels can be used to describe the components’ elastic deformation.

Impacts yield to complicated dynamical behavior in the involved bodies, like wave propagation, structural

vibrations and change of rigid body motion. An accurate modeling of the high frequency vibration phenomena

and the local deformation effects is possible using full finite element (FE) models. However, to capture all elastic

effects, especially in the contact area, a very fine mesh is necessary. This results in high computation times and

therefore the simulation of the overall motion of the system is usually not practical using FE models. For an

efficient investigation of the contact behavior the FMBS approach can be combined with a contact model. In a

simple approach a nonlinear force law including a energy loss factor, such as the coefficient of restitution, might

be used [1]. However, which such an approach the local behavior cannot be reproduced accurately. Also the

coefficient of restitution is defined for rigid bodies and cannot be transferred to flexible bodies in a straight forward

way. Therefore, in this work a combination of reduced FMBS and nodal contact calculation [2] is used. The contact

simulation consists of frictionless normal contact combined with the penalty method.

When investigating the system behavior during and after impacts, not only the correct rigid body motion but

also the correct representation of local strains and stresses is of interest. Therefore an exact and efficient recovery

of the local contact behavior as well as capturing the low frequency global motion with reduced flexible bodies

is necessary. Using modally reduced models with a finite number of eigenmodes, a good approximation of the

global elastic deformation in terms of wave propagation is possible [3]. However, to capture all local effects

in the contact area, a very large number of high frequency eigenmodes is necessary. Due to the missing local

deformations using a moderate number of low frequency eigenmodes, there is no convergence of the penalty

factor like it occurs in the FE simulation. Therefore, it seems obvious to use additional static shape functions to

approximate the local deformations. However, these static shape functions introduce high frequencies and thus

the numerical stiffness increases. Hence, very small time steps during time integration are required, resulting in

high computation times. Using reduced FMBS in contact simulations, the two challenging issues - accuracy and

speed - are not yet satisfactorily solved together. Approaches like the static mode switching [2] require additional

switching effort and result in numerical discontinuities. The use of high damping for example has a negative effect

on the simulation of wave propagation.

In order to capture both the global motion in terms of wave propagation and the local deformation efficiently

and accurately, alternative approaches are discussed in this work. The high frequency static shape functions are

only necessary for capturing the local deformations in the contact area. They do not affect the wave propagation in

the bodies and so they can be neglected in the dynamic simulation. The flexible part in the equations of motion of

FMBS [4] can be divided in low (lf) and high (hf) frequency parts, such as⎡⎣Mrr sym.

Mlf
er Mlf

ee

Mhf
er 0 Mhf

ee

⎤⎦ ·
⎡⎣ q̈r

q̈lf
e

q̈hf
e

⎤⎦+

⎡⎣0 sym.

0 Dlf
ee

0 0 Dhf
ee

⎤⎦ ·
⎡⎣ q̇r

q̇lf
e

q̇hf
e

⎤⎦+

⎡⎣0 sym.

0 Klf
ee

0 0 Khf
ee

⎤⎦ ·
⎡⎣ qr

qlf
e

qhf
e

⎤⎦=

⎡⎣fc,r

flf
c,e

fhf
c,e

⎤⎦ . (1)

The first approach for an efficient impact simulation presented in this work uses modal damping only on the

high frequencies. Hence, in equation (1) the damping matrices of the low and high frequencies are defined as

Dlf
ee = 0 and Dhf

ee = 2ζ
√

Khf
ee respectively, with the modal damping parameter ζ . Using damping only on the high

frequencies introduced by the static shape functions, there is no negative influence on the low frequency wave
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propagation and the numerical difficulties can be eliminated. Moreover, a convergence of the penalty factor is

possible, see [5]. But the modal damping parameter ζ depends on the model and is unknown in the most cases. To

avoid the determination of an optimal damping parameter, another approach is also presented in this work.

According to [6], the high frequency inertia coupling terms Mhf
er can be neglected in the equations of mo-

tion (1) because they represent only local deformations. Considering the frequency range of interest, the high

frequency parts will not be excited and a decoupling of the low and high frequency components is possible. Hence,

the high frequency parts respond quasi-statically and its dynamics can be neglected in time integration. In this

case, the last part of equation (1) is reduced to the pure static equation Khf
ee ·qhf

e = fhf
c,e . However, for the contact

force calculation the influence of the local deformation field, represented by the static shape functions, has to be

considered, see [6]. For this reason, the connection of the static and dynamic equations is made using the contact

forces fc,e(qr,qlf
e ,qhf

e ). The unknown contact forces are highly dependent on the unknown local deformation field,

which leads to a system of nonlinear equations. This system of nonlinear equations can be solved efficiently using a

simplified Newton’s method. With this quasi-static contact submodel, the influence of the high eigenfrequencies on

the low frequency dynamic can be reduced. Consequently, an efficient time integration of the equations of motion

is possible. For the calculation of the static shape functions the Craig-Bampton method should be used in this study.

Due to the better approximation of the local deformation, a convergence of the penalty factor is expected and first

preliminary results are presented. Also, besides local deformation, this work focuses on the efficient and precise

stress recovery and simulation of the wave propagation. To evaluate this approach, the results will be compared

with full FE simulations and experiments.
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Abstract
The use of the Coulomb friction model is considered to be representative for modelling contact. One of the

most important element in this model is the friction cone. It arises from the fact that the static friction force has a

threshold value, and therefore, all the possible contact force vectors of a sticking contact point must lie whithin the

cone.

The generalized friction cone [1, 2] takes the dynamics of the system into account, and interprets the friction

cone in the configuration space of the system. This representation is very useful to analize different phenomena

related to friction, such as the Painlevé paradox [2]. However, the fact that this cone is in the multi-dimentional

configuration space makes it hard to visualize it. Here, the equation of the generalized friction cone projected to

the contact velocity space is derived, so that it can be used to represent and visualize it in a 3-dimentional space.

Assuming isotropy in the tangent plane of the contact point, the limit of the friction force is defined as

‖λt‖=
√
λT

t λt � μλn (1)

where λt is the friction force, λn is the normal force, and μ is the friction coeficient, which is assumed to be equal

for the static and kinetic friction. Equation (1) represents the classic friction cone (κμ ), with the quadratic matrix

form

κμ(λc) = λT
c Qμλc =

[
λt

λn

]T [I2×2 0
0 −μ2

][
λt

λn

]
� 0 (2)

where λn � 0, and I2×2 is the 2×2 identity matrix.

For the analysis of the contact dynamics in a multibody system, it is useful to consider a reduced representa-
tion of the system in the space of the contact velocities

uc =

[
ut

un

]
=

[
Atv
Anv

]
= Av (3)

where ut and un are the tangential and normal relative velocity components at the contact point of interest, A
is the contact Jacobian matrix, and v contains the generalized velocities of the system with the mass matrix M.

The infinitesimal change of the contact velocities can be related to the contact forces by the effective mass matrix

Mc =
(
AM−1AT

)−1
, so that the differential of the contact force impulse dΛc = λcdt = Mcδuc. Note that the

incremental change δuc only accounts for the contact forces. Nevertheless, other forces might also contribute to

the total incremental change of the contact velocities duc = δuc + δu0
c , where δu0

c accounts for the change of uc

due to the rest of forces acting on the system.

A quadratic expression for the contact velocity changes δuc can be derived from Eqn. (2) by using the afore-

mentioned expression,

κg(δuc) = δuT
c Qδuc = δuT

c

(
McQμ Mc

)
δuc =

[
δut

δun

]T [Qt Qtn

QT
tn Qn

][
δut

δun

]
� 0 (4)

where Qt and Qn are characteristic elements of the matrix Q and will be defined below. This homogenious quadratic

equation represents the projection of the generalized cone into the contact velocity space.

As in the clasic cone κμ , the friction coefficient affects the geometry of the generalized cone κg. For μ = 0 the

cone degenerates into a line given by the parametrization δuc = AM−1Anλndt. This line represents the space of
constrained motion associated with the contact constraint projected into the contact velocity space, also known as

natural contact direction in [3]. It can be interpreted as the direction in which the contact velocity varies due to the

normal contact force alone. In case of frictionless collisions, this direction is important because all non-impusive

forces are usually neglected and only the impulses of the normal force are taken into account. On the other hand,

for μ → ∞ the cone degenerates into a plane given by the parametrization δuc = AM−1Atλtdt. This plane is not

directly related to either the natural contact direction or the plane δun = 0, see Figure 1.

In general, Q is a full-rank symmetric matrix that represents an elliptic cone κd without any particular shape.

Nevertheless, its geometry in some cases can be of interest and help to better understand the dynamics of multibody

systems with frictional contacts. For instance, it is clear from Eqn. (4) that the direction δut = 0 is located inside
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the cone if and only if Qn � 0. It can be shown that this occurs for values of the friction coefficient greater than a

critical value [4], μ � μcrit = ‖Mth‖ =
√

hTM2
t h, where Mt = (AtM−1AT

t )
−1 and h = AtM−1AT

n depend on the

configuration of the system. The critical friction coefficient μcrit plays an important role in single-point collisions

with friction, in which sliding cannot restart if μ � μcrit. This fact is consistent with the dynamic cone, because

δut = 0 is possible in such a case (i.e., it is inside the cone, see Figure 1), and therefore, the contact force alone can

keep the contact point without sliding.

Another particular aspect of the generalized cone is its intersection with the plane δun = 0, which is a de-

generate conic described by the quadratic equation δuT
t Qtδut = 0. The intersection is different from a point (the

vertex of the cone) if and only if detQt � 0, and it can be shown that this occurs if the friction coefficient is greater

than a value, μ � μjam = ‖Mnh‖−1 =
(
Mn

√
hTh

)−1
, where Mn = (AnM−1AT

n )
−1 also depends on the configura-

tion of the system. In such a case, dynamic jamming (or jamb) [1, 2, 4] can happen if the contact point is sliding

in a particular direction which gives δun � 0. This phenomenon gave rise to the Painlevé paradox, in which the

dynamic equations of a rigid body with Coulomb friction in the contacts are shown to have no solution for certain

kinematic states (i.e., configuration and velocity), or even several possible solutions [1, 2].

uc

45º

      = 0.6crit

      = 1.67jam

45º

un= 0

ut= 0= 0

= 0.5

= 1

= 1.5

= 0 ut= 0

un= 0= 2

Figure 1: Projection of the generalized friction cone (κg) to the contact velocity space of a rod at 45o with the

ground for different friction coefficients.

As an example, let us consider a single rod in contact with the ground at 45o. Figure 1 shows the generalized

cone for different friction coefficients, as well as the limit cases μ = 0 and μ → ∞. All the particular cases

discussed above are also shown, and even though it is just one body in contact, this example is representative of

a general case. Moreover, it is also shown the cone for the caracteristic varlues μcrit and μjam. For high friction

coefficient (μ > μjam), it can be seen how sliding to certain directions gives δun < 0, which presents the paradoxal

situation where the dynamic equations have several solutions or none.

This new representation of the generalized friction cone gives a geometric tool that helps to understand the

dynamics of multibody systmes with frictional contacts. It is not only consistent with all the theories involving the

Coulomb friction model [1, 2, 4], but it also captures the paradoxal behaviour of the model.
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Abstract
We summarized and numerically compared two different approaches for modeling and simulating the dynam-

ics of dry granular matter. The first one, called DEM-P, from “discrete element method

Figure 1: A comparison of the samples after the

shear test seen in the laboratory test and numeri-

cal simulations. Six particles marked as red are the

ones that had been monitored. Granular material

packed loosely; incline angle 18◦; shearing veloc-

ity 1.0 mm/min.

via penalty”, is commonly used in the soft matter physics and

geomechanics communities. It can be traced back to [1, 2].

To compute the normal (Fn) and tangential (Ft ) forces at the

contact point it uses a viscoelastic model based on Hertzian

contact theory, where Fn =
√

R̄δn (Knδn −Cnm̄vn) and Ft =√
R̄δn (−Ktδt −Ctm̄vt). Here, δ is the overlap of two interact-

ing bodies; R̄ and m̄ represent the effective radius of curvature

and mass, respectively; and v is the relative velocity at the contact

point [3]. Kn, Kt , Cn, and Ct are the normal and tangential stiffness

and damping coefficients.

The second approach, DEM-C (from “complementarity”),

considers the bodies as rigid and enforces non-penetration via

complementarity conditions. It is commonly used in robotics and

computer graphics applications. It draws on a complementar-

ity condition that imposes a non-penetration unilateral constraint,

see Eq. (1a). That is, for a potential contact i in the active set,

i ∈ A (q(t)), either the gap Φi between two geometries is zero and

consequently the normal contact force γ̂i,n is greater than zero, or

vice-versa. The Coulomb friction model is posed via a maximum

dissipation principle [4], which for contact i involves the friction

force components (γ̄i,w, γ̄i,u) and the relative velocity of the two

bodies in contact, see Eq. (1b). The frictional contact force associ-

ated with contact i ∈ A (q(t)) leads to a set of generalized forces,

shown with an under-bracket in Eq. (1c), which are obtained using

the projectors Di,n, Di,u, and Di,w [5]. This leads in Eq. (1) to a so

called differential variational inequality problem [4]

0 ≤ Φi(q)⊥ γ̂i,n ≥ 0 (1a)

(γ̂i,u, γ̂i,w) = argmin√
γ̄2

i,u+γ̄2
i,w≤μi γ̂i,n

vT (γ̄i,u Di,u + γ̄i,w Di,w) (1b)

M(q)v̇ = f(t,q,v)−gT
q(q, t)λ̂ (1c)

+ ∑
i∈A (q)

(γ̂i,n Di,n + γ̂i,u Di,u + γ̂i,w Di,w)︸ ︷︷ ︸
ith frictional contact force

.

We reported numerical results for five granular dynamics experiments – shock wave propagation, direct shear

(Fig. 1), static and dynamic cone penetration, triaxial loading, and hopper flow – for which we use, when feasible,

both approaches. For the cone penetration test we compared numerical to experimental results of the cones’

displacement over time (Fig. 2a). The direct shear test was modified in a manner that would provide physical

data to evaluate the ability of the software to track the particle motion (Fig. 2b). In the standard triaxial test the

stress-strain curve obtained was compared to results published in literature [6] (Fig. 3).

The lesson learned from these and other similar granular dynamics simulations can be summarized in two

observations. First, both the DEM-P and DEM-C methods are predictive; i.e., they estimate well the macroscale

emergent behavior by capturing the dynamics of the material at the microscale. The remarkable aspect is that
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(a) Plots show the cones’ displacement vs. time obtained from the simula-

tions and experiments. Container with a 4-inches-wide diameter; cone 30◦
in apex angle; granular material packed loosely.

(b) Direct shear test - PIV results. Par-

ticles packed densely; the shear box

inclined at 30◦.

Figure 2: A comparison of the numerical to experimental results regarding (a) cone penetration test and (b) direct shear test

with PIV.

Figure 3: Standard triaxial test with polydisperse

specimen.

DEM-P and DEM-C use vastly different (i) approaches to model

the frictional contact problem; (ii) sets of model parameters re-

quired to capture the physics of interest; and, (iii) classes of nu-

merical methods required to solve the differential equations that

govern the dynamics of the granular material. Secondly, there are

classes of problems for which one of the methods has the upper

hand. While DEM-P can capture shock-wave propagation through

granular media, DEM-C is proficient at handling arbitrary geome-

tries and solving smaller problems (i.e., involving thousands of

elements) with large integration step sizes very effectively. The

results reported had been obtained using the open source software

package .
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Abstract
Revolute joints are commonly represented with idealized models that restrict the components movement of

the mechanism by a set of kinematic constraints. In a real mechanism, the unavoidable presence of misalignments,

clearance between parts and assembly errors strongly affect the joints dynamic response and, consequently, of

the whole system. These defects generate time variable loads with high frequency which propagate through the

system increasing the possibility of breakage, fatigue and wear damage. Therefore, the mechanical system life

is considerably reduced and operation costs are increased. In the last years, several numerical models of joints

that include clearance, and where the contact/impact is modeled with a penalty method, have been proposed [1,

2, 4]. The penalty approach is relatively simple to implement. However, the main drawback associated with this

method is the difficulty to choose the correct penalty parameters for the stiffness and damping of the contacting

surfaces. Furthermore, it introduces high frequency dynamics into the system due to the presence of stiff springs

that represent the contact surfaces, imposing the use of a very small time step in the integrator to correctly solve the

impact. In this work, a new three-dimensional revolute joint is presented, which takes into account the components

clearance and misalignment in the formulation. The equations of motion are integrated by using the nonsmooth

generalized−α scheme proposed by Brüls et al [5]. Unlike the penalty approaches, the nonsmooth generalized−α
integrator guarantees the exact satisfaction of bilateral and unilateral constraints both at position and velocity

levels, avoiding the need of selecting any penalty parameter. It also avoids any unphysical penetration between the

contacting bodies.

Joints clearance produces impacts in a small period of time, thus, the dynamic response of a system is con-

ditioned to a correct selection of three main variables: i) the time step size; ii) the time integration scheme and

iii) the numerical parameters of the integrators. The standard time integration algorithms such as the Newmark,

Hilbert-Hughes-Taylor (HHT) or the smooth generalized−α methods, fail completely in the representation of rigid

impacts represented by Lagrange multiplier techniques because the numerical response exhibits an important ficti-

tious energy increase or decrease at the contact instant, completely affecting the computations. In contrast to these

integrators, the nonsmooth generalized−α scheme makes an accurate description of impact and vibration phenom-

ena of the system dynamics with a controllable numerical dissipation. Therefore, the nonsmooth generalized−α
scheme leads to a a qualitatively improved energy behaviour in the dynamic response.

The proposed joint model is composed by an internal cylinder, the journal, and an external cylinder, the

bearing (Figure 1). Both bodies are assumed rigid and massless. Then, by ignoring the axial relative displacement

between the journal and the bearing, four different movements which depend on the dynamic system configuration,

are allowable: i) no contact between the components (free flight); ii) the journal and the bearing are in contact along

a line; iii) the journal is in contact with the bearing at one point; iv) the journal is in contact with the bearing at

two opposite points. Therefore, the dynamic behavior of the joint and the system is related with these four possible

configurations, which depend on the the clearance and on the length of the journal. In the non contact condition,

the joint does not introduce any forces to the system. On the contrary, in the contact condition, the changes of

velocities and accelerations of the joints completely modify the dynamics of the system. To study the behavior of

Figure 1: Four different contact modes between the journal and the bearing.

the proposed joint, a spatial three-dimensional mechanism is analyzed (Figure 2). The revolute joint with clearance

is situated between the crank and the rigid frame. The dynamic behavior of the system is analyzed by plotting

the displacement of the slider. The results are compared with another mechanism composed by ideal joints, i.e.
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Figure 2: Configuration of the spatial mechanism.

Figure 3: Slider position vs. time.

clearance is neglected. Figure 3 shows the time evolution of the position of the slider. The case with clearance is

compared to the ideal case, showing that the dynamic system behavior is affected.
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Abstract

Contact in multi-rigid-body systems can be modelled using unilateral constraints. The nonnegative gap

function φ ≥ 0 measures the distance between the closest points of two rigid bodies and prevents interpenetration

of these bodies. Due to these inequalities, the dynamics formulation can be represented by a linear complementarity

problem (LCP). The mathematical formulation of an LCP is given by

Ax+b = w,

0 ≤ w ⊥ x ≥ 0,
(1)

where the lead matrix A ∈ R
n×n and the vector b ∈ R

n are known. It must hold that wixi = 0 with either xi or wi

equal to zero for a solution to be admissible. The dynamics formulation of a multibody system without bilateral

constraints using a finite difference approximation for the accelerations can be written as[
M −JT

n

Jn 0

][
v+

hλ+
n

]
+

[
−Mv−hfa

0

]
=

[
0

φ̇
+

]
,

0 ≤ φ̇
+
⊥ hλ n

+ ≥ 0,

(2)

which represents a mixed LCP at the velocity level with mass matrix M, unilateral constraint Jacobian Jn, contact

forces λ n, generalized velocities v, time step size h, applied forces fa and the time derivative of the gap function

φ̇ . The superscript + denotes the values at the next time step. This mixed LCP can be transformed into LCP-

form (Eq. (1)) by substituting the unknown velocities v+ [1]. This is equivalent to forming A = JnM−1JT
n and

b = JnM−1 (Mv+hfa) in Eq. (1). Hence, x and w are the contact impulses and the gap velocities, respectively.

According to complementarity, there are two possible configurations for each contact i: If two bodies in contact

move away from each other (wi > 0), there must not be any additional impulse exchanged (xi = 0). Conversely,

an impulse must be developed (xi > 0) in order to prevent two contacting bodies from moving toward each other

(wi = 0).

This paper focuses on direct methods to solve LCPs, also known as pivoting, which systematically search

for a solution to the LCP by interchanging components xi or wi between two different sets: basic and nonbasic.

Basic components are nonnegative, nonbasic ones are zero. The objective of this paper is to geometrically interpret

pivoting for LCPs in the context of contact dynamics. In Lemke’s algorithm [2, 3], an artificial variable x0 is added

to the nonbasic set if Eq. (1) is not satisfied by the initial guess. All 2n+ 1 unknowns are regrouped to a single

vector y =
[
wT,xT,x0

]T
. This can be written as

Ax+ cx0 +b = w ⇔ Ky = b ⇔ Bȳ = b,

0 ≤ x ⊥w ≥ 0, x0 ≥ 0,
(3)

where 0 < c ∈R
n and K =

[
1n×n,−A,−c

]
∈R

n×(2n+1). The basis matrix B ∈R
n×n can be obtained by deleting all

columns from K that are multiplied by the n+1 nonbasic, hence zero, components in y. Accordingly, ȳ contains

all basic components of y. In order to get a solution to Eq. (3) after only one iteration, x0 is pivoted into the basic

set and becomes nonzero. If x0 leaves the basic set, the LCP in Eq. (1) is fulfilled as well. Thus, Lemke’s algorithm

aims to remove x0 from the basic set, while complying with Eq. (3) at every pivoting step. For this purpose, single

pivots are performed at each step, i.e. only one variable enters, another variable leaves the basic set. The entering

variable ys is chosen to be the complement of the variable which left the basic set in the previous iteration. This

maintains an almost-complementary solution to Eq. (3) [3]. The leaving variable yr is found by computing the

componentwise minimum quotient

α =
ȳr

vr

= min

(
ȳi

vi

: vi > 0

)
, (4)

where ȳ is the current solution and v = B−1ks is the column vector of K corresponding to ys, both expressed in

the current basis B. We can calcaluate the solution at the next pivoting step (indicated by ∗) by y∗ = y+αβββ . The

components βββ ∈ R
2n+1 are chosen as follows: βi = vi for all basic components i (including yr), βs = 1 for ys and

β j = 0 for all other components j. A detailed description of the above procedure can be found in [2].
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We illustrate the geometrical interpretation of Lemke’s algorithm with the 2D rigid rod at rest (v= 0) in Fig. 1.

We apply an external moment, Mz = 6 Nm, to the 4-kg, 1.5-m rod contacting the ground in two points at the ends

under the effect of gravity (g = 9.81 m/s2). The constraint Jacobian, mass matrix and applied forces are given by

Jn =

[
0 1 − l

2

0 1 l
2

]
, M = diag

(
m,m,

1

12
ml2

)
, fa =

[
0 −mg Mz

]T
. (5)

The resulting MLCP (Eq. (2)) can be transformed into LCP form (Eq. (1)) with a time step size h = 0.1s:[
4
m

− 2
m

− 2
m

4
m

]
︸ ︷︷ ︸

A

[
hλ+

1

hλ+
2

]
︸ ︷︷ ︸

x

+

[
vy −

l
2
ωl −h

(
g+ 6

ml
Mz

)
vy +

l
2
ωl −h

(
g− 6

ml
Mz

) ]
︸ ︷︷ ︸

b

=

[
1 − 1

2

− 1
2

1

]
︸ ︷︷ ︸

A

[
hλ+

1

hλ+
2

]
︸ ︷︷ ︸

x

+

[
−1.581

−0.381

]
︸ ︷︷ ︸

b

= w. (6)

Fig. 2 illustrates the column vectors ki of matrix K

K =
[
1n×n,−A,−c

]
= [k1,k2,k3,k4,k5] =

[
1 0 −1 1

2
−1

0 1 1
2

−1 −1

]
.

We can express the right-hand side vector b as a linear combination of two linearly independent basis vectors k j,

kl . If we allow nonnegative coefficients only, a nonnegative polygonal cone in 2D is defined by

C =
{

λ jk j +λlkl : λ j,λl ≥ 0, j �= l
}
. (7)

Figure 1: Rigid rod on the ground in 2D, 2 contact points at the ends

Figure 2: Geometrical interpretation: column vectors ki of K =[
1n×n,−A,−c

]
= [k1,k2,k3,k4,k5] (Eq. (3))

If no initial guess is given, Lemke’s algorithm starts

with the basis B = [k1,k2], i.e. y1(= w1), y2(= w2) are ba-

sic. We can see in Fig. 2 that b is not in the nonnegative cone

spanned by k1, k2. Thus, one of the vectors k1, k2 needs

to be removed from the basis and replaced by k3, k4 or k5.

For the first pivot, we always choose the vector correspond-

ing to the artificial variable y5(= x0) as this ensures to form

a nonnegative cone C with either k1 or k2 due to the strictly

negative components of k5.

In this example, we replace k1 by k5 which leads to basis

B∗ = [k2,k5] at the next pivoting step and delivers a non-

negative solution ȳ (see Eq. (8)). This vector ȳ is simply b

expressed in basis B∗ (B∗ȳ= b). To maintain complementar-

ity, we choose the entering variable ys to be y3(= x1), which

is the complement of the formerly leaving variable y1(=w1).
Its corresponding basis vector k3 can be expressed in basis

B∗ by solving the linear system B∗v = k3 for v:

ȳ =

[
y2

y5

]
=

[
1.2

1.581

]
, v =

[
1.5
1.0

]
. (8)

According to the minimum quotient rule in Eq. (4),

k2 will be replaced by k3 as
y2
v1

< y5
v2

. The mini-

mum quotient contains information about the direction

of b and k3 with respect to k2, k5 and to each other.

It ensures to obtain another linear combination of b

in a nonnegative cone (Eq. (7)) after performing the

pivot.

Lemke’s method chooses the variable yr leaving the ba-

sic set by computing the minimum quotient (Eq. (4)). We replace the basis vector kr by ks where the latter cor-

responds to the entering variable ys. This choice ensures to always express the right-hand side b in a nonnegative

cone (Eq. (7)) which represents a solution to the generalized LCP in Eq. (3).
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Abstract
In the multi-body system made of shell structures, the contact between shells usually happen at any time and

any region of structures. For example, the solar cell system, Figure 1, at the initial/transportation mode, the solar

cells are folded compactly. When the system extends to the final/working mode, because of the inertia and the geo-

metric non-linear deformation, lots of the contact/impact between cells will come up and the contacted pairs may

separate meanwhile. It is difficult and time-consuming to compute the geometric non-linear problem with frequent

contact. The first reason is that the geometric non-linear dynamics shell problem itself is a complicated work[1]

and the non- linear internal force and its complex linearization are both troublesome. The second, the contact

problem make the time integration extremely slow for the collision detection runs for every time when solver

access the iteration. That is why it is one of the most important factor to slow down the integration. From previous

study, the node-surface contact mode may leads the penetration too deep, which will make the computation non-

stable. Furthermore, if the continuous force[2] model is used in contact associated with thin shell or membrane,

the integration step should be controlled carefully. Because the penetration is comparable with the shell thickness,

which means that the contact pairs depend on the depth of the penetration, that’s why the penetration depth needs

to be limited.

contact

contact

Figure 1: A part of solar cells
Figure 2: Numerical example of constrainted

cloth-ball contact

Considering the difficulty of computation of the non-linear shell contact, an enhanced model of dynamics of

geometric non-linear shells with complete contact discretization is proposed. Based on the co-rotational formula-

tion, a rotation-free form of geometric non-linear shell is developed, it is singularity free, efficient. By using of

plane polar-based local frame, the deformation is accurate in the local frame, and the use of combined rotation-free

element, the core element perform a better result.

fff m + fff i + fff d + fff c +ΦΦΦT
q λλλ = 000

ΦΦΦ = 000
(1)

where the items on the left-hand-side of the equation are inertial force vector, internal force vector, damping

force vector, contact force vector and the force vector associated with constraint force. In handling the shell contact,

a unified contact equation is derived to simplify the contact force and its linearization using continuous force model

with augmented Lagrangian method.

fff c
0 = εggggk (2)

fff c
k+1 = fff c

k + εggggk (3)
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where the fff c
k denotes the iterative contact force, which is not sensitive to the penalty factor εg. In the collision

detection process, the low-order element is used, for the type of element in co-rotational formulation is always

the low-order one, and which has a better computational efficient than high-order element. To extend the contact

discretization type, the edge-edge contact mode is firstly introduced here. A complete contact primitives can be

detected, which make the penetration smaller than ever. In time integration, generalized-α with constraint[3] is

adopted, which provide numerical dissipation to stabilize the computation. The time step can be controlled by

using the concept of continuous-collision-detection. First contact time can be predicted exactly and the next step

is determined. Further- more the time step that associated with separation process controlled by error estimation.

Using the above strategies and conventional parallel computation with bounding box hierarchy, we obtain a fine

computational efficient. Several numerical examples show the effect of this contact model, and a complete practical

application shows the efficient of the geometric non-linear model and the contact treatment method.
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Abstract 

The LuGre model of friction is an effect of cooperation between Lund and Grenoble Universities [1]. This 
is a dynamic model, sometimes presented as an extension to the Dahl model. The important feature of dynamic 
models is that the same equations are used to describe both kinetic and static friction, and there is no need to 
switch between equation sets when the frictional pair transits from one mode to another. The LuGre model 
reproduces a range of friction-related phenomena: the Stribeck effect, presliding displacement, frictional lag, 
varying break-away force [1], [2]. The model is widely used in practice and has been thoroughly studied from 
the theoretical point of view. To use the model, six parameters must be matched to experimental data. 

There are two variants of LuGre model. In the classical formulation [1], the normal force affects calculated 
friction indirectly (the normal force is used to calculate an auxiliary state variable, which is then utilized to 
determine friction). In the modified formulation [3], originally proposed to analyze tire-road contacts, the normal 
force directly affects friction (the auxiliary variable is used to calculate an instantaneous coefficient of friction). 
Differences between these variants manifest themselves mainly when the normal load is varying.  

In this article two versions of the LuGre model are compared. Some important differences between the 
models are pointed out and their consequences are investigated. The applicability of the models to the systems 
working under conditions of variable normal load is discussed.  

In its classical form, the LuGre model was proposed in [1]. To describe friction between two bodies, an 
additional state variable z, associated with micro-displacements, is introduced. The time evolution of this state 
variable is governed by the following equation: 

vGvzvz 0 , (1) 

where v is the relative velocity of the two surfaces in contact and 0 is a constant coefficient. The velocity-
dependent function G is defined as: 

2v
CSC eFFFvG , (2) 

where FC is the Coulomb friction force, FS corresponds to the maximum of the stiction force, and parameter 
(sometimes, e.g. in [4], called the Stribeck velocity) determines how quickly G tends to FC.

The friction force is calculated as:  

vzzF 210 , (3) 

where constant 1 represents micro-damping, whereas constant 2 corresponds to macro-damping, namely 
viscous friction (note that more elaborated force-velocity relationship may be substituted for the 2v term).  

An alternative version of the LuGre model was proposed to model friction in tire-road contact [3] and later 
on was used to study a range of different mechanisms subjected to varying normal loads in frictional contacts 
between bodies (see, e.g., [5]).  

In the modified version of the LuGre model the time derivative of the auxiliary state variable z is defined as: 

vGvzvz MM
0 , (4) 

where 0
M is a constant coefficient.  

The most important difference between the classic and the modified models consists in the definition of 
function GM. This time coefficients of friction (in [3] referred to as normalized friction forces) rather than friction 
forces themselves are utilized: 

v
KSK

M evG . (5) 

In their calculations, the authors of [3] set  = 
version of the model, in this study  = 2 is used. Consequently, the argument of the exponential function in 
Eq. (5) equals (v/ )2, i.e., is the same as in Eq. (2).
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In the modified LuGre model, friction is directly proportional to the magnitude of the normal force, N:

NNvzzF MMM
210 , (6) 

where 1
M and 2

M are constants which play roles analogous to constants 1 and 2 in the classical model. The 
friction to normal force ratio, , may be understood as an instantaneous coefficient of friction. 

In paper [1], a bristle analogy was proposed to visualize the idea behind equations describing the classical 
model (variable z may be interpreted as the average deflection of bristles at contacting surfaces; if the deflection 
is sufficiently large, the bristles will slip and the model will switch from stiction to sliding). In the present study 
it is pointed out that this analogy must be significantly amended to match the modified model. In the new 
interpretation  is involved to explain the fact that the stiffness of bristles, rather than their 
deflection, is proportional to the magnitude of normal force. 

The potential equivalence of the two versions of the model was studied. It was shown that the models are 
equivalent only for one specific value of constant normal force. Both variants of the friction model were 
investigated with different constant normal forces. It was found that the changes of normal force levels resulted 
in changes of normalized break-away forces (i.e., in the friction to normal force ratio at which transition from 
stiction to sliding occurs). The classical model was found to be more sensitive to the changes of the level of the 
normal load than the modified model. Moreover, when the LuGre model, and especially its classical version, is 
tuned to match some constant normal force NE (or, equivalently, to match kinetic and static friction levels, FC and 
FS, respectively) its applicability for normal forces N fairly different from NE may be questionable. An 
experimental process intended to identify the parameters of the LuGre model should be organized in such a way 
as to take into account the variability of normal loads throughout the expected range. 

Behavior of two versions of the friction model under conditions of time-varying normal force was 
investigated. It was found that the classical model (and only this one) may fail in two situations. Firstly, when the 
system under constant tangential load remains in the static mode, friction may remain constant even if the 
normal load significantly decreases (consequently, the friction to normal force ratio rises). Secondly, when the 
normal force N tends to zero, function G in the denominator of Eq. (1) tends to zero as well. As a result, large 
magnitudes of z  may be expected, and thus numerical problems are unavoidable.  

The results of comparison show that the modified version of the LuGre model, while not being flawless, is 
much more suitable for simulation of frictional systems with varying normal forces. The usage of the classical 
version of the LuGre model should be avoided for systems with varying normal force, especially when the 
relative variations are large and the normal force can drop down to small, close to zero magnitudes. It was found 
that, in some situations involving varying normal force, the ratio of friction to normal force, predicted by the 
classical version of the model, may rise unbounded. Moreover, numerical problems appear when the normal 
force tends to zero. None of these problems are encountered when the modified model is used.  

On the other hand, it was found that when the modified LuGre model is used to simulate the stiction mode, 
cyclical changes of the normal load may lead to drift of the mechanical system, even if the tangential load is 
constant and significantly less than the maximum stiction force. This property shall be recognized as a minor 
disadvantage of the modified model.  

In the scientific literature the classical version of the LuGre model has been studied thoroughly from both 
theoretical and experimental perspectives. Number of papers dealing with the modified model is much less. As it 
can be demonstrated, properties of these two models are at some points very different. It should be concluded 
that the modified LuGre model deserves more attention. 
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Abstract

This work presents a modeling and simulation technique for handling rigid body contacts and impacts, par-

ticularly the transition from an impact to a contact problem. Impacts between rigid bodies are characterized by

discontinues changes in the system velocities due to infinitesimally large contact forces. In the proposed framework

impacts are treated as discrete events during which the velocities of the system evolve in the impulse-domain. The

impact model used in this work is developed based on Darboux-Keller shock dynamics [1]. Constraints consistent

with the rigid body assumption are used to resolve indeterminacy associated with multi-point analysis [3]. An

energetic coefficient of restitution based of Stronge’s hypothesis establishes the termination criteria for the impact

events [2]. The use of energetic coefficient of restitution ensures energy-consistency for the post-impact velocities

found through this analysis.

An impact is considered to have a short duration, while contacts have a longer duration. During contact,

the forces between the participating rigid bodies satisfy the: 1) non-penetrability condition and 2) frictional force

constraints based on Coulomb Friction. The non-penetrability condition enforces normal velocity and acceleration

constraints on the equations of motion. Whereas the Coulomb friction constrains the tangential forces at the contact

points. These constraints placed on the equations of motion, lead to a reduction in the number of degrees of freedom

of the system.

N
1

N
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A
1
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2

q
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N
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Figure 1: Rocking Block Schematic

The loss in degrees of freedom during contact varies depending upon the slip-state of the contact points. For

example, consider the planar rigid block shown in Fig.(1). The planar block has three degrees of freedom (DOFs),

described by a set generalized coordinates,

q =
[

q1 q2 q3

]T
(1)

where q1 and q2 represents the position and q3 describes the orientation of the block. Then, the general form for

the equations of motion is given by,

Aq̈+b(q̇,q)+g(q) = JT F (2)

where A is the mass matrix, while b and g are vectors of Coriolis terms and gravity. The contact constraint forces

F are related to the generalized active forces through a Jacobian matrix, J. The planar block in the configuration

shown in Fig.(1), contacts the ground at one of the vertex points. If this contact point sticks, both normal and

tangential velocities of this contact point become zero, such that q3 becomes the only independent coordinate

for the system, thereby dropping the number of DOFs to one. On the other hand, when the contact point slips,

constraints are applied at the force-level. Furthermore, during dynamic simulation contact points can also switch
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between contact and separation. This work uses a constraint embedding technique similar to [4, 5], to enforce

all the different types constraints into the equations of motion. During slipping, the force constraints from the

Coulomb friction law are embedded into the equations of motion by the virtue of velocity projection method [3].

An event-based simulation scheme is used in this work for detection and analysis of impacts. A criterion is

proposed, based on normal velocities and acceleration of contact points, to accommodate the transition between

impact and contact states. This approach yields an energetically consistent method for handling the impact, the

transition from impact to contact, contact, separation, and the transition from contact to impact. Simulation results

of a three-dimensional rocking block example using the proposed method are presented and are compared with

experimental results from the literature.

References

[1] J. Keller, “Impact with friction,“ Journal of Applied Mechanics, Transactions ASME, vol. 53, pp. 1–4, Mar.

1986.

[2] W. J. Stronge, Impact mechanics. Cambridge university press, 2004.

[3] A. Rodriguez, A. Chatterjee, and A. Bowling, “Solution to three-dimensional indeterminate contact and

impact with friction using rigid body constraints,“ in ASME 2015 International Design Engineering

Technical Conferences and Computers and Information in Engineering Conference, pp. V006T10A037–

V006T10A037, American Society of Mechanical Engineers, 2015.

[4] R.A. Wehage, E.J. Haug, "Generalized coordinates partitioning for dimension reduction in analysis of con-

strained dynamic systems“ J. Mech. Design, 104 (1982), pp. 247-255

[5] R.B. Gillespie, V. Patoglu, I.I. Hussein, E.R. Westervelt, "On-line symbolic constraint embedding for sim-

ulation of hybrid dynamical systems,“ Multibody Syst. Dyn. 14(3–4), 387–417 (2005)

142



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

Modelling of the Nuclear Fuel Assembly Components
as a Flexible 1D Continua with Inner and Outer Impact Interactions
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Abstract

A nuclear fuel assemblies (FAs) consist of a large number of the beam-type components. The assembly

includes mainly fuel rods (FRs) which are its key part as that is where the nuclear fission occurs. Each FR, see

Fig. 1a, consists of the fuel rod cladding (Zr thin-walled tube) filled with the uranium fuel pellets stack with the

clearance between pellets and the cladding. Other important components of the FA are guide thimbles (GTs), see

Fig. 1b, placed between the fuel rods and securing control rods (CRs) drop which slow down the nuclear reaction if

necessary. All these components are linked together by several spacer grids (SGs) which fix them in the appropriate

cross section shape (square or hexagonal, depending on the FA type). In case of TVSA-T fuel assemblies applied

in VVER-1000 type reactors, the cross-section of the assembly is hexagonal and it includes 312 FRs, 18 GTs, one

central tube (CT), vertices of cross-section hexagon are stiffened by six angle-pieces and there are 8 spacer grids

placed regularly over the FA length. FRs are fixed into spacer grids with radial prestress. Between GTs and SG

cells, there is a radial clearance. At the level of the highest SG, there is an added sleeve.

(a) fuel rod (FR) (b) guide thimble (GT)

fuel pellets

FR cladding

fixation spring

spacer grid (SG) cells

spacer grid (SG)
cells

sleeve (SL)

guide thimble

clearance between
GT and SL

clearance between
GT and SG cell

prestressed SG cell
carrying
the FR cladding

clearance between
FR cladding and 
fuel pellets stack

Figure 1: A fuel rod model (a) as a system consisting of two flexible 1D subsystems and spacer-grids, and guide

thimble (b) as a system consisting of 1D flexible body, spacer grids and sleeve

For many reasons, it is important to estimate the motion of the FA components. The deformation of the GT

is key factor for the smooth control rod drop that is critical during the operation of the reactor. Basically, there

are two main causes of the GT deformation – static and dynamical. Static deformation, often called FA bow, is

given by the axial loading on the GTs and irradiation and it is not taken into account in this paper. The dynamical

deformation is given by the pressure pulsations of the coolant and fluid-flow forces. Due to clearances between the

GTs and SG cells or sleeve, impact forces are possibly generated during the GT vibration [2]. The control rod drop

can be modelled using multibody approaches [5, 1, 3] and it helps to estimate the time of the CR fall.

In case of FRs, it is important as well to know its vibration because the grid-to-rod fretting wear occurs in

the contact points between FR cladding and SG cells. This phenomenon makes the cladding thinner in the contact

point and the loss of the mass occurs during the reactor operation-cycle. In critical case, the thickness of the FR

cladding can reach the limit value that can cause undesirable leak of fission products into the coolant. For the

estimation of the fretting wear, it is necessary to know the FR vibration [8].
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Considering all the nonlinearities and complex phenomena such as a fluid-structure interaction of FA com-

ponents with the coolant or contacts, it is impossible to create a detail and complex model of the whole assembly

or even the whole reactor. However, there is a possibility to create a model of a single chosen component (FR,

GT or CT) and include approximately the influence of the whole FA using the data obtained from higher-scale

models such as model of the reactor or simplified linearised model of the FA. The highest-scale model is the model

of the reactor [6] that consists of a large number of rigid bodies (pressure vessel, core barrel, reactor core, etc.)

and flexible bodies (e.g. each FA is idealized as a 1D lumped-mass continuum) coupled by linearised couplings.

Considering pressure pulsations of coolant caused by the main circulation pumps, it is possible to investigate the

spatial motion of supporting plates that are FAs fixed in. The motion of the supporting plates is used as kinematical

excitation in the model of the chosen FA (middle-scale model) which consists of large number of linearized 1D

continua (FRs, GTs, central tube, angle pieces, etc.) and coupled by linear couplings [7]. Using this model, a

motion of SG cells is investigated which is used as a kinematical excitation in the detail nonlinear model of the

single component (FR, GT or CT) including all the mechanical nonlinearities such as impact forces, prestress ef-

fect with possible loose of contact or friction forces in contact points. The single component motion is modelled

using FEM for flexible 1D continua. In case of FR, there are two main subsystems (FR cladding and fuel pellets

stack) that can possibly impact interact. At the level of all the eight spacer grids, there are three SG cells that

are radially prestressed and the possible loose of contact of the FR cladding with any cell at the end of the reactor

operational-cycle is respected. The kinematical excitation is present in the lower node as well where the FR is fixed

into the lower piece of the FA. Contact forces include both normal and friction components. In case of the GT,

the model consists of one flexible body (a tube), SG cells and the sleeve which are kinematically excited together

with the lower and upper pieces of the FA. In the model of GT discussed in the presented paper, the CR drop is not

considered although there is a methodology for considering it with rigid GT and flexible CT [1, 3] and it could be

possibly extended in this way.

The developed methodology enables to create a mathematical model of the main components of the nuclear

FA and to simulate its vibration caused by pressure pulsation of coolant. Model includes all the relevant mechanical

nonlinearities such as impact and friction forces in the contact points and prestress effects with possible loose of

contact. There is a wide class of problems to be solved using this simulation including simulations of fretting wear

of the FR cladding in the contact points with the spacer grids and estimation of maximal lateral deformations of

the GT which is important for the CR drop. These models shows one of the possible ways how to simulate such

a complex systems using a multi-scale modelling. However, there is a disadvantage of not included backward

influence of the models of higher scale by the results from the lower scale.
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[6] V. Zeman, Z. Hlaváč. Dynamic response of VVER 1000 type reactor excited by pressure pulsations. Engi-
neering MECHANICS 15(6): 435–446, 2008.
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Abstract

The impact problem of flexible multibody system is a non-smooth, high-transient and strong-nonlinear 
dynamic process with variable boundary. The numerical approaches which are being used widely in 

element methods (FEM) [1] and approaches based on multibody system dynamics (MSD) [2]. FEM is well 
suited for particularly high accuracy requirements, yet causes very high computational e ort; while approaches 
based on MSD acquire considerably less computational e ort yet cannot provide accurate local deformation 
information.

To bridge the gap between accuracy and efficiency, a sub-region method (SRM) for the description of 
multibody system with impact is proposed, in which the contact body is divided into two parts called non-impact 
region and impact region. The non-impact region is modelled using the modal reduction approach to raise the 
solving e ciency. The impact region is modelled using FEM for high accuracy requirement. With this method, 
the solving e ciency of the whole system and the computation accuracy in the local impact region are both 
raised.

For the experimental investigation of impact problems, the main difficulty is that the impact duration is very 
short and the impact responses have extremely high frequencies, so they are very difficult to measure. Early 
experimental investigation mainly focused on transient strain response and the measurement instruments were 
strain gauges [3]. Accelerometers were also used in some impact experiments to measure points located not close 
to the impacts [4]. With the advancement of laser techniques, some impact experiments were conducted using 
Laser-Doppler-Vibrometers (LDVs), however, mainly for one-dimensional rod impact or two-dimensional planar 
impact problems [5].

To validate the presented simulation method, a three-dimensional rod-plate impact is designed and 
performed. Strain gauges and LDVs are employed to measure the high-frequency impact responses. A schematic 
diagram of the impact experiment is shown in Figure 1. A cylindrical steel rod with hemispherical tip is used to 
strike an aluminum plate. The two colliding bodies are suspended by thin lines. The strains are measured with 
strain gauges which are bonded to the contact surface of the plate in three directions 15mm away from the center 
point. Two LDVs are used to measure the displacement and velocity of the back point of the rod and the center 
point of the plate.  

Figure 1. Schematic diagram of the impact experiment

Both FEM and SRM are used to simulate the experimental case. For SRM, a very important problem is how 
to partition the contact bodies to ensure the accuracy of simulation. That is to say, how many nodes should be 
used to describe the impact region and how many orders of modes should be applied to describe the non-impact 
region? The principle for how to partition the contact bodies is proposed. The numerical results agree well with 
the experimental measurements, as shown in Figure 2. It is shown that SRM is an effective formulation 
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considering both accuracy and efficiency.
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Figure 2. Comparisons of simulation and experimental results
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Abstract

In the investigation of contact-impact problems, the experimental validations are very important. Seifried et 
al [1] designed impact experiments between bodies with different geometrical shapes to validate their theoretical 
models. Hu compared the analytical and experimental results of an impact example between a steel sphere and 
an aluminum rod [2]. Their investigations proved that the wave propagation can be observed with Laser Doppler 
Vibrometers and the strain history of certain points can be measured by strain gauges precisely. With the 
innovation of technology, the resolution ratio and the shooting speed of digital cameras have been improved 
greatly. Within milliseconds, hundreds and even thousands of images with sufficient resolution ratio can be 
captured [3, 4]. DIC is a non-contact optical measure technique which acquires the images of an object and 
performs image analysis to obtain displacements and strains. Different from the strain gauges which can only 
measure the strains of the special points, DIC can measure the full-field distribution of strains.  

In this investigation, a dynamic formulation based on the penalty method and component mode synthesis 
method is presented for solving the normal contact-impact problems in multibody system. The contact bodies are 
divided into contact zones and un-contact zones. The degrees of freedom of the un-contact zones can be reduced 
by modal reduction. In the process of finite element discretization, sufficient elements in the contact zones are 
needed to satisfy the accuracy demand. However, the excessive refinement may lead to the waste of elements 
and extremely small time step. Based on the sub-region mesh method, the allowed maximum element sizes 
within the contact area, the local contact region and the wave propagation region are presented for the contact-
impact of flexible bodies according to the description of the contact surface, stress distribution of the local 
contact area and the propagation of the high-frequency elastic wave, respectively.  

In order to verify the numerical results, experiment of contact-impact in multi-body system is carried out 
using DIC technique. The experimental setup is demonstrated in figures 1 and 2. A steel rod is put within an 
ejection device and a PVC plate is put on a supporting platform. In order to reduce the influence of boundary 
constraints, the plate is supported by three tip screws with same height. Upward the plate, a high speed camera of 
type Photron FASTCAM SA-X2-1000k-M2 is set up perpendicularly to the plate surface. Under the plate, three 
strain gauges are glued on the bottom surface of the plate, which are located 15mm, 30mm, and 45mm from the 
contact point. Besides, a Laser Doppler Vibrometer of type Polytec OFV-3000 is used to capture the velocity of 
the rod. 

Figure 1. Geometry of the impact system 

The rod is ejected by the ejection device and impacts the plate right in the middle. The initial impact 
velocity of the rod is measured by the Laser Doppler Vibrometer. Firstly, the strain gauge and the DIC technique 
are both used to validate the normal strain of the special points. The normal strain of a special point of the plate 
(15 mm from the impact point) is shown in figure 3. It can be seen that the normal strain in the impact direction 
obtained by simulation coincides with the experiment results. In addition, DIC technique is used to measure the 
full normal strain field of the plate, which was commonly used in the stationary experiments. Figure 4 shows the 
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strain field of the plate in the impact direction at 0.32ms after impact. It is indicated that the strain distribution 
obtained by simulation with sufficiently small meshes in the local contact region is approximately consistent 
with the result obtained by DIC measurement. 
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Figure 2. Experimental setup of the system            Figure 3. Normal strain in contact direction 

Figure 4. Strain field in the impact direction at 0.32ms after impact 
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Abstract 

      Recently  Udwadia et al. [1] have proposed to obtain dynamical equations using Lagrange method with generalised 
parameters as quaternions q. In 2014 a different point of view was applied by the actual author: since rigidity is not (a 
priori) included, the main aim is the necessary use of stress tensor in the Virtual Work Principle (VWP), then its elimination 
is required for rigid bodies. Here we propose to show the applicability of our method to friction leading to an inequality 
problem. 

Background.

    We suppose that body forces f are not present. Then the VWP is written for a body B

+− dxva
B

.ρ 0:. =−
Γ

dxgradvdav
B

σϕ
where ρ  is the density, a the acceleration, ϕ  the surface forces, σ  the stress tensor, and v the virtual piecewise 
displacements. In the application of some rotational motion, x=R(q(t))X, x being the actual position of the particle X, the 
virtual displacements are v=(R’i R-1x)wi where the wi’s are arbitrary and R is a 3x3 matrix function of quaternions. R’I is the 
partial derivative of R(q1,…,qn). R is not necessarily a rotation, i.e. the constraint qTq=1 is not fulfilled as an a priori 
condition. 
      If we take account of the actual virtual displacements in the above formula, the first term is the virtual work (denoted 
Liwi) of acceleration. Then we have  

grad v= (R’i R-1)wi=Siwi+Aiwi, ii wSgradv ):(: σσ =

where Si and Ai are resp. the symmetrical and anti-symmetrical parts of the matrix R’i R-1. But for a rigid body we must  
eliminate the stress tensor, requiring the relations Siwi=0.(sum on i), a priori realised if R is a rotation. In addition, it is seen 
that surface forces ϕ  occur by global quantities R(f) and M(f) only. So the following compatibility conditions result: 
whatever the wi’s such that Siwi=0, we have 

 [-Li+M(f) ai]wi=0   (sum on i)

(ai: dual vector of matrix Ai) under the only above hypotheses. 

Finally we write the rigidity constraint qTq=1 when quaternions are used. In the following part we give an example of the 
actual method.   

Example: Contact with friction.

     We consider an homogeneous rigid wheel (centre O, radius r and mass m) rolling in a vertical plane O0x0y0  on an 
inclined line (or surface) O0X0 under the gravitational acceleration g downwards, the gravitational force being (f=-mgy0)
applied on the centre O of the wheel. We use the referential Ref=O0X0Y0Z0 with the angle between O0x0 and O0X0 noted a . 
Two-dimensional Euler parameters (p,q) are introduced to specify the rotation of the wheel, so  

R11=R22=1-2q2  ,  R12=-R21=-2pq  ,  R-1=RT/ Δ    ,   Δ =1+4q2(p2+q2-1 

Now we define the virtual coefficients (wx ,wy ,wp ,wq) associate to the parameters (x,y,p,q) and the condition wiSi=0, i.e.   
pwp+qwq=0 . Under the above condition, the VWP is writing 
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- dxva
B

.ρ -mgy0 .v(O)+Tv1(A)+Nv2(A)=0 

where (T,N,0) are the components of the two-dimensional contact force on the wheel applied at the contact point A. Now we 
must use the contact law of friction, by example in the hypothesis of a bilateral contact (y=r) at the point A=(x,y-r,0) of the 
wheel, implying the geometric constraint y=r , together with the Coulomb law of friction equivalent to the inequality of 
Duvaut and Lions [3] 

0])()([)]()([ 1111 ≥−+− AuAvNkAuAvT

     First the parameters are specified such that wx=wp=wq=0 , satisfying  wiSi=0. It results v(x)=(0,wy,0) so that by taking 
account of the bilateral contact y=r  

mgcosa-N=0 and K +mgsina x + )(1 AuNk =0 

dxva
B

.ρ +mgy0 v(O)-Nv2(A)+ )(1 AvNk ≥ 0    where  N=mg cosa 

that is available whatever the parameters ),,( qpx www . After some straightforward calculus, the acceleration term  is 
obtained under the form 

B
dxva.ρ = 2

122211 22 qbqpaqapawxm x ++++

qqpqqp qwmrbpwqwmrawqppqmrapqwwqmra 22
12

222
22

22
11 4,)(2,)4(2,)(2 =+=++=+=

Taking account of this expression, the differential variational inequality follows  

0)(2)(cos)sin( 2 ≥++++++ qpqqppxx BwAwmrwwrwakmgwamgxm αα

(where qp αα ,  and A,B are given functions) under the compatibility condition pwp+qwq=0. That is the basic relation to 
solve the problem completed naturally by initial conditions on velocities (and positions) [4].  

Conclusion.

     The present work has presented a natural link existing between Analytical Dynamics and Continuum Mechanics. The 
key of our scheme was the use of the Virtual Work Principal leading to Cauchy stresses. Then the elimination of Cauchy 
stresses introduces compatibility relations between virtual coefficients when rigidity conditions are not fulfilled. Finally the
actual method is easily extended to multibody dynamics.
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Figure 1. Teeth contact area.
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Figure 2. Teeth contact calculation using analytical model.
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Figure 4. Test bed with gearbox and sensors. 
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Abstract

Turbine blades are subjected to severe vibration environments. Especially, nozzle excitation frequencies can

correspond to eigen frequencies during acceleration and deceleration phases so that it is necessary to introduce

some form of damping. Friction based solutions [1] are nonlinear and offer the interesting property to operate only

when the level of vibrations reaches some threshold. But they can be difficult to tune and the availability of a model

proves helpful for the designer.

support
Rotating

Blade (beam)

r0 l

δ

Shroud

force
Excitation

Friction element Centrifugal force

Figure 1: Model and geometry of the experimental system with 2 blades

The system which is analysed in this paper is the experimental prototype studied in [2], whose model is

illustrated in Figure 1. It consists of 2 blades, which interact with each other through a so-called friction element

(FE), in contact with the shrouds placed at the tip of the blades. During the experimental procedure, one of the

blades is excited out-of-plane by an electromagnet and the displacements of the blade tips and friction element are

measured. An in-house model of the device has been specifically developed under Matlab [3, 2].

In this paper, we present a multibody model directly inspired from the latter. To properly implement the

nonlinear effects of friction, the equations of motion are solved in the time domain, as in [2]. The harmonic

balance method was used in [3], friction being replaced by viscous damping so as to dissipate the same amount of

energy. The blades are modelled as flexible bodies comprising 4 Euler-Bernouilli beam elements while the shrouds

and the friction element are modelled as rigid bodies. All motions are defined with respect to a rotating basis so

that the centrifugal and Coriolis effects are naturally taken into account in the equations of motion.

In [3, 2], the normal component of the contact force between the surfaces is introduced through translational

and rotational stiffnesses and dampings between the surfaces. In the present model, the contact is introduced by

defining, for each surface, 4 points of the friction element interacting with a plane attached to the shroud. At each

point, the normal contact force Fn is calculated from the penetration δ of the contact point in the plane according

to the well-known Hunt and Crossley law

Fn = Kδ pK +Cδ pD δ̇ if δ > 0 and Fn = 0 otherwise. (1)

while the tangential force�Ft can be computed from the sliding velocity vector�vs according to

• a regularized Coulomb friction model: �Ft =−μdFn

�vs

v∗

• a regularized GKF (General Kinetic Friction) model

�Ft = −(μd +(μs − μd)exp(−(‖�vs‖/Vstr)
γ))Fn

�vs

v∗
− fd�vs (2)
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with μs and μd the static and dynamic friction coefficients respectively, Vstr the Stribecq velocity, γ an exponent

to adjust, fd the damping coefficient and v∗=max(‖�vs‖ ,Vlim), Vlim being a threshold velocity to avoid numerical

pitfalls for small sliding velocities.

The elastic parameters for the contact points are chosen so as to reproduce the hypotheses in [3]: pK=2 and

K = A

c1/pK
with A the contact area and c the compliance. Moreover, the spacing between contact points is chosen

so as to get the same torsional stiffness as in [3].
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Figure 2: Swept sine response of blades (Coulomb friction and rotating FE)

Table 1: Comparison of some results in terms of the adopted model: max. velocity of follower tip, max. sliding

velocity (B=contact with excited beam)

(Values in m/s) Coulomb model GKF model

FE free in rotation Vtip,max=0.704 VsA=0.007 VsB=0.008 Vtip,max=0.714 V sA=0.002 VsB=0.003

FE locked in rotation Vtip,max=0.44 VsA=0.15 VsB=0.42 Vtip,max=0.60 VsA=0.13 VsB=0.37

The purpose of the paper is to compare the models and to investigate the influence of some parameters. As an

example, Figure 2 presents the response of the system when it is excited with a logarihtmic swept sine from 125 to

145 Hz (between instants t=2 and 8 s), so as to excite the first flexural mode of the beam at about 135 Hz, when the

Coulomb model is used and the friction element is free to rotate. The left and right graphs show the time history

of the out of plane motion of the blade tips (shroud) and the relative velocity of the friction element with respect to

the blade tips. It appears that only microslips occur with this model whatever the friction model. On the contrary,

macroslips appear with a simplified model where the rotation of the friction element is not taken into account. This

is illustrated in Table 1, which compares some typical maximum velocities for different modelling options. This

difference apparently issues from the increase of the normal contact forces during resonance when the rotation is

taken into account.
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Abstract
Putting an array of rectangular blocks equally spaced in a straight line on the ground, then toppling the rst

block to initiate a sequence of collisions, one easily observes a wave propagation. Modeling the dynamics of the
domino game has attracted the attention of scientists for a long time. Most of the studies often introduced several
simplifying assumptions to develop general theories quantifying the intrinsic velocity existing in the domino wave.
Although some of the theoretical results were available in certain limiting cases [1, 2], there still lacks an effective
model accurately capturing the details of the domino dynamics.

The domino wave concerns a group of neighboring blocks that interact with each other. These interactions
are nonsmooth, and consist of many discrete events such as stick-slip behavior of friction, separation and impacts
between blocks, as well as the detachment followed by impacts between the blocks and the ground. Obviously, the
domino system is a typical multibody system that consists of complex multiple impacts with friction.

For such complex multibody systems, one may select a convenient way of directly quantifying the interactions
between two bodies into some kind of constitutive equation with a relation between the contact force and the small
deformation. However, simulations of using this method will encounter various dif culties in determining physical
parameters and in numerically integrating the differential equations with small scales of time and size. Recently,
a multiple impact model, referred to as LZB, was introduced in [4, 5]. The main idea of this method is that the
interface behaviors due to impact are described by a force-energy relationship between the contact force and the
elastic potential energy transferred from the kinetic energy of impacting bodies. Energy dissipation at each contact
point is quanti ed by an energetic coef cient, and the coupling effects among simultaneous contact points are
re ected by the ratios of potential energy at each contact point. Moreover, numerical integration is performed in
the level of impulse to avoid the usage of small variables (impact time and local deformation). The LZB model
does encapsulate the main dynamical effects of multiple impacts with Coulomb friction, and has been successfully
validated by the detailed comparisons with experimental data for many mechanical systems. [6, 7, 8].

Figure 1: A falling dominoes system on the ground

The objective of this work is to demonstrate that the LZB model can be useful for the study of domino
dynamics. This system not only concerns the problem of multiple impacts with friction, but also is related to an
edge contact between the block and the ground, which should be carefully treated in modeling impacts. Figure1
sketches a typical domino system, whose dynamics is generally governed by equations as follows:

MMMq̈qq = GGG+++WWW (((qqq)))FFFnnn +++NNN(((qqq)))FFFτττ , (1)

where MMM = diag(1,1, I,1,1, I, · · · ,1,1, I) ∈ R
3κ×3κ is generalized mass matrix, GGG = [0,−1,0,0,−1,0, · · · ,0 −

1,0]T ∈ R
3κ×1 is generalized gravity, WWW and NNN are Jacobian matrixes of the normal and tangential constraint

of the contact set, respectively.
Based on the general equations, together with LZB method handling the impact events, we can simulate the

domino dynamics in detail. In order to check the numerical accuracy, we revisit the experiments performed by
Stronge in [1]. Fig 2 shows the comparisons between the numerical and experimental results for the propagation
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Figure 2: Comparison between numerical and experimental results.

speed, which is de ned as v̂i = (s+d)/ti, and ti is the time interval between two neighboring events of the domino
toppling. Good agreement is achieved between them.

Through comprehensive numerical investigations, we nd that the domino wave propagates with a intrinsic
constant speed. The origin of the phenomenon comes from the balance between the energy released from gravity
and the dissipation by the impact and friction during the cooperative action of a group of falling neighbours. Ac-
tually, the value of the intrinsic speed is mainly in uenced by the spaced distance and the coef cient of restitution,
while it changes little with the coef cient of friction.

In summary, we propose a general model for simulating the domino effects exhibited in a regularly spaced
domino array. Though the system has a simple topological con guration, it is indeed extremely complex due
to the impact and friction among the interactions of the dominos and ground. We validate our numerical model
by comparing with the experimental data reported in existing literature. How the physical parameters affect the
intrinsic wave speed is also investigated. This work brings out some hints for deep understanding the fundamental
properties of systems with strong nonlinearity: Impact and friction may be taken as internal mechanism for a
complex system converging to an equilibrium state.
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Abstract

Humanoid robots are complex multibody machines. Many dynamic balance systems of biped robots are 
proposed and tested in literature, but the problem of falling down during walking is unsolved. This problem is 
caused by the complexity of the control of a legged machine. Some major difficulties for the control system are 
the following [1]: 1) the robot kinematics and dynamics are non-linear and difficult to accurately model. Robot 
parameters such as center of mass, moment of inertia, etc. are not known exactly; 2) the dynamics of the robot 
depend on which legs make contact with the ground. In other word, the dynamics change whenever the robot 
makes a transition between a single support phase and a double support phase or a flight phase, and vice-versa. 
Moreover, exchange of leg support is accompanied by an impact disturbing the robot’s motion; 3) a legged robot 
is submitted to intermittent holonomic and nonholonomic constraints; 4) the environment is unknown and 
dynamic. The surface might be elastic, sticky, soft or stiff; 5) vertical contact forces on the surface are unilateral, 
meaning that they can not pull the robot against the surface; 6) the goal of keeping dynamic balance is difficult to 
decompose into actuator commands; 7) many degree of freedom have to be controlled real-time. To summarize 
one can conclude that controlling a bipedal walking robot that is able to negotiate different terrains and walk/run 
at high speeds is still an unsolved problem. In order to simplify the control of biped locomotion, the most important 
research institutes and companies with background in legged robots proposed alternative solutions such as the use 
of wheels on behalf of the legs or used in combination with these. In 2007, the Jet propulsion Laboratory (JPL-
NASA) developed the All-Terrain Hex-Limbed Extra-Terrestrial Explorer (ATHLETE) vehicle used for space 
applications [2]. Its concept is based on 6 DoF (Degrees-of-Freedom) limbs, each with a 1 DoF wheel attached. 
ATHLETE uses its wheels for efficient driving over stable, gently rolling terrain, but each limb can also be used 
as a general purpose leg. In 2010, EMIEW 2, a biped service robot with wheels, has been developed by Hitachi 
[3]. In 2015, a Korean biped robot with wheels won the last edition of the DARPA Robotics Challenge, thanks to 
the mounted wheels on the robot [4]. Boston Dynamics is known for its advanced legged robots including the 
world’s fastest robot, Cheetah (with 29 mph), Big Dog, and the latest Atlas. Recently, in 2017, the Boston 
Dynamics published the novel robot with biped wheels [5]. The biped locomotion capabilities shown with this 
robot confirmed how wheels can solve many of the big problems in biped locomotion in order to have a more 
robust biped dynamic walking, running, and jumping. In the meanwhile, a small Company named Humanot 
patented and published a unique and completely innovative biped robot with wheeled feet including the novelty 
of flexible legs [6], called ROLLO (see Fig.1). The authors in [6] presented the robot and its applications but 
without including in the paper the multibody model of the robot. The objective of this paper is to show the 
completely new multibody dynamic model of a biped flexible robot with wheeled feet, a dynamic analysis and a 
comparison of this model with the real robot proposed in [6]. The following two points underline the novelty of 
this paper: 1) a novel physical and analytical model of a biped wheeled robot with flexible legs; 2) a biped 
locomotion composed by a combination of flexible links and wheeled feet. The validation of the model with the 
real robot allows to give to the scientific community a key reference to design future biped wheeled and flexible 
robots. ROLLO solves the points from 2 to 7 presented above and it cannot falls because its center of mass is 
approximately in contact with the ground. It can be moved in a plane with the two motors on the feet and a human-
like motion can be reproduced moving the two feet in opposite and alternate way. ROLLO can be moved in a 
rectilinear or curvilinear way and they are both possible only thanks to the flexible structure of the robot. The 
critical points of the multibody analysis presented in this paper can be synthetized in: 1) Tire friction on each foot 
during rotation around Z axis and alternate and opposite forward motion of the two feet in Y direction (see Fig. 1); 
2) Number and length of flexible and rigid modules in each leg in order to reproduce a human-like motion. The 
experimental tests performed in [6] underlined how the two critical points presented above have influences on the 
dynamic balance of the robot. In particular, ROLLO is able to turn left or turn right with different speeds thanks 
to a correct combination of: 1) speed and acceleration of each foot; 2) number and length of flexible and rigid 
modules in each leg; 3) dimensions of wheels; 4) friction between the wheels and the ground; 5) weight of feet. A 
typical helical spring, as shown in Figures 1c and 1d, is a spiral wire or rod with mean diameter of coil D=2R,
wire diameter d, number of active coils i, helical degree , uniform pitch of the helix p= *D*tan , free length 
H=i*p, length of the wire or rod L= *D*i. The unconventional use of the spring (as shown in Fig. 1) allows the 
unique motion of the ROLLO robot. Figure 2a shows some output signals (only z axis, see Fig. 1) of the 
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accelerometers mounted on the leg of the ROLLO robot during a motion with an intermediate velocity value (0.2 
m/s); Figure 2b shows pitch and roll angles for the ankle and hip passive joints during a rotation of 360 degrees 
clockwise. The used formulation in the model will be presented on the paper (if accepted) because more space is 
necessary to explain all used variables. The paper will be structered as follows: section I will present a detailed 
introduction on biped wheeled and flexible robots; section II will show the proposed physical and analytical 
modeling of the biped wheeled and flexible robot; section III will show the simulation of the model; section IV 
will present results and discussions including a comparison between simulations and real tests. The paper will end 
with conclusion and future works.

Figure 1. ROLLO biped avatar robot with wheeled feet and three (a) or two (b) flexible modules in each leg, its sketch (c), and 
behavior of the flexible module (d) (courtesy of Humanot company) [6].

 
Figure 2. Three springs in each leg: a) Output signals (only z axis) of the accelerometers on the right leg of the ROLLO robot 
during a motion with an intermediate velocity value (0.2 m/s); b) Pitch and roll angles for the ankle and hip passive joints (red
= hip, black = ankle) during a rotation of 360 degrees clockwise. 
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Abstract 

In the virtual development process, the assessment and optimization of vehicle suspension and chassis 
performance are based on the forces that are transferred by the tire from road into the suspension. In this load 
transfer, the tire is one of the most critical components because the tire has a strong nonlinear behavior and is very 
difficult to model.  

ITWM’s tire model CDTire supports engineers in almost all analysis scenarios used in modern vehicle 
development processes from within modern multi body simulation (MBS) tools [3,4]. Special focus on tire belt 
dynamics and interaction with 3D road surfaces accurately captures the vibrations in both amplitude and frequency 
behavior. 

The CDTire/3D is structural 3D shell based bead-to-bead model with sidewalls and belt that separately models 
all functional layers of a modern tire [2]. In this model, the inflation pressure is modeled as a uniform stress acting 
normal to the shell’s faces. The pressure can vary depending on the application: prescribed by the MBS-tool to 
align to a constant pressure specified for a vehicle or scenario, but it can also be modified dynamically to simulate 
e.g. a sudden pressure loss in a tire.  The authors have also show in previous publications that the pressure 
dependency is modeled physical correct.  

For many applications, this description of the inflation pressure as a time dependent quantity is sufficient. 
However, there are tire applications where it is needed to describe the inflation gas using a dynamic gas equation 
(Euler or Navier-Stokes). One such example is when the tire model is used in NVH (Noise-Vibration-Harshness) 
applications [1] where the frequency range extends the 250 Hz range.  For passenger car tires, a first mode of the 
inflation gas is at around 230. This mode couples with the tire structure and yields significant peaks in the spindle 
force spectrum, which have to be considered in the NVH assessment of a car. 

In this paper, we are modeling the inflation gas of a tire by an isentropic compressible Euler equation and 
couple it to the tire dynamics in the nonlinear transient application range. After validation of the overall model by 
comparison with respective measurements, the authors are also describing how one can derive a linear model from 
the overall transient tire model, which can be used in linear FEM based NVH-tools. 

Conservation of mass (1), conservation of momentum (2) and an isentropic relation (3) for an ideal gas yields 
the following equations, where the interaction with the tire and rim structure is realized via the local cross section 
area  and the local inflation pressure .

( ) ( ) 0=∂+∂ vAA st ρρ  (1) 

( ) ( ) ApApvAvA sst ∂=+∂+∂ 2ρρ  (2) 

( )ρpp = (3) 

It should be pointed out that the tire rotation will yield a split in the aforementioned cavity mode which 
increases with rotational velocity as is shown in the following comparison between measurements and simulation 
with and without cavity model. 
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Abstract
Particle simulation with the Discrete Element Method (DEM) is well-established and widely used in soil dy-

namics related applications as, for instance, described in [1, 2, 3, 4] and references therein. The wide range of

applications can be envisaged in automotive engineering (e.g. soil interaction with wheels/tracks, earth moving

equipment, . . . ), material handling (e.g. conveyer belt load extraction, material spread in hopper, . . . ), manufactur-

ing/processing (e.g. granulation/agglomeration of powders, crushing, grinding, . . . ), etc.

In recent years, the Fraunhofer ITWM has developed and implemented its own DEM code entitled “GRAnular

Physics Engine (GRAPE)” which is currently specialized for granular materials. Particles are represented by 3-

dimensional spheres with 3 translational degrees of freedom interacting with each other and external tools via

(repulsive) contact forces. On the implementation side, we focus on performant simulations following a strict

parallelization algorithm so that we particularly achieve a real time factor well below 100 for 150000 particles and

40000 triangles in mesh. Physically our focus lies on the prediction of correct reaction forces, which implies the

necessity of an appropriate model parameterization.

Another major target is GRAPE’s capability in closed-loop scenarios, i.e. the particle interaction with external

tools in a general sense. Therefore we have implemented a generic interface to any multibody simulation tools that

is aligned with the FMI 1.0 interface standard. In this context, we interpret an external tool as a rigid body with its

geometry represented and imported into GRAPE by a triangular mesh. Regarding the implementation a major and

time-consuming task consists of collision detection between particles and particles with mesh triangles. Hence,

we pay special attention to this problem by splitting it into two phases with different time steps: a broad phase

with complete collision detection utilizing octal trees yielding a relatively small list of potential contacts for each

particle, and a narrow phase checking this potential contact list for actual contacts by calculating the actual distance.

This approach shows good scaling with respect to the number of particles and triangles and the number of cores.

The program can be driven in two basic modes: standalone and interactive for closed-loop scenarios. In the first

mode, GRAPE processes the instructions given in an input file and provides the requested results in a file based

system. In the second mode, GRAPE operates in a server mode waiting for external requests via TCP/IP. These

requests are generally produced by an external application (e.g. an MBS program) through a GRAPE client (DLL)

which exposes the FMI 1.0 standard and communicates with the GRAPE server.

Figure 1: Realization of co-simulation setup between wheel loader (Adams/Car) and particles (ITWM/GRAPE).
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We exemplify the technical realization of GRAPE’s application in the wheel loader development context

that has been evolved during a project collaboration between the Fraunhofer ITWM and Volvo CE. In particular,

we implement a co-simulation scenario that couples Volvo CE’s wheel loader model in Adams/Car 2013.1 with

GRAPE for soil simulation, in order to realize a framework in which different loading maneuvers can be simulated

and analyzed. An important issue for such analyses is to provide reaction forces during digging and loading that are

sufficiently accurate to address questions of durability and energy efficiency. We conceptually establish a force-

displacement coupling for the co-simulation setup where the bucket is modelled and simulated within GRAPE,

the section forces are transmitted to the wheel loader which, in turn, provides the bucket kinematics for GRAPE.

In practice, MATLAB/Simulink is chosen as the platform for setting up the co-simulation scenario. Particularly,

we make use of the plant export to MATLAB provided by Adams/Car whereas GRAPE is integrated as an S-

Function into the scheme and the co-simulation master is implemented in a MATLAB/Simulink subsystem. The

communication, i.e. the exchange of the coupling quantities, especially on the DEM S-Function side, is realized via

a TCP/IP network protocol such that it is possible to run GRAPE and MATLAB/Simulink together with Adams/Car

on different host PC’s, as illustrated in Figure 1.

A validation of the prescribed coupling environment by comparing simulation results with existing real mea-

surements has partly been presented in [5]. In this work, we moreover address numerical studies with a focus on

GRAPE internal parameters and co-simulation settings. Finally, we illustrate the transferability of the setup by

analyzing the tire forces of a multibody hauler model when discharging granular material.
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The solution of fluid-solid interaction (FSI) problems is most often anchored by an established approach to solving

the fluid dynamics component. The handling of the solid phase is subsequently folded into this fluid solution frame-

work. The current contribution takes a different tack. It starts with a differential variational framework to handle

the solid phase; i.e., the rigid multi-body dynamics problem in the presence of contact, friction, and bilateral kine-

matic constraints. The dynamics of the fluid phase, which is captured via smoothed particle hydrodynamics (SPH),

is subsequently embedded into this framework in which the incompressibility attribute of the flow is enforced via
kinematic constraint equations that involve SPH particles. The resulting FSI solution methodology, called CF-

SPH, is scalable owing to reliance on a matrix-free iterative solver for the solution of a cone constrained quadratic

optimization problem that yields the contact forces, friction forces, boundary condition Lagrange multipliers, fluid-

solid coupling terms, and bilateral constraint Lagrange multipliers. The numerical experiments performed include

a scaling analysis; three validation studies (incompressibility, dam break, and sloshing); and a vehicle fording.

Handling of the solid “s” phase. The time-evolution of a collection of nb rigid bodies interacting through friction

and contact is described using Cartesian coordinates. The array of generalized coordinates q= [rT
1 ,εεεT

1 , . . . ,r
T
nb
,εεεT

nb
]T ∈

R
7nb , and its time derivative q̇ = [ṙT

1 , ε̇εε
T
1 , . . . , ṙT

nb
, ε̇εεT

nb
]T ∈ R

7nb , are used to represent the state of the system, where

for body j, r j and εεε j are the absolute position of the center of mass and the body orientation Euler parameters,

respectively. The time evolution of a system of bodies that can interact with each other through contact, friction,

external forces, and bilateral constraints is the solution of [3]

q̇ = Ls(q)v (1a)

Msv̇ = fs(t,q,v)+Gsλ̂ s + ∑
i∈A (q,δ )

(
γ̂s

i,n Ds
i,n + γ̂s

i,u Ds
i,u + γ̂s

i,w Ds
i,w
)︸ ︷︷ ︸

ithfrictional contact force

(1b)

0 = gs(q, t) (1c)

i ∈ A s(q(t)) :

⎧⎪⎨⎪⎩
0 ≤Cs

i (q) ⊥ γ̂s
i,n ≥ 0(

γ̂s
i,u, γ̂s

i,w

)
= argmin√

γ2
u+γ2

w≤μs
i γ̂s

i,n

vT ·
(

γu Ds
i,u + γw Ds

i,w

)
. (1d)

Handling of the fluid “f” phase. The time evolution of the fluid phase is the solution of a set of partial differential

equations that capture the mass and momentum balance [5]

ρ̇ =−ρ∇·v f (2a)

v̇ f =− 1

ρ
∇p+

μ
ρ

∇2v f + f̂ f , (2b)

where μ is the fluid viscosity, ρ the fluid density, v f and p are the flow velocity and pressure, respectively, and

f̂ f is the fluid external body force. The approach embraced for the spatial discretization of the Navier-Stokes

equations in Eq. (2b) draws on the Smoothed Particle Hydrodynamics (SPH) methodology [2], a meshless method

that dovetails well with the Lagrangian modeling perspective adopted for the dynamics of the solid phase.

Discretization of the coupled equations of motion. In discretized form, the equations of motion for the coupled

FSI problem are listed in Eq. (3). Therein, z ≡ [
v f ,T ,vs,T

]T
are the system-level generalized velocities and the D

and G operators are used to compute generalized forces using the unilateral γ and bilateral λ Lagrange multipliers,

respectively. The discretization is based on a half-implicit symplectic Euler scheme, which updates the position of

the SPH particles and rigid bodies as shown in Eqs. (3a) and (3b), as soon as the velocities are known. The mo-

mentum balance equations for the fluid and solid phases yield the conditions in Eqs. (3c) and (3d). The kinematic

constraints on fluid density are imposed at velocity level, see Eq. (3e), just like the bilateral constraints associated

with mechanical joints, see Eq. (3f). The last three sets of unilateral constraints are combined with maximum dis-

sipation conditions to capture friction and contact in the boundary conditions, Eq. (3g); between the solid bodies,

Eq. (3h); and, between the solid and fluid components, Eq. (3i). Upon further manipulations, these equations lead

to a complementarity problem that is solved via a matrix free iterative algorithm [4]. In Fig. 1 we compare against

results produced by the most established open-source SPH solver [1]. Figure 2 shows one frame of a simulation

of a tracked vehicle, which weighs 15973.8 kg. The model has 154 bodies connected together through 761 bilat-

eral kinematic constraints with collisions being modeled using a total of 544 different convex shapes. The fluid is

modeled using 1426663 SPH particles each with a mass of 3.96×10−3 kg, a kernel radius of 0.032 m and a rest
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Figure 1: Error in density; CFSPH vs. WCSPH [1].

Figure 2: M113 performing fording operation. At

each time step, an optimization problem in more than

two million variables is solved.

density of 1000 kg/m3. The fording simulation was 20 s long and for a step size Δt =0.001 s required 59 hours of

run time when executed on a 40 core Intel(R) Xeon R© CPU E5-2650 v3 @ 2.30GHz processor.

x(l+1) = x(l) +Δt v f ,(l+1) (3a)

q(l+1) = q(l) +Δt Ls(q(l))v(l+1) (3b)

v f ,(l+1)−v f ,(l) = Δt f f (t(l),x(l),v f ,(l))+G f λ f ,(l+1) +Dbcγbc,(l+1) +DF γFS,(l+1) (3c)

Ms(v(l+1)−v(l)) = Δt fs(t(l),q(l),v(l))+Gsλ s,(l+1) +Dsγs,(l+1) +DSγFS,(l+1) (3d)

0 =
1

Δt
g f (x(l))+G f ,T v f ,(l+1) (3e)

0 =
1

Δt
gs(q(l), t(l))+Gs,T v(l+1) +gs

t (q
(l), t(l)) (3f)

k ∈ A bc,(l) :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 ≤ Cbc

k (x(l))
Δt +Dbc,T

k,n v f ,(l+1)−μbc
k

√(
Dbc,T

k,u v f ,(l+1)
)2

+
(

Dbc,T
k,w v f ,(l+1)

)2 ⊥ γbc,(l+1)
k,n ≥ 0(

γbc,(l+1)
k,u ,γbc,(l+1)

k,w

)
= argmin√

γ2
u+γ2

w≤μbc
k γbc,(l+1)

k,n

v f ,(l+1),T
(

γuDbc
k,u + γk,wDbc

k,w

)
(3g)

i ∈ A s,(l) :

⎧⎪⎪⎨⎪⎪⎩
0 ≤ Cs

i (q
(l))

Δt + Ds,T
i,n v(l+1)−μs

i

√
(Ds,T

i,u ·v(l+1))2 +(Ds,T
i,w ·v(l+1))2 ⊥ γs,(l+1)

i,n ≥ 0(
γs,(l+1)

i,u ,γs,(l+1)
i,w

)
= argmin√

γ2
u+γ2

w≤μs
i γs,(l+1)

i,n

vT ·
(

γu Ds
i,u + γw Ds

i,w

)
.

(3h)

j ∈ A FS,(l) :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 ≤ CFS

j (x(l),q(l))
Δt +DFS,T

j,n z(l+1)−μFS
j

√(
DFS,T

j,u z(l+1)
)2

+
(

DFS,T
j,w z(l+1)

)2 ⊥ γFS,(l+1)
j,n ≥ 0(

γFS,(l+1)
j,u ,γFS,(l+1)

j,w

)
= argmin√

γ2
u+γ2

w≤μFS
j γFS,(l+1)

j,n

z(l+1),T
(

γuDFS
j,u + γwDFS

j,w

)
(3i)
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Abstract

On the one hand, stringent emission regulations are challenging automobile manufacturers to design engines 
that meet the needs of these environment regulations. On the other hand, vehicles are desired that are enjoyable to 
drive. Turbochargers meet that challenge and deliver significant benefits to end users. A turbocharger is a system 
which uses the exhaust gas of the engine in order to compress the air, which is supplied to the engine. The main 
part of a turbocharger consists of a rotating shaft with two wheels, namely a turbine wheel and a compressor wheel, 
see Fig 1. The rotating shaft is supported by an appropriate bearing system. Usually, oil-film bearings are used in 
turbocharger applications [1]. Alternatively, ball bearings can be applied, which have the advantage that the friction 
losses are reduced. Since ball bearings exhibit only less damping/friction, squeeze-film dampers are used in order 
to introduce damping into the rotor system. 

Figure 1. Turbocharger Rotor

Here, a detailed numerical model is presented for turbochargers supported by ball bearings; the model also 
includes an external squeeze-film damper. For the ball bearings, an analytical 2D-model approach based on 
Hertzian contact theory is used. The bearing forces acting in the squeeze-film damper, see Fig. 1, are calculated 
with the Reynolds equation for thin fluid films [2]. The Reynolds equation is a partial differential equation, which 
is solved numerically by a finite element approach. The rotor is modeled as a flexible multibody system. Hence, 
the discretized Reynolds equation – represented by a system of nonlinear algebraic equations – has to be solved in 
every time integration-step in parallel with the multibody system. To reduce the simulation time, a computationally 
efficient semi-implicit co-simulation approach is used here, see ref. [3].
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Abstract
This paper proposes and investigates a multi-body system that enhances Coriolis effect to be used to attenuate

the low-frequency vibration of building structures in the event of large excitations.

Urbanisation and population increase has forced mankind to build upwards. Additionally, the evolution of

building structures is towards lightness, increased flexibility and usually associated with low inherent damping

[1]. These structures are more vulnerable and in the event of large excitations may experience large displacements

which are hazardous to the structures, unpleasant for occupants and may pose serious serviceability issues [2].

Researchers have placed significant efforts in finding measures to reduce responses of structures.

The use of mass dampers to reduce the response of structures has been investigated by many researchers in

the past years. Den Hartog [3] investigated a tuned mass damper (TMD) system showing that linear mass dampers

can be quite effective for reducing the vibration amplitude of a periodically forced structure. Over the years many

mass-damping system have been developed for the purpose of reducing the response of building structures. Up

until 1999, it was reported that over 97 auxiliary damping systems were installed in buildings in Japan alone [2].

However, conventional damping systems require space in the horizontal direction. But as these structures

become taller and thinner, the space for effective damping becomes less adequate.

The aim of this work is to investigate the idea of using the space in the longitudinal direction which is sig-

nificantly greater. When tall structures vibrate they undergo some amount of rotational motion and any motion

in the longitudinal direction will induce Coriolis effect. This, added with the mass inertia can be used to reduce

the response of structures. However, Coriolis effect is greatly influenced by the angle of rotation and while the

longitudinal motion will provide damping effect, for effective damping a significant angle of rotation is required.

This concept was investigated in [4] and [5] for mass moving in radius direction of a gondola system inducing

Coriolis effect to reduce its swing. They found that damping was only effective when the swing of the gondola was

large and ineffective for small angles.

For the proposed model (See Figure 1), the structural system is simplified as a single degree-of-freedom

(DOF) system which is coupled with a 2 DOF damping system. The primary system has motion in the horizontal

direction with displacement x. The proposed damping system consists of a moving mass along a massless rod

which is allowed rotational motion. The 2 DOF damping system is attached to the top of the primary system.

It should be noted that the pivot of the damping system can be placed at the top or at the bottom. Depending

on the pattern of motion of the damping system, it can either provide damping effect or amplification effect. An

appropriate pattern of motion is chosen for damping effect based on assessment of the equations of motion.

The equations of motion of the entire system are derived using the extended Hamilton’s principle. Three

second order differential equations containing nonlinear terms are obtained. The response of the system is analysed

numerically using Newmark’s method. The damping effectiveness of the proposed system is examined. The

transient response of the system is investigated under harmonic excitation until a desired displacement is achieved

after which the excitation is removed and free response is allowed. The performance of the proposed system is

evaluated by comparing the damping ratio found using the logarithmic decrement, and the reduction of response

to harmonic excitation with those of the primary system coupled with a conventional TMD.

The results showed the concept to be relatively effective for low-frequency vibration of structures. Indications

are that future works should be done on the concept in order to derive optimal parameters and appropriate control

law to improve effectiveness. Additionally, investigations into how this concept would perform if higher modes

of vibration are to be reduced would be interesting. This concept provides new possibilities for vibration control

of tall flexible structures dominated by low mode frequency. This concept may be quite attractive in particular

to structural systems where the longitudinal dimension is significantly greater than the horizontal dimension and

inherent damping is extremely low.
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Figure 1: Simplified model of the building structure coupled with the proposed 2 DOF damping system
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Abstract
In the field of dynamic simulation, co-simulation methods are often used in order to simulate multidisciplinary

systems or to improve the calculation efficiency, e.g., by applying a multirate or a parallelization technique. To

accomplish the co-simulation, the overall system is decomposed into subsystems by defining appropriate input and

output variables. In Fig.1, a common force/displacement coupling is shown for a simple example model where

subsystem 1 obtains the coupling force as an input and subsystem 2 obtains the motion of the first body.

Figure 1: Modular modeling of 2-DOF oscillator with common force/displacement coupling.

During the time integration of the subsystems, the input vectors u1, u2 have to be updated, see Fig.2. For this

purpose, the time is discretized into macro points TN where the subsystems exchange their coupling data u1 = y2,

u2 = y1. Between the macro points, i.e., in the macro step TN → TN+1 with step size H, the unknown inputs

are approximated by means of extrapolation (blue curve) or interpolation polynomials (green curve) which are

calculated from the discrete output vectors y1, y2.

As a drawback of classical co-simulation approaches, the extrapolation polynomials are discontinuous at the end

of each macro step, see the blue curve in Fig.2. Consequently, the subsystem solvers may strongly reduce their

integration step size which raises the number of right-hand side calls and makes the co-simulation inefficient. To

overcome the discontinuity issue, a so-called extrapolated interpolation (EXTRIPOL) approach was introduced by

Dr. J. Rauh (Daimler AG) in Ref. [3]. In each macro step, a classical polynomial extrapolation is carried out to

obtain coupling data at TN (blue circles). These extrapolated data are smoothed with an interpolation polynomial

ũ1(h) (red curve) which is continuous over the macro steps.

In the talk, the EXTRIPOL approach will be analyzed regarding numerical stability and local error. The

results are compared to the corresponding results of the Lagrange polynomial approach, for the latter, see Ref.[1].

Figure 2: Sequential Gauss-Seidel scheme using a macro step TN → TN+1 with constant macro step size H and a

Lagrange extrapolation (blue curve) or an EXTRIPOL method (red curve) for generating inputs for subsystem 1.
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(a) (b)

Figure 3: Instability regions for a force/displacement coupling approach in combination with the sequential Gauss-

Seidel scheme. Plot (a) shows the EXTRIPOL method and plot (b) the classical cubic Lagrange approach.

(a) (b)

Figure 4: Local error over the macro-step size for increasing polynomial degrees (k = 0,1,2,3) of the EXTRIPOL

method (a) and the Lagrange approach (b).

In Fig.3, the instability region of the EXTRIPOL method (a) and of the Lagrange approach (b) are plotted for

varying macro step size H, varying coupling stiffness ck and varying coupling damping coefficients dk of the

example model. A cubic polynomial degree is used for the Lagrange approach and for the underlying extrapolation

polynomial in the EXTRIPOL method. As can be seen in the plot, both co-simulation approaches are zero-stable

since the instability regions vanish for decreasing macro step size H. Increasing dk, the instability of the system

increases so that smaller macro step sizes have to be used to accomplish a stable co-simulation. Comparing the

plots (a) and (b), the EXTRIPOL method is slightly more stable but basically the stability behavior is similar.

Analyzing the local error of the two methods, see Fig.4, the error reduces for decreasing macro step size H. Hence,

both methods converge for sufficiently small H since they are consistent and zero-stable. However, the local error

of the Lagrange approach decreases with higher order than the EXTRIPOL approach which makes the Lagrange

approach the better method (at least, regarding the local error). The order drop is related with the fact that the

EXTRIPOL method uses a linear interpolation polynomial for the smoothing technique which limits the error.

In the presentation, a C1-continuous approximation method will be introduced which combines the advantages of

the afore-mentioned methods, see Ref.[2]. This method is continuous and even differentiable, and it possesses

similar stability and error properties than the Lagrange approach. Further, the method can be implemented in

simulation programs as easy as the above methods and does not require additional information from the solvers.
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Abstract
This work presents the computational modeling and dynamic analysis of a three dimensional printer based on

a delta mechanism using a multidisciplinary open source software. The flexible components of the printer (parallel

arms) were modeled using the finite volume beam developed by Ghiringhelli et al. [6].

Three dimensional printers are revolutionizing the manufacturing and development of new products. These

machines can make complex parts in a matter of few hours with a minimum waste of material. One of the most

common techniques of 3d printing is the fused deposition method (FDM), which consists in building a part through

the movement of a deposition head that adds melted plastic direct to the part.

The majority of the FDM printers uses a gantry (cartesian) mechanism to move the deposition head. However,

another types of mechanism such as Delta and SCARA have been adopted in open source 3D printers because they

are faster and simpler than cartesian mechanisms. One the most popular projects of delta printer is the Rostock

printer [5], which was used as a reference for the computer model presented in this work.

Figure 1: Rendered model of the delta printer based on the Rostock project (left) and the prototype printer during

calibration (right).

The origin of delta robots is controversial [1]. The conceptual design was presented by Pollard in a patent of

1942 [2], and presented again by prof. Clavel in the 1980s [3]. The delta mechanism is based on a set of paralel

arms (usually three) that are connected to a platform. In 3d printers, the deposition head is attached to this platform,

and the delta mechanism can move it at a high speed (>3000mm/s), which translates into a faster printing process.

However, the trajectory calculation of the head requires an inverse kinematic (or dynamic) analysis, due to the fact

that this motion is a nonlinear function of the motion of the actuators.

Fig.1 shows a rendered model of the printer and the prototype model that was built in the LAPS/Unicamp

(Laboratory of Automation, Prototyping and Simulation). The prototype was depicted during the calibration phase,

which explains the probe indicator on the platform instead of the extruder head.

Three dimensional printers are complex machines that integrate software and hardware with elements of

several disciplines (electrical motors, elastic beams, bearings). One of the softwares that can combine all these

elements in one system is the MBDyn [4]. This software can simulate multibody systems with several features,

such as elastic and nonlinear components, control systems, hydraulic circuits and aerodynamic effects. MBDyn has

also an inverse kinematic and dynamic analysis which is essential to study the delta mechanism, since it requires

the translation of the desired trajectory of the deposition head into motor rotations.

The simulation of the delta printer in the MBDyn follows the workflow described in [7]. The first step is

modeling the part that is going to be printed. Then a slicing software generates the g-code to make this part, that

is translated into displacement, velocity and acceleration of the deposition head, which is the input of the inverse

dynamic analysis. This analysis yields the displacement of each one of the carriages of the delta printer, and it is
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Figure 2: Simulated trajectory of the delta printer.

translated by another script into discrete steps that are used to feed the stepper driver model. The inverse dynamic

simulation of the model considers rigid arms, but they are replaced by flexible arms in the final simulation.

It is important to consider the flexibility of the parallel arms, because they are the link between the platform

that supports the extruder and carriages connected to the actuators. Therefore evaluate the dynamic effect of the

flexibility of these components is essential to determine which material is going to be used in their construction.

Fig. 2 shows the simulated trajectory in space of the deposition head during the printing process. The color

variation means the deviation [μm] of the head in relation to the planned trajectory. In this case, the arms were

modeled using the properties of the ABS plastic, which is the original material adopted in the Rostock project.

The maximum deviation is 1.2 mm, and is associated to the high speed displacements of the head, which

occur when the head has to be positioned in a new printing area. The average deviation of the printer with ABS

arms is 296.45 μm and the standard deviation is 55.6 μm. Usually the positioning error of this kind of printer is

lower than 0.1 mm; however, the flexibility of the ABS arms caused an error of almost 0.3 mm.
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Abstract

The Twin-Control European project [1] aims to develop a simulation system that integrates the different 
aspects that affect machine tool and machining performance, including lifecycle concepts, providing better 
estimation of machining performance than single featured simulation packages. This holistic simulation model 
will be linked to the real machines in order to update itself according to their real condition and to perform 
control actions that will lead to performance improvements. 

The focus of this paper is on the dynamic modeling of the machine tool including its Computer Numeric 
Control (CNC), and its interaction with the machining process. To properly simulate modern high-speed machine 
tools, which show close interaction between the dynamic behavior of the mechanical structure, drives, and the 
CNC, it is crucial to build models that represent the flexibility of all components and their interactions [2][3]. To 
answer such requirements, we use 3D MBS and FEA methods for mechanical aspects, and 1D modeling for the 
CNC. Even if the concurrent use of these technologies is already used in some industrial sectors, it is quite new 
in the machine tool industry. This multi-model approach is usually inefficient because of limited integration 
between the different tools. This paper introduces an integrated methodology that combines MBS capabilities in 
a nonlinear FEA solver called SAMCEF Mecano [4][5]. It enables accurate modeling of the machine by 
considering FEA models of the components connected together by a set of flexible kinematical joints. Particular 
models are implemented to deal with drive-trains and motors dynamics. 

Figure 1. Multybody model of the test machine tool

To fully capture the dynamic behavior of the machine tool, force interactions between the cutting tool and 
the workpiece are also considered in this model.  The general process for obtaining cutting forces is illustrated in 
Figure 2..  First, the motions of the machine structure are coupled with workpiece CAD files to define how the 
tool is engaged in the workpiece at any point of the CNC program. Calculation of tool-workpiece engagement is 
based on a mixed discrete-continuous representation of the stock material, also known as the tri-dexel model [6]. 
Each discrete intersection point between the tri-dexel model representation and the cutting data (the sweep 
envelope surface of the moving tool geometry) is mapped, according to the tool feed direction, onto the milling 
tool surface. Due to discrete nature of the underlying model, a rasterization routing is used to provide a heuristic 
detecting continuous contact areas between the cutting tool and stock material. The resulting tool workpiece 
engagement data is then applied to a mechanistic cutting force model [6] to determine average cutting forces and 
spindle torque, or force and torque variations based on the rotation of the tool.  The cutting forces obtained using 
this process is then applied to the machine structure model.

183



Figure 2. Process of obtaining cutting forces

A strong coupling between the mechatronic model of the machine tool and the machining simulation tool is 
implemented. Practically, a specialized cutting force element has been developed. It considers the dynamics of 
the tool tip combined with the tool work-piece engagement determined from Module Works CAD/CAM for 
toolpath generation and simulation. The resulting relative dynamics of the tool with respect to the workpiece is 
use as input to generate cutting forces. Those are applied on the machine model at the spindle tip level, and 
generate some excitation of the model. To fulfill equilibrium at each step of the time integration process a 
Newton-Raphson iterative scheme is used, where cutting forces are updated and the associated iteration matrix is 
generated at each iteration.

Figure 3. Coupling scheme

To illustrate this technology, a high-speed box-in-box 4 axes Urane25V3 machine from Comau is 
considered. A SIEMENS 840D CNC controls the motors of the different axis in order to follow the desired 
trajectories with minimum errors. In the built model, all frames are fully flexible, as the rails and skates that 
connect them. Those, as the linear motors, are represented by sets of flexible slider elements based on beam 
formulation. The control loops are modelled in MATLAB/Simulink, translated into a dynamic library that is 
associated to a specific control element used to manage the coupling between 1D models and the full flexible 3D 
model. The presented machine tool model will be validated considering simple machining sequences.
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Abstract

Most complex mechanical systems are composed of kinematic closed loops or more generally are 
expressed with a dependent coordinate formulation. The dynamic equations for these systems without 
preliminary analysis of study of the geometry lead to differential algebraic equations (DAEs) which need special 
care to be solved.  

The difficulties in solving numerical DAEs are summarized in [1, 2]. A recent and concise review of the 
methods for solving DAEs can also be found in [3]. One can find four main groups of methods: the direct 
resolution of the DAEs thanks to specific solvers [4], the reduction of the DAEs to ODEs using stabilization 
techniques such as the Baumgarte stabilization method to circumvent the drift of the constraints [5], the 
reduction of ODEs by solving the constraints to obtain a minimal coordinate formulation [6], and the conversion 
to ODEs by modifying the model (the penalty formulation or the singular perturbation method when only the 
fictitious potential energy and Rayleigh’s damping function are considered [7]).  
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Newton-Euler 
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Figure 1 - Simulation methods compared in this investigation 
In parallel, symbolic manipulations are used more and more in the multibody community either for 

modeling and simulation or in view of the pre-processing of embedded code. Moreover, it is worth noting that 
symbolic manipulation software such as Mathematica has also improved its numerical differential solvers. 
Besides, Mathematica coherently combines an editing front end, a computer algebra system, a symbolic 
programming language, numerical solvers, high quality visualization tools, various data processing modules, a C 
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code generator, parallel programming capabilities, plus cloud computing features in the latest versions [8, 9]. So, 
a trend emerges that consists of managing whole (multibody) projects within such a framework, including 
system modeling, equation generation, and symbolic, numerical or hybrid solving with the advantage of an 
integrated environment which remains the same. 

In this context, the question arises: what level of confidence can we give to the DAE Mathematica 
solver ? The main objective of this paper is to compare the Mathematica solver with classic simulation methods. 
Three methods have been considered: DAE to ODE reformulation, minimal coordinates and singular 
perturbations. These methods have been tested on simple case studies such as a slider crank. 

Figure 2 – Kinematic scheme and joints graph of the slider crank 
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Abstract
Multibody formulations express the dynamics of a mechanical system in terms of a set of n generalized

coordinates q and their derivatives. These may be independent; alternatively they can be related by m kinematic

constraint equations ΦΦΦ(q, t) = 0. In the latter case, the dynamics is expressed by a system of Differential Algebraic

Equations (DAEs)

Mq̈ = f+ fc (1a)

ΦΦΦ(q, t) = 0 (1b)

where M is the n× n mass matrix, f comprises the applied and velocity-dependent forces, and fc stands for the

constraint reactions. If the coordinates q are independent, then the dynamics is described by Eq. (1a) alone with

fc = 0, which is a system of Ordinary Differential Equations (ODEs).

A wide variety of coordinate selections, formulations, and numerical methods to deal with the solution of such

systems have been proposed during the last decades [1], which has prompted the multibody dynamics community

to put forward a significant number of benchmark problems [2]. These benchmark problems serve two purposes.

First, they allow researchers to validate newly proposed methods or software implementations. Second, they can be

used as a means to compare the efficiency, ease of use, and accuracy of different algorithms and codes, providing

useful information for the selection of the most appropriate ones for a given application.

(a) (b)

Figure 1: Two of the proposed benchmark problems: (a) Four-bar linkage with spring and damper elements; (b) A

wheel rolling on a tipping table.

Regardless of the approach followed to obtain Eqs. (1), the resulting system is highly nonlinear in most cases.

However, some applications such as modal analysis require a linearized expression of the dynamics. In others,

like stability analysis, the availability of a linear model makes it simpler to gain insight into the system behaviour.

The linearization of Eqs. (1) can be achieved in many different ways and several approaches have already been

published in the multibody literature. The properties of each approach depend on the coordinate selection and the

way in which kinematic constraints are treated [3]. Each method has different accuracy and efficiency properties

and conveys information about the system dynamics in its own particular way.

In this work, we introduce a series of test problems to benchmark linearization methods for multibody dy-

namics. Some of these have already been added to the IFToMM library of Computational Benchmark Problems

[2]. The examples can be categorized into two main groups:
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(a) (b)

Figure 2: Benchmark problems with variable dimensions: (a) N-loop four-bar linkage; (b) A flexible pendulum

modelled with finite elements.

• Simple problems with known analytical solutions (Fig. 1): a simple rigid pendulum, a four-bar linkage with

spring and damper elements, a wheel rolling on a tipping table.

• Variable-size problems that can be used to assess the computational efficiency of the methods. Among

these, two kinds of problems can be distinguished: heavily constrained systems with relatively few degrees

of freedom, e.g., the N-loop version of the four-bar linkage in Fig. 2a, in which the number of kinematic

constraints is similar to system size (m≈ n); and systems with many more variables than constraints (m� n),

such as flexible beams and pendulums (Fig. 2b).

The proposed test problems have been used to validate and compare the performance of three multibody lin-

earization methods based on velocity transformations, direct eigenanalysis, and a penalty formulation respectively

[3]. Results showed that these methods were able to match the theoretical solutions of the first type of problems.

The linearization of the proposed examples highlighted the differences between the three approaches in terms of

computational efficiency and accuracy of the obtained eigenvalues.
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Abstract
The main advantages of the cable-driven parallel kinematic mechanisms (PKM) are the achievement of a lower

moving inertia, which leads to a higher mechanism speed, lower production costs, a large range of motion, the

possibility of antibacklash property and easy reconfiguration. The typical disadvantages of the cable-driven PKM

are the relatively narrow frequency bandwidth of their feedback motion control and the problems with the accurate

positioning of the end-effector. The promising research direction for solution of problems is the concept of multi-

level mechanisms with the hierarchical structure composed of a parallel cable-driven mechanism for large and

slow motions and an active structure connected to the mechanism platform for the low and high frequency motions

[1]. Parallel structures consisting of cables with negligible flexural stiffness have to deal with the problem of

complex vibrations. This paper deals with the creation of the multibody model of a particular multilevel mechanism

combining the cable-driven parallel mechanism and the added piezo structure.

The Quadrosphere mechanism was chosen as a reference cable manipulator mechanism equipped with the

active structure. This mechanism consists of a platform connected with the active piezo structure to the spherical

joint, which is mounted to the basis frame. The cardan angles of the spherical joint are accurately measured by

sensors. In each corner of the platform a lightweight fiber is connected. Each fiber is led through a guiding pulley

to the vertically placed linear drive. All of the fibers should operate only in tension and the general position of

the platform is determined by the vertical positions of the drives. The active piezo structure consists of six piezo-

actuators, which are designed to enhance accuracy of the platform positioning and also compensate the platform

vibrations.

Figure 1: Quadrosphere mechanism with added piezostructure.

The multibody model of the Quadrosphere mechanism was created in the MSC.Adams code. It consists of

16 bodies, which are connected by various constraints. In Figure 2 left, the kinematic scheme of the mechanism is

shown. The bodies are represented by rectangles and the connections are represented by circles. Letter R means

rotational constraint and T means translational constraint. The dot–dash line represents the fibers, which goes from

the drives through the pulleys to the platform corners. A simplified cable model of the MSC.Adams Machinery

plugin was used for the modelling of fibre and thus the fibers are modelled using nonlinear forces, which are active

only in tension. Due to the low weight of the fiber, the inertia and gravitational effect on the fiber was neglected.

The paper also deals with various modelling techniques of the proposed active structure. The basic model of

the active structure contains six linear springs, each for each piezo-actuator. The stiffness of the spring is calculated

to reflect the axial stiffness of the piezo-actuator defined by the manufacturer and the stiffness of the used flexible
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Figure 2: Kinematic scheme of the Quadrosphere mechanism and the visualisation in MSC.Adams.

connections. The ejection of the actuator is performed by the changing of the spring free length. A complex model

representing the piezo-actuator was also employed. The complex model contains several bodies in order to reflect

the bending stiffness of the flexible connections, too.

In order to investigate the dynamic properties of the whole model one of the piezo-actuators was excited using

chirp signal, which goes up to 400 Hz in 5 seconds. The resultant single-sided amplitude spectra of two selected

rotation angles of the spherical joint are shown in Figure 3.
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Figure 3: The amplitude spectra of two rotation angles using chirp excitation of selected piezo-actuator.
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Abstract

In the last years considerable progress has been made in the topology optimization of flexible multibody

systems. On the one hand, a variety of methods for the efficient and precise modeling and simulation of flexible

multibody systems has been developed as, for instance, nonlinear finite element methods or the floating frame

of reference approach, see [2]. On the other hand, weakly and fully coupled optimization procedures have been

studied and presented in which the structure of the flexible components are best adapted to the dynamical loads. In

this structural optimization stress and displacement constraints often have to be considered, which is, in particular

for fully coupled methods, a difficult task. In this work, two different strategies are used to take constraints

into account in the fully coupled optimization of flexible multibody systems. First, the pointwise constraints

are transformed into functional constraints [1]. Second, the constraints are aggregated using the Kreisselmeier-

Steinhausen function [4,5].

Constrained Dynamic Optimization Problems

Fully coupled methods consider the whole dynamic behavior of the flexible multibody system within the

simulation period. Provided that the geometry or the material properties of the flexible bodies are parameterized

by the vector of design variables ppp ∈ R
h the equations of motion of the flexible multibody system reads

ẏyy = vvv(yyy,zzz, t)

MMM(yyy, t, ppp)żzz = fff (yyy,zzz, t, ppp)
(1)

where MMM is the mass matrix, fff the right-hand-side vector, and yyy = yyy(t, ppp) and zzz = zzz(t, ppp) are the generalized

position and velocity coordinates. Given the initial conditions yyy(t = 0) = yyy0 and zzz(t = 0) = zzz0 the equations of

motion (1) can be solved by a numerical integration. The performance of the current design ppp can be determined

by evaluating a scalar objective function ψ(ppp) ∈ R from the results of the time integration.

Mathematically the optimization problem of a fully coupled structural optimization problem can be formulated

as

minimize
ppp

ψ(ppp)

subject to ẏyy− vvv = 000,

MMMżzz− fff = 000,

h j(yyy, ppp, t)≤ 0, t0 ≤ t ≤ t1, j = 1(1)m,

pl
i ≤ pi ≤ pu

i , i = 1(1)h.

(2)

That is, the objective function ψ shall be minimized for a flexible multibody systems which is subjected to the

equations of motion (1) and, in addition, m pointwise inequality constraints h j, as well as lower and upper bounds

of the design variables, pl
i and pu

i , respectively.

The solution of the optimization problem (2) is not trivial. In particular, the inequality constraints h j are

difficult to consider in the optimization process, since they have to be fulfilled at each time point between the initial

time t0 and the final time t1. One possibility is to discretize the problem and consider the constraints only at the

grid points of the time integration of the dynamic system. However, depending on the dynamic system the number

of grid points might become very large and, hence, this approach very costly. Alternatively, in [1] the pointwise

inequality constraints h j are transformed into an integral-type constraint h̄ j as follows

h̄ j =

t1∫
t0

〈
h j(yyy, ppp, t)

〉
dt = 0, where

〈
h j
〉
=

{
h j, h j ≥ 0

0, h j < 0
. (3)

Thus, instead of considering the inequality constraint h j at a large number of discrete time points, only a single

equality constraints has to be evaluated and taken into account.
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A third way is to aggregate the constraints into a single composite function as, for instance, the Kreisselmeier-

Steinhauser (KS) function

KS(ppp,γ) = hmax +
1

γ
ln

(
1

m ∑
j
∑

i
exp(γ (h j(yyy(ti), ppp, ti)−hmax))

)
, (4)

where pointwise constraints are evaluated at discrete time points, see [5] for details. In the KS function hmax is

the maximal value of all inequality constraints and γ is the aggregation parameter. It is worth noting that for the

efficient sensitive analysis of Eq. (3) and (4) semi-analytical approaches, such as the adjoint variable method, can

be used.

In this work, both the transformation (3) and the KS function (4) are used to consider displacement constraints

in the fully coupled topology optimization of a flexible slider-crank mechanism [3]. The results of both approaches

are compared with regard to the efficiency of the optimization procedure, including the sensitivity analysis, and the

quality of the optimization results.
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Abstract
We consider mechanical systems with dynamics on different time scales. They impose contradicting require-

ments on the numerical integration. For a stable integration of the fast dynamics, tiny time steps a needed. However,

for the slow dynamics, larger time steps are accurate enough. In this work, this contradiction is addressed using

multirate integration schemes. The mechanical system is split into slow and fast parts and simulated on a macro

and a micro time grid, [1, 2], leading to computing time savings. Since computing time is also an issue when

solving optimal control problems numerically, we introduce the variational multirate integration scheme, derived

in [3], into discrete mechanics and optimal control (DMOC) [4].

Let a mechanical system be described by a Lagrangian L(q, q̇) = T (q, q̇)−U(q), where T is the kinetic energy

and U is the potential energy, with configuration q ∈R
kq and velocity q̇ = dq

dt ∈R
kq . We assume it to be possible, to

split the configuration into slow variables qs ∈R
ks

q and fast variables q f ∈R
k f

q where q= (qs,q f )T and kq = ks
q+k f

q .

Further, we assume that U can be split into a slow potential V and a fast potential W where U(q) =V (q)+W (q f ).
The action S is the time integral over the Lagrangian. In the Lagrange-d’Alembert principle, the virtual work of

the external forces f (q, q̇,u), which depend on the control path u ∈ U ⊂ R
ku , is added to the first variation of

the action [4]. To account for the slow and fast dynamics, the forces are split into slow forces f s ∈ R
ks

q and fast

forces f f ∈ R
k f

q with f = ( f s, f f )T . Then, also the controls need to be split into slow controls us ∈ R
ks

u and fast

controls u f ∈ R
k f

u where u = (us,u f )T and ku = ks
u + k f

u . The equations of motion for the slow and fast part, the

multirate forced Euler-Lagrange equations, of the mechanical system can be derived with the Lagrange-d’Alembert

principle. A continuous optimal control problem with the multirate forced Euler-Lagrange equations in the time

interval [t0, t1] reads

min
q,u

J[q,u] =
∫ t1

t0
C(q, q̇,u)dt

subject to 0 =
∂ [T (q, q̇)−V (q)]

∂qs − d

dt

(
∂T (q, q̇)

q̇s

)
+ f s(q, q̇,u)

0 =
∂
[
T (q, q̇)− (V (q)+W (q f ))

]
∂q f − d

dt

(
∂T (q, q̇)

q̇ f

)
+ f f (q, q̇,u) (1)

0 = a(q, q̇,u)

0 ≤ b(q, q̇,u)

with the objective functional J being the time integral over the cost function C, equality constraints a representing

e.g. initial and final boundary conditions, and inequality and path constraints b.

Figure 1: Synchronised macro and micro time grids

Following the first discretise then optimise approach in DMOC, we replace the optimal control problem in

Equation (1) with its discrete counterpart. For the multirate integration, we introduce two synchronised time

grids, a macro and a micro time grid, as illustrated in Figure 1, where there are p micro time steps per macro

time step. The discrete slow variables and controls are approximated on the macro time grid and the discrete

fast variables and controls on the micro time grid. Using the multirate forced variational integrator and discrete
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equality constraints and inequality constraints the discretised optimal control problem can be stated as a non linear

constrained optimisation problem.

Using the multirate forced variational integrator, the number of optimisation variables is reduced compared to

the use of DMOC on the fine grid for the complete system. The number of optimisation variables is
tN
Δt

(
1

p

(
ks

q + ks
u
)
+
(
k f

q + k f
u
))

, where tN is the simulation end time. Then, there are 1/p times less slow configu-

ration and control variables using the multirate integrator (p > 1) than for DMOC (p = 1). We expect that we need

less computing time in solving the optimal control problem. We show that this is the case numerically by means of

an example systems. The spring pendulum is a pendulum where a small point mass is attached to a large mass with

a passive spring. This underactuated pendulum is illustrated in Figure 2 an it shows the angle φ which is actuated

with the torque τ and the length of the spring ψ , where there is no angular degree of freedom between the small

and large mass.

φ

ψ

τ

m1
m2

ey

ex

Figure 2: The spring pendulum with forcing and variables

In the computations, the example system performs an upswing from the lower equilibrium position to the

upper equilibrium position and the spring goes from a stretched length to its gravitational slack length while the

control effort is minimised. Figure 3 shows an example for such a rest to rest manoeuvre for the spring pendulum

for p = 20. The plot on the left shows the angle of the pendulum φ in blue and the length of the spring ψ in green

on the macro time grid and ψmic in red on the micro time grid versus time. The plot on the right shows the x- and

y-coordinates of the two point masses. The computing time for the shown rest to rest manoeuvre was reduced from

10.45s for single rate to 1.19s using the multirate integrator with p = 20.
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Figure 3: Example of a rest to rest manoeuvre for the spring pendulum with p = 20
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Abstract
Sensitivity analysis of the dynamics of multibody systems is essential for design optimization and optimal

control. Dynamic sensitivities, when needed, are often calculated by means of finite differences but, depending

on the number of parameters involved, this procedure can be very demanding in terms of time, and the accuracy

obtained can be very poor in many cases.

In previous works, the sensitivity equations of index-3 DAE, index-1 DAE, Baumgarte and penalty formula-

tions [1, 2, 3, 4, 5, 6] were derived, using either direct differentiation (forward sensitivity), adjoint variable (adjoint

sensitivity) or both methods depending on the publication.

The index-3 augmented Lagrangian formulation with velocity and acceleration projections (the ALI3-P for-

mulation) is an efficient and robust method to carry out the forward dynamics simulation of multibody systems

modeled in dependent coordinates, which outperforms the behavior of the aforementioned formulations. It was

extensively used for the real-time simulation of different systems with human and hardware in the loop, some of

them including complex phenomena like flexibility [7], contact with friction [8, 9] or non-holonomic constraints

[10].

In this paper, the forward sensitivity equations of the ALI3-P formulation presented in [10] are derived and

applied to a test case.

Let us consider the equations of motion (EOM) depending on the vector of parameters ρρρ ∈Rp. The objective

function is defined in terms of the parameters, on the states q, q̇, q̈ ∈Rn, and on the Lagrange multipliers λλλ ∈Rm,

ψ = w(qF , q̇F , q̈F ,ρρρF ,λλλ F)+
∫ tF

t0
g(q, q̇, q̈,λλλ ,ρρρ)dt. (1)

The problem is to obtain the sensitivity of such a cost function, expressed by the following gradient,

∇ρρρ ψT =
(
wqqρρρ +wq̇q̇ρρρ +wq̈q̈ρρρ +wλλλ λλλ ρρρ +wρρρ

)
F +

∫ tF

t0

(
gqqρρρ +gq̇q̇ρρρ +gq̈q̈ρρρ +gλλλ λλλ ρρρ +gρρρ

)
dt. (2)

In equation (2) the derivatives of functions w and g are known, since the objective function has a known expression.

On the contrary, the magnitudes qρρρ , q̇ρρρ , q̈ρρρ and λλλ ρρρ are the sensitivity matrices solution of a set of p DAE systems,

called the Tangent Linear Model (TLM) of the equations of motion.

The test case considered in this work is the five-bar mechanism shown in Figure 1. The sensitivities of this

system are well known because they were previously obtained using several different formulations and approaches

[11, 12]. The problem posed was the sensitivity analysis of following objective function dependent on the solution

of the equations of motion:

ψ =
∫ tF

t0
(r2 − r20)

T (r2 − r20)dt (3)

where r2 is the global position of the point 2 and r20 is the initial position (at t = t0) of the same point. As

parameters to obtain the sensitivities, the natural lengths of the springs were chosen ρρρT = [L01,L02].

Acknowledgments
The support of the Spanish Ministry of Economy and Competitiveness (MINECO) under project DPI2016-

81005-P and the post-doctoral research contract Juan de la Cierva No. JCI-2012-12376 is greatly acknowledged.

199



2

1 3

A B

1
m

1
m

1,5 m1,5 m

1 m 1 m 1 m

k1=100
k2=100L01
L02

Figure 1: The five-bar mechanism

References
[1] C. O. Chang, P. E. Nikravesh. Optimal design of mechanical systems with constraint violation stabilization

method. Journal of Mechanisms, Transmissions and Automation in Design, 107(4):493–498, 1985. doi:

10.1115/1.3260751.

[2] E. Haug. Computer aided optimal design: structural and mechanical systems, chapter Design sensitivity

analysis of dynamic systems. Number 27 in NATO ASI series. Series F, Computer and systems sciences.

Springer-Verlag, 1987.

[3] D. Bestle, J. Seybold. Sensitivity analysis of constrained multibody systems. Archive of Applied Mechanics,

62:181–190, 1992. doi:10.1007/BF00787958.

[4] J. Pagalday, A. Avello. Optimization of multibody dynamics using object oriented programming and a

mixed numerical-symbolic penalty formulation. Mechanism and Machine Theory, 32(2):161–174, 1997.

doi:10.1016/S0094-114X(96)00037-7.

[5] A. Schaffer. Stability of the adjoint differential-algebraic equation of the index-3 multibody system equation

of motion. SIAM Journal on Scientific Computing, 26(4):1432–1448, 2005. doi:10.1137/030601983.

[6] A. Schaffer. Stabilized index-1 differential-algebraic formulations for sensitivity analysis of multi-body dy-

namics. Proceedings of the Institution of Mechanical Engineers Part K- Journal of Multi-Body Dynamics,

220(3):141–156, 2006. doi:10.1243/1464419JMBD62.

[7] J. Cuadrado, R. Gutierrez, M. Naya, P. Morer. A comparison in terms of accuracy and efficiency between a

mbs dynamic formulation with stress analysis and a non-linear fea code. International Journal for Numerical

Methods in Engineering, 51(9):1033–1052, 2001.

[8] D. Dopico, A. Luaces, M. Gonzalez, J. Cuadrado. Dealing with multiple contacts in a human-in-the-loop

application. Multibody System Dynamics, 25(2):167–183, 2011. doi:10.1007/s11044-010-9230-y.

[9] R. Pastorino, E. Sanjurjo, A. Luaces, M. A. Naya, W. Desmet, J. Cuadrado. Validation of a Real-Time

Multibody Model for an X-by-Wire Vehicle Prototype Through Field Testing. Journal of Computational and

Nonlinear Dynamics, 10(3):031006, 2015. doi:10.1115/1.4028030.

[10] D. Dopico, F. González, J. Cuadrado, J. Kövecses. Determination of holonomic and nonholonomic constraint

reactions in an index-3 augmented lagrangian formulation with velocity and acceleration projections. Journal

of Computational and Nonlinear Dynamics, 9(4):041006–041006, 2014. doi:10.1115/1.4027671.

[11] D. Dopico, Y. Zhu, A. Sandu, C. Sandu. Direct and adjoint sensitivity analysis of ordinary differential

equation multibody formulations. Journal of Computational and Nonlinear Dynamics, 10 (1)(1):1–8, 2014.

doi:10.1115/1.4026492.

[12] D. Dopico, A. Sandu, C. Sandu, Y. Zhu. Multibody Dynamics, chapter Sensitivity Analysis of Multibody Dy-

namic Systems Modeled by ODEs and DAEs, 1–32. Computational Methods in Applied Sciences. Springer

International Publishing Switzerland, 2014. doi:10.1007/978-3-319-07260-9.

200



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

Position Control of Flexible Chain Using Wave Based Control

Michael Valášek, Filip Šáfr, Zdeněk Neusser, Jan Pelikán,
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Abstract
Quality of motion control of a mechanical system is closely related to system’s dynamic properties which

usually limit the overall performance of mechatronic system. There are different approaches how to deal with the

dynamic response of a mechanical system in order to achieve acceptable positioning times and accuracy. This

paper describes an application of wave based control which is one of the newer approaches in motion control.

Theory of wave based control as well as an experiment will be demonstrated on 1D chain of lumped masses

and springs (Fig. 1). Such chain can also stand as a representation of 1D continuum and eventually be expanded to

model 3D continuum.

Figure 1: Chain of concentrated masses

miẍi = bi(ẋi+1 − ẋi)+ ki(xi+1 − xi)−bi−1(ẋi − ẋi−1)− ki−1(xi − xi−1) for i = 1, ... ,n−1

mnẍn =−bn−1(ẋn − ẋn−1)− kn−1(xn − xn−1) (1)

Motion of chain with n lumped masses depicted in Fig. 1 can be traditionally described by a system of n ordinary

differential equations (1). The wave based control however originates from different description based on an idea

of mechanical waves propagating through the chain [1]. In this description a virtual wave propagates through the

mechanical system from the actuator to the free end of the chain where it is redirected back in the system and

propagates in opposite direction toward the actuator. Position of each lumped mass xi(t) in any given time is then

determined by a sum of the forward traveling wave ai(t) and the returning wave bi(t). Such mathematical model

of physical system by means of transfer functions is depicted in Fig. 2, where Xi(s), Ai(s) and Bi(s) are Laplace

transforms of masses positions xi(t) and wave signals ai(t), bi(t).

Figure 2: Scheme of wave based model

The idea of wave based control is then in sensing the returning wave and controlling the actuator in such a way

that this returning wave is absorbed instead of being reflected back to the system. This control action terminates

the motion at the desired position while effectively suppressing vibrations in the system. Various researches and

experiments had shown, that control system based on this idea is applicable on many different control related

problems with beneficial impact on stability and control performance [2].

However the key feature of wave based control is the fact, that very little has to be known about the controlled

system’s dynamic properties to successfully implement the control (as opposite to for example input shaping or

model predictive control [3]). Neither the knowledge of complete actual state of the system during the control is

needed. The control action is based on very localized information about the system (for example in the case of 1D

lumped masses chain it is position of the first mass x1 and roughly the stiffness k0 and first mass itself m1).
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The main goal of this paper is to introduce experimental results of wave based control applied on real me-

chanical system. This system was built as a physical (rotary/torsional) representation of an idealized chain of

concentrated masses and springs.

The system itself can be seen in Fig. 3. It consists of three identical aluminum flywheels connected with two

thin steel shafts, third (shorter) shaft connects the first flywheel to an actuator, which in this case is servomotor

Omron R88M-W1K030F-BS2. Each of the flywheels is supported by two deep grove ball bearings and fitted with

rotary encoders Renishaw SR030A to measure its position. Total moment of inertia of each flywheel assembly is

0,016kgm2. The connecting shafts are made of steel wire with diameter 6mm and are connected to flywheels by

bellows type couplings.

Figure 3: Mechanical system used for measurements

To control the actuator Yaskawa SGDM-10DE servo drive was used in traditional cascade control mode with

position feedback loop closed from servomotor’s encoder. This combination of servomotor and servo drive can

introduce peak moment 9,5Nm into the mechanical system.

The signal with servomotor desired position used as an input into the servo drive was generated by the wave

based control loop. The input for this control loop (i.e. signal sensing the returning wave) was taken from the first

flywheel’s encoder.
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Abstract
A considerable number of researches have investigated the control problem for robot manipulators with flex-

ible joints [1] - [14]. By use a singular perturbation theory an adaptive control approach was proposed in [1] for

flexible-joint robot manipulators under the assumption of weak joint elasticity. By use a passivity-based approach

an adaptive control scheme was proposed in [2] regardless of the joint flexibility value. By use an integral manifold

approach an adaptive controller for flexible joint robot was obtained in [4]. The control results which are obtained

in [1], [2] and [4] assume the full state measurement of the elastic joint robots, namely the control inputs are

computed using link and motor shaft positions and velocities. Both the smooth output tracking control regulator

with dynamical feedback linearization and the variable structure control scheme for the flexible joint manipulators

are obtained in [3]. To define globally tracking controllers three stabilization techniques such as decoupling-based

schemes, backstepping design procedure and passivity-based approach [6] have been applied.

The control results in [6]–[11] assume the availability of the link positions, velocities, accelerations, jerks as

well as of the motor velocities.

The objective of the work is to design a controller that will provide a asymptotic stability of a program motion

of a manipulator with flexible joints by use only motor position sensors and link accelerometers.

Consider the dynamic model of robot manipulators with elastic gearboxes, i.e. elastic joints, defined by the

following equations [13]

A(q)q̈+C(q, q̇)q̇+g(q)+D(q̇− Q̇)+K(q−Q)+d(q, q̇) = 0 (1)

JQ̈+D(Q̇− q̇)+K(Q−q) = u (2)

where q ∈R
n and Q ∈R

n represent the link angles and motor angles respectively, A(q)∈R
n×n is the inertia matrix

for the rigid links, J ∈ R
n×n is the diagonal matrix of actuators inertias reflected to the link side of the gears,

J = diag{ j1, j2, . . . , jn} > 0, the Coriolis and centrifugal torques are described by C(q, q̇)q̇, g(q) represents the

gravitational terms, D = diag{d1,d2, . . . ,dn} > 0 is the viscosity matrix of the springs at the joints, d(q, q̇) is the

vector of the link viscous damping, K = diag{k1,k2, . . . ,kn}> 0 is the joint stiffness matrix and u ∈R
n is the input

torque.

For the robot model (1), (2), define a set X of the program motions as

X = {q(0)(t) : [t0,+∞)→ R
n : ‖q(0)(t)‖< g0, ‖q̇(0)(t)‖< g1, ‖q̈(0)(t)‖< g2}

where functions q(0)(t) are differentiable at least two times with respect to t, gi (i = 0,1,2) are some positive

constants, t0 = const ≥ 0, ‖ · ‖ is Euclid vector norm.

We assume that Q and q̈ are directly measured. Define as measured output z ∈ R
2n the vector z = (z1,z2)

′ =
(Q, q̈)′. The stabilization problem can be stated as that of constructing a control law u = u(t,Q, q̈) which provides

an asymptotic stability for a given program motion q0(t) ∈ X of the robot (1), (2).

For the dynamical model (1), (2), define the new state vector (q, q̇,S)′ and the new control input v as follows

S = DQ̇+K(Q−q) (3)

v = DJ−1u+(DJ−1D−K)q̇+KD−1Kq−KD−1KQ (4)

Then, we obtain the state equations as

A(q)q̈+C(q, q̇)q̇+g(q)+Dq̇+d(q, q̇) = S (5)

Ṡ = (−DJ−1 +KD−1)S+ v (6)

Let q(0)(t) ∈ X be some program motion. Define the function S = S(0)(t) as

S(0)(t) = A(q(0)(t))q̈(0)(t)+C(q(0)(t), q̇(0)(t))q̇(0)(t)+g(q(0)(t))+Dq̇(0)(t)+d(q(0)(t), q̇(0)(t)) (7)

We use the following linear dynamical observer [13]

ξ̇1 = ξ3 +L1(z1 −ξ1), ξ̇2 = ξ4 +L2(z1 −ξ1)

ξ̇3 =−J−1Kξ1 + J−1Kξ2 − J−1Dξ3 + J−1Dξ4 + J−1u+L3(z1 −ξ1), ξ̇4 = L4(z1 −ξ1)+ z2
(8)
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where the gain matrixes L j = diag{l j1, l j2, . . . , l jn}, j = 1,2,3,4 have the following form [13]

l1i = a3i −di/ ji, l2i = jia1i/ki − jidia0i/k2
i

l3i = a2i −dia3i/ ji +(d2
i − ki ji)/ j2

i , l4i = jia0i/ki
(9)

the coefficients a ji ( j = 1, . . . ,4, i = 1, . . . ,n) of the associated characteristic polynomial

p∗i (λ ) = λ 4 +a3iλ 3 +a2iλ 2 +a1iλ +a0i

with the desired set of roots λ ji, j = 1,2,3,4.

By use the backstepping design procedure [15] and the result [16] we obtain that the control law

u = (E − JKD−2)B(ξ4 − q̇(0)(t)+ p(ξ2 −q(0)(t)))++D−1JB(q̈− q̈(0)(t)+

+p′(ξ2 −q(0)(t))(ξ4 − q̇(0)(t)))−D−1JṠ(0)(t)+(KJD−2 −E)S(0)(t)+

+(D−1JK −D)ξ4 − JK2D−2ξ2 + JK2D−2Q

with (7) stabilizes the program motion q0(t) ∈ X of the robot (1), (2).
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Abstract
The adjoint method (see, e.g., [1, 2]) is a very powerful tool for parameter identi cation or optimal control

in time domain. In most cases the results lead to some kind of best- t solution, which means that high frequency
components with low amplitudes are not considered. However, in this contribution we present an approach for the
identi cation of parameters which in uences the system at special frequencies or frequency ranges. The basic idea
is to compute the Fourier coef cients for the relevant oscillations. Then, the cost function is the difference of the
amplitudes from the simulation and a measured value e.g., from a test bench. The derivation and computation of
the gradient of the cost function with the adjoint method is presented and applied to a four-cylinder engine in order
to identify the parameters of a torsional vibration damper (TVD).

Problem definition
We consider a multibody system of differential algebraic equations (DAE)

M(q)q̈+C
T

q (q)λλλ = f(q,q,p, t), C(q) = 0 with q(0) = q0 and q(0) = v0 (1)

in which q denotes the generalized coordinates with its time derivatives q and q̈. M is the symmetric mass matrix
and f represents the vector of generalized and gyroscopic forces. The algebraic constraint C(q) in uences the
system equations by the constraint force CT

q (q)λλλ . Moreover, p is a vector of parameters to identify and y(t) =
g(q,q) is the system output. Introducing time dependent Fourier coef cients ak and bk by setting

ak =
2
T

y(t) sin(ωk t) bk =
2
T

y(t) cos(ωk t) with ak(0) = 0 and bk(0) = 0, (2)

where T is the nal end time and ωk is the k-th frequency of interest. The cost function in Mayer-form to be
minimized is

J(p) = S(T,q,q) =
N

∑
k=1

(
a2

k(T )+ b2
k(T )− Ā2

k
)2

−→ min (3)

in which Āk is the measured amplitude of the k-th frequency.

The adjoint gradient computation
Following the basic idea of the adjoint method in the work by Nachbagauer et al. [2], the gradient can be computed
ef ciently as follows. First of all the cost function of Eq. (4) is extended about the system equations (1) and the
differential equation of the Fourier coef cients (2). Note, that this procedure does not in uence the cost function,
if the system equations are ful lled. Hence, the extended cost function is given by

J(p) =
1
4

N

∑
k=1

(
a2

k +b2
k − Ā2

k
)2

+

∫ T

0

{
ξξξ

T

(q−v)+ ζζζ
T
(

Mv− f(q,v,p, t)+C
T

qλλλ
)
+ μμμ

T

C(q)
}

dt

+
N

∑
k=1

∫ T

0
αk (g(q,v)cos(ωkt)−ak(t))dt +

N

∑
k=1

∫ T

0
βk
(
g(q,v)sin(ωkt)− bk(t)

)
dt

(4)

in which ξξξ , ζζζ and μμμ are arbitrary Lagrange multipliers corresponding to the system states and αk and βk are
Lagrange multipliers corresponding to the Fourier coef cients. Next, the variation of the cost function is carried
out, followed by an integration by parts. Finally, we de ne the Lagrange multiplier as the adjoint variables in order
to avoid the computation of the relation between the variation in the states δq, δv, δλλλ , δak, δbk and the variation
in the parameter δp.
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(a) shematics of the multibody model (b) vib. angle analysis of the 6th and 8th engine order

Figure 1: 4-cylinder combustion engine

The adjoint Fourier coef cients are constant and given by αk =
[(

a2
k +b2

k − Ā2
k
)

ak
]
|t=T and βk =

[(
a2

k +b2
k − Ā2

k
)

bk
]
|t=T

and the adjoint differential algebraic equations read

ζζζ = Aζζζ +C
T

q μμμ +gqG(t),
d
dt
(Mξξξ ) =−ξξξ − f

T

v ζζζ +gvG(t) and Cqζζζ = 0 (5)

where ζζζ (T ) = 0, ξξξ (T ) = 0 and A = (Mv)Tq − fTq +
(

CT

q λλλ
)T

q
and G(t) = ∑N

i=1 (αk cos(ωkt)+βk sin(ωkt)). Finally,
the gradient is

∇J̄ =−

∫ T

0
f
T

p ξξξ dt.

Note, that it is also possible to construct the discrete adjoint system, followed by Lauß [1]. The advantage of
the presented method in [1] is, that the stability and accuracy of the backwards time integration of the adjoint
differential algebraic equations (5) is guaranteed.

Example: Parameter identification of a torsional vibration damper (TVD)
We consider a four-cylinder engine (see Fig. 1(a)) with a exible crankshaft model, which can be described by
differential algebraic equations in the form of Eq. (1). The goal is to identify the parameters of the TVD, which
is modeled with two Maxwell elements, such that the vibration angle of the crankshaft of the 6th and 8th engine
order coincide with a measured value. For the parameter identi cation we use N = 35 points in the frequency
domain. In Fig. 1(b) the vibration angle of the 6th and 8th engine order is compared with the simulation of
the identi ed parameter and the measured vibration angle. The time integration and the gradient computation is
implemented in C++ and the optimization is done in SCILAB with the nonlinear optimization routine �������.
After 50 iterations the solution converges and the computation time was about 1 hour and 50 minutes on a standard
computer. However, using two Maxwell elements for the model of the TVD, the accordance of the 8th engine order
(see in Fig. 1(b)) cannot be improved.
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Abstract
Today, to a great extent, it has become clear that a good deal of the expected upcoming advances in the context

of machine design, testing, operation and maintenance (to cite some), will come from the hand of the addition

of “Intelligent features” having an impact on the different stages of the machine life-cycle (design, prototype,

validation, certification, control, operation, predictive maintenance,...).

In this work we center our attention on the Horizontal Axis Wind Turbines (HAWT), an interesting context

because the of current and foreseen relevance of the wind energy generation at a global scale. It is well known that

such demand is and is expected to be covered by the aforementioned wind turbine configuration.

This “Intelligent features” are expected to lower the Total Cost of Ownership (TCO) of wind energy infras-

tructures making them more competitive against other energy generation technologies. This features have been

present in this industry from the very beginning. This means basically the Supervisory Control And Data Acqui-

sition (SCADA) systems used for the autonomous control and operation, and remote operation and supervision of

the wind turbines. But, generally speaking, the features of such systems use to be very conservative, they usually

deal with a bare minimum of requirements for the monitoring and control required for the HAWT operation.

Nowadays predictive maintenance relies mainly on the analysis of very basic SCADA data, putting important

limitations on the requirement for a fully-fledged predictive maintenance. Operation data can be also fundamental

for the assessment new HAWT designs, and their testing and validation, but usually the SCADAs data is not enough

to cope with all the belts and whistles that mechanical engineering practitioners would dream of. This is because

it is already known that there are failure modes with an important impact on the TCO that are difficult to predict

based on standard SCADA date. For example, some failure modes of: blade, tower, foundation and low speed axis,

are infamous in this context.

Now that high MW HAWT are becoming the facto in the wind energy industry, the introduction of additional

sensors has become a very attractive option. Obviously with HAWT have been deployed with a very important

number of sensors, but these are mostly prototypes for experimental research. It frequently happens that special

sensors are deployed in an HAWT, but usually in a limited number of specimens, for a short period of time, and/or

for the assessment of a very specific issues, during the so called measurement campaigns.

Meanwhile, more exigent updated or even new specifications have been worked out, related to mechanical

design, validation and certification more relevant ones are the IEC 61400-1 standard that applies for large onshore

wind turbines [1], the IEC 61400-3 for offshore wind turbines [2] ], the 61400-13 TS that stipulates the measure-

ment of generic mechanical loads for wind turbines [4] and the IEC 61400-22 concerned with conformity testing

and certification of Wind Turbines [5]. This are referred here as they are more relevant in the mechanical en-

gineering context. These new specifications require the estimation and or measurement of loads, displacements,

accelerations,... in addition with other measurements usually performed already standarized in the SCADA, low

speed shaft position, pitch angles, high speed shaft velocity,.... Frequently the specification tells what it is desired

to know without specifying how to perform the measure. This presents several difficulties, which sensors, where,

calibration requirement, an dome sort of model based inference. Also requirements in terms of information or

measurements required by different specifications, is regarded as unrelated.

Model based nonlinear filtering appears here as a tool that can be used suit most of the needs of the speci-

fications in the most “Intelligent” way regarding the current technological scientific panorama. The possibilities

of this kind of filters (i.e. Extended Kalman Filter) are well know. If a proper combination of model and sen-

sors are correctly tuned: state, load, calibration and estimation of unknown inputs, to cite some, can be made

available an in a robust way. IEC 61400-13 TS [4] that stipulates required and suggested loads and accelerations

measurements. Starting from these requirements for the case of high MW wind turbines, we propose to analyze

High end Extendend Kalman filter strategies with the purpose of allowing a detailed state estimation, detailed load

estimation, sensor calibration, robustness of the measurement chain. We criticize the specification and propose

measurement strategies, desirable additional measurements and even procedures to fulfill these objectives. The
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presence of a detailed model compatible with the ones used to asses the design and specifications in IEC 61400-1,

and IEC 61400-22 [1, 5], leads to an holistic approach that allows to satisfy simultaneously the requirements of

Load Measurement, Predictive Maintenance, Mechanical Design Assessment and Certification, at least if such a

system becomes a standard wind turbine monitoring equipment.
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Abstract

Planetary gear trains or epicyclic gearing are mechanical systems for the transfer and translation of rotation

and torque. Planetary gear trains can be found in such high technological systems as automotive transmissions,

aircraft motors and wind turbines to mundane products as pencil sharpeners. In this work, the vibrational behavior

of planetary gear trains is of concern as this can lead to detrimental effects including fatigue, comfort and acoustics.

Lumped-parameter models are useful in early development phases of planetary gear sets to assess the modal

response and optimize performance. This design phase is, though, plagued by uncertainty, which if neglected can

lead to drastically suboptimal designs. Methods are herein demonstrated to optimally design planetary gear sets,

which ensures proper performance with respect to resonance frequencies under parameter uncertainty.

In this study, a parametric lumped-parameter model is developed for the analysis of a generic planetary gear

train. This lumped-parameter modeling approach was originally introduced by [3] and has been further estab-

lished and advanced by [1, 4, 5], amongst others. The dynamic model, having 3(3+nP) degrees of freedom, is

formulated via the equations of motion

mü+du̇+ku= F, (1)

where m, d, and k are the mass, damping and stiffness matrix, while ü, u̇, u and F are the acceleration, velocity,

displacement and the external force vectors. This serves as the basis to find the system of free vibrations. The para-

metric model in this work is used to ascertain the resonance behavior of such free vibration. Lumped-parameter

models are accurate in terms of eigenfrequencies and their eigenmodes, yet require extremely low computational

effort, allowing for numerical optimization and uncertainty analysis [2]. Although the model framework is inde-

pendent of the specific case, the benchmark planetary gear train in this work is driven by the sun and the output on

the carrier (see fig. 1). There are three planetary gears and the ring gear is fixed.

Methodologies utilizing optimization are introduced to design generic planetary gear trains; three formula-

tions are shown. Mass and inertia terms are used as design variables. The first formulation is a simple unconstrained

maximization of the lowest eigenfrequency. The objective function in the second formulation is minimum mass

while the constraints ensure that the design avoids critical frequencies. The frequency ranges have been avoided by

formulating the constraint functions after a method introduced by [6]. Although this creates a disjoint design space,

gradient-based optimization methods, which strictly seen are therefore no longer applicable, have been success-

fully utilized. Finally, a novel metric is introduced in which the avoidance of critical frequency ranges assessed.

The Python toolbox for optimization DESOPTPY [7] including various optimization algorithms and methods is

used. Efficient gradient-based methods are preferred here, yet gradient-free methods including genetic algorithms

found in DESOPTPY are used for comparison purposes.

The stiffness values of planetary gear sets are afflicted with uncertainty and correspondingly the stiffness pa-

rameters used in this lumped-parameter model are treated as intervals. Bounded intervals are used as statistical

distributions are assumed to be unavailable in such early development phases. Although resulting in more con-

servative designs, this method requires no precise statistical information and instead by bounding tolerances or

ranges of possible values. The uncertainty analysis is carried out using an efficient optimization-based minimiza-

tion–maximization method. The uncertain stiffness parameters are used to find the possible range of the resonance

frequencies, which in turn are used in the optimization process.

Central to the efficiency of this work is analytical sensitivity analysis. This has been implemented to provide

accurate sensitivities of system responses with respect to design variables, system parameters and uncertain param-

eters. Postprocessing assessments via sensitivities of the optimal results are included, which investigates the effect

of the constraint limits (frequency ranges) and uncertainty levels (uncertain stiffnesses) on the objective function.

The results are then summarized providing insight on the design of planetary gear trains in various applica-

tions, with and without optimization methods.
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Figure 1: Planetary gear train
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Abstract

Overhead container cranes are typical underactuated multibody systems since they have less independent

control inputs than degrees of freedom. They play an essential role in cargo handling operations at ports and

in the industrial sector. In order to ensure safe operating conditions, undesirable load swing should be avoided

during the execution of a certain task. In this case, a feedback control scheme could be adopted to automatically

prevent oscillation of the load. However, the design of accurate controllers for this kind of problem can become

very challenging inasmuch as the load swing cannot be controlled directly. Moreover, overhead crane dynamics

are frequently uncertain, e.g. due to unknown friction forces, and are also subject to external disturbances such as

wind loads.

In this contribution, an intelligent controller is proposed for an underactuated overhead container crane subject

to both parameter uncertainties and unmodeled dynamics. The adopted approach is based on the sliding mode

method to confer robustness against modeling inaccuracies and external disturbances. Additionally, an adaptive

fuzzy inference system is embedded within the control law to improve set-point regulation and trajectory tracking.

In order to evaluate the performance of the proposed intelligent scheme, the control law was implemented and

tested in a 1:6 scale experimental container crane, available at the Institute of Mechanics and Ocean Engineering

at Hamburg University of Technology. The experimental setup, as shown in Figure 1a, consists of a trolley and a

container with dimensions 0.35m×0.37m×0.86m that is attached to the trolley by four cables.

Since the trolley moves along only a linear axis, planar motion is assumed, yielding the equation of motion:⎡⎣ M+m msinθ ml cosθ
msinθ m 0

ml cosθ 0 ml2

⎤⎦⎡⎣ ẍ
l̈
θ̈

⎤⎦=

⎡⎣ mθ̇(θ̇ l sinθ −2l̇ cosθ)
m(lθ̇ 2 +gcosθ)

−ml(2l̇θ̇ +gsinθ)

⎤⎦+

⎡⎣ ux
ul
0

⎤⎦ . (1)

Here, ux and ul are, respectively, the control forces acting on the trolley and the cables, x is the trolley position,

l stands for the length of the cables, θ represents the swing angle, M is the mass of the trolley, and m is the container

mass. It should be emphasized that only the variables x and l can be directly actuated. The swing angle θ , on the

other hand, is an unactuated variable.

Now, following the sliding mode method, a stable manifold should be established in the state space. Here, the

switching variables are defined according to the general approach proposed by Ashrafiuon and Erwin [1]:

s =
[

αx 0

0 αl

][
˙̃x
˙̃l

]
+

[
λx 0

0 λl

][
x̃
l̃

]
+

[
αθ
0

]
˙̃θ +

[
λθ
0

]
θ̃ . (2)

Here, s = [sx sl ]
� is the switching vector, αn and λn (with n = x, l,θ ) are parameters that must be properly

chosen in order to ensure the stability of the sliding surface [1], and x̃ = x− xd , l̃ = l − ld , and θ̃ = θ −θd are the

tracking errors, with subscript d representing the desired values for each variable.

Conventionally, sliding mode based schemes are implemented with a discontinuous term in the control law, but

a known drawback of this approach is the resulting chattering phenomenon. In order to avoid the undesired effects

of the control chattering, a thin boundary layer neighboring the switching surface could be adopted, by replacing

the discontinuity with a continuous interpolation inside the boundary layer. This substitution can minimize or,

when desired, even completely eliminate chattering. However, it turns a perfect tracking into a tracking with

guaranteed precision problem, which actually means that a steady-state error will always remain.

Thus, in order to enhance the control performance, an adaptive fuzzy compensator d̂ = [d̂x d̂l ]
� is combined

with a smooth sliding mode controller:

u =−
[ −(αθ cosθ −αxl)/Ml (αθ cosθ −αxl)sinθ/Ml

−αl sinθ/M αl(msin2 θ +M)/Mm

]−1 [ αθ (2l̇θ̇ +gsinθ)/l+
αl(lθ̇ 2 +gcosθ)+

+d̂x −αxẍd −αθ θ̈d +λx ˙̃x+λθ
˙̃θ +Kx sat(sx/φx)

+d̂l −αl l̈d −λl
˙̃l +Kl sat(sl/φl)

]
, (3)

where u = [ux ul ]
� is the proposed control signal, Kx and Kl are the related control gains, sat(·) is the standard

saturation function, and φx and φl define the width of the associated boundary layers.
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Each compensation term is computed using the Takagi-Sugeno-Kang inference method [3]: d̂m = D̂�
mΨΨΨm

(with m = x, l), where D̂m = [D̂m1, D̂m2, . . . , D̂mR]
� are vectors containing the attributed values D̂mr to each rule r,

ΨΨΨm = [ψm1,ψm2, . . . ,ψmR]
� are vectors with components ψmr = wmr/∑R

r=1 wmr and wmr is the firing strength of

each rule. With the view to reduce the number of fuzzy sets and rules, the switching variables sm, instead of all

state variables, are considered in the premise of the related fuzzy rules. The vectors of adjustable parameters are

automatically updated by the adaptation laws ˙̂Dm = ϕmsmΨΨΨm, where ϕm are strictly positive constants related to

the adaptation rate [2].

Finally, the proposed intelligent controller is evaluated in the experimental overhead container crane for both

stabilization and trajectory tracking problems. Figure 1b shows, for example, the overlayed video frames related

to the tracking of a semicircle trajectory around an obstacle.

(a) Experimental setup: trolley, cables and container. (b) Tracking of a semicircle around an obstacle.

Figure 1: Overhead container crane at the Institute of Mechanics and Ocean Engineering.

Due to the ability of the adopted adaptive fuzzy algorithm to recognize and compensate for unmodeled dynam-

ics, e.g. friction or damping forces, the improved performance of the proposed intelligent sliding mode controller

over the conventional counterpart could be clearly verified in all conducted experiments.
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Abstract

It is well known that Multibody System Dynamics field has a long and prolific history over the last decades.
Multibody Dynamics has its roots in Classical Mechanics and becomes an important and independent
multidisciplinary area thanks to the impressive computer developments. As a consequence, there are several 
methodologies available to model, study, analyze and control kinematics and dynamics of mechanical systems, 
nevertheless, the fact that most of them have been developed from few fundamental mechanical principles. In a 
simple way, there are three main methods to derive the equations of motion, namely the Newton-Euler approach, 
the Lagrange technique and Kane formulation [1-3].

The fundamentals that govern the motion laws for multibody systems were well established since century 
XVIII. In addition, the numerical methods necessary to solve the equations of motion were known more then 
100 years ago. However, the scientific area of multibody system dynamics has emerged over the last five
decades, when the development of several computational codes allows for the automatic generation, assemble 
and resolution of the equations of motion for complex constrained mechanical systems [4]. After 70’s, the 
methodologies of multibody systems have reached a high degree of maturity, which were materialized by a good 
number of publications in the form of textbooks. Additionally, three scientific journals specially devoted to 
multibody dynamics were created, namely Multibody System Dynamics, Journal of Multi-Body Dynamics and 
Journal of Computational and Nonlinear Dynamics.

Over the last few decades, thanks to the developments at both software and hardware levels, it was possible 
to access to multibody computational tools able to model, simulate and analyzed mechanical system in academic 
and industrial environments that permit the inclusion of realistic characteristics such as flexibility of bodies, 
geometric properties, real time situations, etc. The high level of different characteristics associated with 
multibody dynamics formulations has been a reality over the last years with low computational costs and high 
level of reliability and an accuracy of results [5]. Shabana [6] advocated that the future of multibody dynamics 
implies the identification of the relations between different formulations, inclusion of contact-impact events, 
interaction with control methodologies, identification of experimental procedures as well as the incorporation of 
large deformations. This idea was corroborated by Schiehlen [1] who stated that “Challenging applications 
include biomechanics, chaos and nonlinearity, robotics and society and vehicle control … multibody system 
dynamics turn out to be a very lively and promising research subject”.

As it was previously mentioned, the research activities in the field of multibody dynamics has been intense 
and fertile over the last decades, however, the teaching activities related to the different methodologies of 
multibody systems is still an area of development. This ideas has been presented by Schiehlen [7] in a very 
interesting paper published in the occasion of 10th anniversary of Multibody System Dynamics journal. It can be 
said that the current panorama has similarities with the genesis of finite element method, when the first teaching 
courses were offered in the 60’s and nowadays there must not exist any Mechanical or Civil engineering program 
that do not include a course special devoted to finite element method. In fact, there are only few universities 
offering special courses on multibody dynamics [8-12].

This work deals with the genesis and development of the teaching and research activities at the University of 
Minho. Special emphasis is given to the courses that are offered in the field of multibody dynamics at bachelor, 
master and PhD programs. The close relation with other courses, such as Dynamics, Numerical Methods, 
Computational Mechanics, etc., is object of study in this work, as well as the interaction with research activities 
in the area of multibody dynamics. The pre-requisites, objectives, teaching methodologies, evaluation, will be 
object of discussion in this work. In addition, several demonstrative examples of application will be presented 
and used to discuss the main assumptions and procedures in teaching multibody dynamics. The use of 
commercial and/or internally developed codes is also and important topics for teaching the fundamentals of 
multibody dynamics and also to perform the research activities. To address these issues, this work describes a 
recently developed course that relies on the Automatic Computation of Multibody Systems offered in the PhD 
Mechanical Engineering program of the University of Minho. Moreover, the ideas and constraints enforced by
Bologna Declaration in the reorganization of Higher Education will be discussed [13-15].
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Figure 1. Mechanical model of a synchronous machine (MMSM).
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Abstract
In the last few years inverse problems are becoming more and more important in the community of multibody

system dynamics. The current paper presents an easy to use software for solving inverse problems in multibody

dynamics which includes various strategies for the solution of parameter identification and/or optimal control

problems in time- or frequency-domain. The software bases on the adjoint method which enables an efficient

computation of the gradient for an objective function [1]. For complex multibody systems, an efficient strategy for

the combined forward and backward simulation of the state and the co-state (adjoint) equations is implemented.

Therefore, the software enables not only efficient applications in industry, but allows as well the analyses and in-

vestigation of new research ideas within this field.

1 The adjoint approach
A general approach to an inverse problem is the formulation as an optimization task. In this case, the main task

is the identification of actuating forces/moments or parameters of a multibody system which minimize a time-

continuous cost function J, e.g., the mean deviation of a system output from a measured signal. The bottleneck is,

on the one hand, the large number of degrees of freedom of a multibody system which includes flexible bodies and,

on the other hand, the expensive computation of the gradient of the cost function J. Especially, in the field of multi-

body systems, the effort of the computation of the gradient of a cost function is significantly reduced by using the

adjoint method. The basic idea of the adjoint method is the introduction of additional adjoint variables determined

by a set of adjoint differential equations from which the gradient can be computed straightforward. This main

idea directly corresponds to the gradient technique for trajectory optimization pioneered by Bryson and Ho [2].

Various authors have utilized the adjoint method in the field of multibody system already more than twenty years

ago, as e.g., [3–5], but nevertheless, the topic still provides open research potential as several contributions were

published recently [1, 6–9]. The main goal of this contribution is the realization of the adjoint method for the

gradient computation in order to solve both, parameter identification and/or optimal control problems as well as in

time- or in frequency-domain within one software tool. The software is controlled by an easy-to-write input file in

text-format, in which the domain and the parameters for the adjoint method can be selected and varied easily. It

enables a wide range of applications, driven both by research questions and industrial problems. Various examples

show the clear structure in the model file and the input file as well as the user interface for the software.

2 Available strategies for the adjoint method: (classical) continuous or discrete adjoint method
The use of the classical adjoint method for a multibody system described by a system of differential-algebraic

equations of index 3 for optimal control problems or parameter identification applications has been presented in

[1]. In this work, for the implicit time integration of the multibody system the classical HHT-algorithm [10, 11] is

utilized, while a backward differentiation scheme is used for the adjoint system. An alternative and maybe more

natural approach is the discrete adjoint method, presented in [8], which constructs a finite difference scheme for

the adjoint system directly from the HHT-algorithm which is used for the solution of the equations of motion. The

discrete adjoint method provides two main advantages as compared to the classical adjoint method, namely that

no separate solver is necessary to solve the adjoint differential algebraic system backward in time, and, in case

accelerations are included in the cost function, the Jacobian entries for the discrete adjoint computation simplify

significantly. Both methods are implemented in the presented software.
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3 Available domains: time- or frequency-domain
Depending on the inverse problem to solve, one can choose between classical time-domain or frequency-domain

based procedures in the user interface. In most cases of the classical method in the time-domain, the results

lead to some kind of best-fit solution, which means that high frequency components with low amplitudes are

not considered. However, the identification of parameters which influence the system at particular frequencies

or frequency ranges is an important issue. The basic idea is to compute the Fourier coefficients for the relevant

oscillations and include the according amplitudes in the cost functional, see the work by Lauß et al. [9] for details.

Therein, the parameter identification of a torsional vibration damper based on spectral data from a test bench is

presented as an application of the adjoint method in frequency-domain.
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Abstract
Otto Fischer’s method of principal vectors from well over a century ago [1] has proven

to be of enormous value for the design of dynamically balanced mechanisms, i.e. mecha-

nisms that do not exert dynamic reaction forces and moments to their base for all motions

[2]. This is because of its geometrical insight in the system’s dynamics, which has led to an

extensive development of the theory in the recent years. Some fundamentals of the method

have also been used in the 70’s to physically interpret a simpler form of dynamic equations

in a.o. [3, 4] where principal vectors were referred to as ’barycentric vectors’. The question

is what we can learn and how we can further benefit from this method. The aim here is not

solely analysis, but rather to use the method as a starting point in the design of mechanisms

with specific desired dynamic properties.

By example of a double pendulum it is shown how the Lagrange equations of motions

can be written to depend solely on lengths (principal dimensions) and reduced inertia terms.

The results are discussed and interpreted at the end.
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Figure 1: a) General double pendulum of two rigid bodies connected with revolute pairs in

A1 and O, the base joint; b) The parallelogram A1P1SP2 with principal dimensions a1 and

a2 traces the common CoM in S for all motions. The gravity force applies in S.

Figure 1a shows a planar double pendulum of two rigid bodies with revolute pairs in

A1 and in base pivot O. Each body has a mass mi and inertia Ii about a generally located

center of mass (CoM) Si and their motions are described with angles θi. Figure 1b shows

that the common CoM S of both bodies can be traced for all motions with a parallelogram

A1P1SP2 with dimensions a1 and a2, which are named the principal dimensions [2]. These

are the lengths of the principal vectors describing the locations of the principal points P1

and P2 in each element and are determined by m1 p1 = m2a1 and m2 p2 = m1a2. With a′1
and constant angle φ the location of S can be described with the principal dimensions as:

xS = a′1 sin(θ1 +φ)+a2 sin(θ2 −π), yS =−a′1 cos(θ1 +φ)−a2 cos(θ2 −π) (1)
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Generalized from Fisher [1, 2], the kinetic energy of the double pendulum can be written

as:

T = mtot{ ẋ2
S

2
+

ẏ2
S

2
}+mtot{χ2

1

2
θ̇ 2

1 +
χ2

2

2
θ̇ 2

2 −a1a2 cos(θ1 −θ2)θ̇1θ̇2} (2)

with the reduced inertias χi written as mtot χ2
1 = I1+m1 p2

1+m2a2
1 and mtot χ2

2 = I2+m1a2
2+

m2 p2
2. The first term is the kinetic energy of the absolute motion of the common CoM and

the second term is the kinetic energy of the double pendulum motion relative to the common

CoM. More details of this formulation can be found in [2]. With the derivatives of Eqs. (1)

substituted, the kinetic energy can be rewritten as:
(3)

T = mtot{χ2
1 +a′21

2
θ̇ 2

1 +
χ2

2 +a2
2

2
θ̇ 2

2 − (a1a2 cos(θ1 −θ2)+a′1a2 cos(θ1 +φ −θ2))θ̇1θ̇2}

Then with the potential energy V =−mtotg(a′1 cos(θ1+φ)−a2 cosθ2) the Langrange equa-

tions of motion can be obtained as:

(χ2
1 +a′21 )θ̈1 − (a1a2 cos(θ1 −θ2)+a′1a2 cos(θ1 +φ −θ2))θ̈2 − (4)

(a1a2 sin(θ1 −θ2)+a′1a2 sin(θ1 +φ −θ2))θ̇ 2
2 = −ga′1 sin(θ1 +φ)

(χ2
2 +a2

2)θ̈2 − (a1a2 cos(θ1 −θ2)+a′1a2 cos(θ1 +φ −θ2))θ̈1 +

(a1a2 sin(θ1 −θ2)+a′1a2 sin(θ1 +φ −θ2))θ̇ 2
1 = ga2 sinθ2 (5)

The right side of the equations shows the influence of the applied gravity force, depend-

ing solely on the gravity g and principal dimensions a′1 and a2. Evaluation of the left side

shows that it solely depends on the principal dimensions a1, a2, and a′1 together with the

reduced inertia terms. Both equations are similar with coefficients a1a2 and a′1a2. With

other methods these equations generally result with coefficients writing mass times length
times length. The advantage of this formulation is that the coefficients are based on the

graphical construction in Fig. 1b. This enhances intuitive investigation and optimization of

the system dynamics. For instance for a given motion θ̈i(t), θ̇i(t), and θi(t) the required

action forces/moments or maximum reaction forces/moments could be optimized by deriv-

ing the optimal values for a1, a2, and a′1. Subsequently from these principal dimensions the

exact mass parameters may be derived.

As example the situation that a′1 = 0 and a2 = 0 where P1 and O coincide and P2 and

A1 coincide. Then the gravity terms at the right side become zero. This means that the

double pendulum has become gravity balanced. All sin and cos terms on the left then also

disappear with which the equations of motion reduce to the linear decoupled set:

χ2
1 θ̈1 = 0, χ2

2 θ̈2 = 0 (6)

How such an optimization can be used for other situations and other mechanisms is topic

of discussion and further research and is essential to reveal the full potential of this method.
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Abstract

The operation of overhead cranes requires to deal with the problem of damping or eliminating the load 
oscillation that naturally occur during and after the motion. Such a problem is usually tackled both in literature 
and in industrial practice through closed-loop control or through open loop control. The latter approach consists 
in designing optimal command profiles that move the load to the desired position without residual load oscillations. 
One of the most critical issues in the development of effective command references is the robustness with respect 
to the unavoidable model uncertainty. Despite its relevance, this problem has been explored less frequently. 

An effective approach to include robustness specification in rest-to-rest motion planning of oscillatory 
systems is the one introduced and tested numerically in [1], which is for the first time validated experimentally in 
this work. The proposed solution is based on the formulation of the trajectory planning problem as a Two-Point 
Boundary Value Problem (TBPVP) to be solved through some well-established and reliable methods. In order to 
account for robustness, the proposed method is based on a new definition of the standard TBPVP by including the 
sensitivity functions of the dynamic model of the plant and by adding suitable additional boundary conditions. 
Additionally, some new features are included in the problem formulated in this work, to deal with the 
characteristics of real systems with finite control bandwidths.

In its nominal form, a rest-to-rest motion planning problem can be translated into a variational problem as 
follows. The dynamics of the flexible system should be described by a system of first-order ordinary differential 
equations (ODEs),  in which , ,  and  are the state, the input, the time and a generic 
scalar model parameter, respectively. The properties of the trajectory can be shaped by choosing the suitable cost 
function, defined as the time integral of the function  evaluated over the execution time, with desired 
initial and final states  and  as the boundary conditions. The solution of the TPBVP problem can be 
solved, in its nominal form, by defining the Hamiltionian , where  are the 
Lagrangian multipliers. According to the Pontryagin Minimum Principle, the necessary conditions for the optimal 
solution are:

(1)

The conditions in Eq. (1) can be written as a single equation by defining the minimizing Hamiltionian 
, with  as the input such that . The minimizing Hamiltionian can be used to define a system 

of ODEs with the augmented state vector :

(2)

The solution in Eq. (2) is the nominal solution for the rest-to-rest motion planning problem, since the effects of the 
perturbation to the parameter  are neglected. 

The robust motion planning problem can be defined by augmenting the dynamic model with the sensitivity 
functions of , i.e. its partial derivative with respect to , leading to the augmented system  and state :

(2)

The robust problem can be solved through the method described by Eqs. (1) and (2), with obvious 
modifications of the meaning of the terms. Some additional boundary conditions can be set. In particular, the 
values of the sensitivity functions  are set to zero at both initial and final time to impose minimal sensitivity 
of the solution to possible mismatches between the real and the modeled plant. 
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Figure 1. Scheme and picture 
of the studied system

Figure 2. Experimental results: nominal (a,c) and robust trajectories (b,c), with 
nominal (a,b) and perturbed plants (c,d)

The model can be further augmented to include simplified models of the controlled actuator dynamic and 
hence to ensure feasibility of the generated motion profiles in real systems. Additionally, unlike other works in 
literature (see e.g. [2]), it can be applied to plants described by nonlinear dynamics, with both forces or 
accelerations as the model input.

Experimental results have been obtained using the testbed shown in Fig. 1, in which an Adept Quattro robot 
is used to mimic the motion of the cart of an overhead crane. A massless pendulum with length equal to 0.962 m 
is attached to the cart and the angular position of the pendulum  is measured using a camera. The experimental 
results shown in Fig. 2 compares the nominal and robust trajectories synthesized through the proposed method. 
All measurements refer to a sample motion consisting in a translation of the cart equal to 0.2 m in 2 s. The output 
of the problem solution is the time history of the desired position for the cart, which is used as the command 
references for the robot closed-loop position control. 

The plot in Fig.2(a) shows the results of the application of the nominal trajectory to the nominal plant with 
no model mismatch, by showing the measured position of the cart  and the measured position of the suspended 
load . The plot (b) shows the results obtained by synthesizing the command reference with the robust approach 
and, again, with the nominal plant. In particular, the robustness improvement has been obtained by including the 
sensitivity function with respect to the natural frequency of the load swing vibrational mode. In both cases the 
prescribed rest-to-rest conditions are obtained, since the residual oscillation of the load is negligible. The slightly 
lesser accuracy obtained in the case of robust planning is mainly due to the limited tracking precision of the robot 
observed during high dynamic motion. It should be noticed that the nominal trajectory, as shown in Fig.2(a), has 
only positive values of the cart speed. In contrast the robust command reference in Fig.2(b) imposes both positive 
and negative speeds. This feature results in higher peak values of cart speed and acceleration, and in harmonic 
components with higher frequency, thus making the tracking more difficult. 

In order to test the actual robustness improvement brought by the proposed method, two further results are 
shown in Fig.2(c-d). Such tests consist in performing the same motion with a pendulum length reduced by 0.18 m. 
This modification induces an increase of the natural frequency of the load oscillation and therefore a sensible 
mismatch between the modeled and the actual plants. As can be seen in Fig.2(c), the application of the nominal 
trajectory results in a large residual oscillation of the load, while a noticeably lower amplitude is obtained by using 
the robust trajectory. This result confirms that the proposed method can be effectively used to improve the 
robustness to parametric mismatches between the model of the plant used for trajectory planning and the actual 
plant.

Other results, not reported here, has shown that the proposed techniques can effectively plan much faster 
motion profiles, lasting less than half of the oscillation period, and can be extended to overhead cranes with double 
and triple pendulum as well.
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Abstract

Over the last couple of years, technological advances have made it seem increasingly feasible to solve 
complicated tasks by employing a group of autonomous systems that need to cooperate to achieve a common 
goal. Driven by the possible advantages like increased flexibility and robustness, this has led to a growing 
scientific interest in the development of distributed control schemes that make this vision realizable from a 
control-theoretic point of view [1, 2]. 

In this context, this paper compares different distributed formation control approaches based on model 
predictive control (MPC) [3]. Specifically, the presented control schemes are used to govern the motion of 
omnidirectional mobile robots that shall maintain a given formation shape while following a path through a 
previously unknown environment. As illustrated in Figure 1, the setup of the control schemes is motivated by the 
task of letting the formation transport an elastic plate purely by normal and friction forces.  

Figure 1. Illustration of the plate transportation task 

The intricacy of this task motivates the choice of model predictive control since it allows to explicitly 
constrain the movements of the robots to the end of improving the transportation performance.  However, 
typically, MPC is applied to systems where one central entity solves an overall optimization problem to 
determine the optimal control behavior. In contrast to that, the distributed control of mobile robots necessitates 
that each robot solves its own optimization problem and may only exchange information with the other robots 
before and after the optimization. Fortunately, in recent years, a multitude of algorithms and methods have been 
developed that make it possible to apply model predictive control to a group of distributed systems [1].  

The specific schemes proposed and compared in this paper are rooted in the general theory presented in [4] 
and [5]. These two approaches are fundamentally different in their optimization and communication strategies. In 
[4], the systems optimize and transmit information sequentially one after another, while in [5], they can optimize 
concurrently but possibly need several optimization and communication iterations to achieve a satisfying 
performance. These and further theoretic differences lead to inherently different proposed formulations of the 
optimization problems for this paper’s formation control task. In the sequential approach, hereafter denoted as 
sequential distributed MPC (SDMPC), only dynamically decoupled systems can be considered. Therefore, in 
each robot’s MPC optimization problem, directly the individual robots’ dynamical properties are used. 
Consequently, the considered overall system dynamics does not contain any couplings between the robots. All 
couplings necessary to achieve the cooperative formation control goal are present in the cost function. In contrast 
to that, in the proposed optimization problem of the iterative distributed MPC (IDMPC) scheme, an artificially 
designed system is used that contains all of the robots’ dynamics, the dynamics of the formation’s center of mass, 
and the dynamics of the robots relative to this center of mass. In principal, the formation control task then comes 
down to tracking a trajectory with this system in a distributed fashion by using IDMPC. Thus, while the system 
dynamics of the artificial system is more elaborate and contains more states, the cost function is decidedly 
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simpler. This motivates the usage of a simplified robot model in the construction of the artificial system to obtain 
a simpler overall model.  

The performance of the two schemes is carefully examined in various simulations. These include situations in 
which the robots have to shrink the formation in order to squeeze through narrow passages in the environment. 
The simulations reveal that the two schemes have their individual merits and weaknesses not only on a 
theoretical level, but also in the perceivable control performance. Importantly, the proposed IDMPC-based 
scheme may allow for shorter sampling times in real-world applications since, for feasibility, even a single 
iteration is enough, and, at least in the conducted simulations, already modest numbers of iterations deliver a 
rather satisfying control performance. This applies especially to the pure formation control task. However, when 
transporting a plate purely by normal and friction forces, it becomes apparent that the IDMPC controllers lose 
some control compared to the SDMPC controllers because of the usage of the simplified robot model.  

Nevertheless, the simulation results show that both of the proposed schemes are fully functional and capable 
of solving the formation control task in a satisfactory manner. This is exemplified in the simulation results of 
Figure 2 in which some results obtained with the SDMPC scheme are displayed. Furthermore, additionally 
conducted simulations indicate that the employed controllers are sufficiently robust so that robots can join and 
leave the formation during system runtime. 

Figure 2. Five mobile robots transport a plate through an environment. The plate’s traveling height is higher than the 
obstacles. The proposed SDMPC scheme is used to control the robots. 
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Abstract
The dynamics mimicking system was introduced in [1]. The idea is to provide wheelchair users with the

ability to traverse rough terrain and even stairs without changing their wheelchair and, especially important, their

user interface, which is the way they control the motion of their wheelchair. This is done using a system comprising

a carrier robotic platform with capability to traverse rough terrain carrying a dynamics mimicking system, on which

the wheelchair stands. The dynamics mimicking system reads the motion of the wheels of the wheelchair and

interprets the readings to the desired motion of the wheelchair. This, in turn, is translated into commands to the

robotic carrier that performs the desired motion instead of the wheelchair. A basic system was constructed as proof

of concept that utilized miniature robotic systems with differentially actuated wheels, which is similar to the way a

wheelchair is controlled. However, a wheelchair controls only two wheels, while the robotic system has four. This

means that the robotic system always has slip, and as a result, the mimicking is not always accurate. Furthermore,

since the robotic system is non-holonomic, it cannot accurately mimic the motion of the wheelchair unless the

rotation center of the wheelchair exactly coincide with that of the carrier robot [2]. To improve the ability of the

robot to mimic the motion of the wheelchair, a holonomic carrier is preferable. This may be accomplished either

by using omnidirectional wheels (e.g., Mecanum wheels) or by allowing steering of all four wheels. The Mecanum

wheels are not very practical since the terrain we are interested in traversing is rough and, in many cases, such as

a sandy beach, extremely unfriendly for such wheels. The second solution, steerable wheels, allows all required

degrees of motion, but not instantaneously, thus we refer to it as a quasi-holonomic solution. The left hand side of

Figure 1 shows the suggested robotic system with integrated dynamics mimicking and a wheelchair on top. The

right hand side shows the actual system built.

Figure 1: Dynamics mimicking system on a quasi-holonomic carrier robot.

The kinematic model is described in Figure 2. Each wheel of the robotic carrier has a its own steering angle

as marked. The input speeds of the wheelchair’s driving wheels are marked as u(1) for the right hand wheel and

u(2) for the left hand wheel. d is the distance between the wheelchair’s wheels, w is the width of the robotic

carrier and h is the distance between the wheelchair’s wheels and the rear wheels of the robotic carrier. Utilizing an

instantaneous center of rotation approach for the kinematics, we mark x as the distance between the robotic carrier

and the instantaneous center of rotation along the line connecting the wheelchair’s wheels. Thus, we have:

x =
d

u(1)−u(2)
u(2) (1)

and from here the steering angles for the wheels are obtained. The problems arise as the changes of the steering

angles are not instantaneous due to steering motors limitations. Thus, while the steering angles may be known, one
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may not simply command the motors to get to the proper angles at maximum rotational speed. The normals to the

velocity vectors of all the wheels must meet at a single point throughout the entire steering process, or there would

be slip. Furthermore, if the system already has a certain velocity, the delay in getting to the steering angles creates

a deviation from the trajectory anticipated by the user.

Figure 2: Kinematic model of the carrier robot with the wheelchair’s driving wheel illustrated.

Initial results show that using the maximal angular speed of the steering motors, while getting to the correct

steering angles the fastest, yields slip during the maneuver as well as trajectory deviations. An approach that

prevents slip by maintaining an instantaneous center of rotation throughout the maneuver is using a velocity that is

proportional to the change in the steering angle of each wheel. That is, we evaluate the largest steering change, and

use the maximal velocity for that wheel. The time to get to the proper angle is then calculated, and the remaining

steering commands are evaluated accordingly. Thus, if we mark the required steering angles as θi, i = 1,2,3,4, we

obtain:

θmax = maxθi

t =
θmax

ωmax

ωi =
θi

t
(2)

where ωmax is the maximal angular velocity of the steering motors and ωi are the required steering motor speeds

for the remaining wheels.
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The industrial robots have full range of spatial motion and the industrial robots are cheaper than machine 
tools so the robots can be suitable for carrying out many manufacturing operations like machining. 
However, the industrial robots have low stiffness, lower than machine tools, it is leading into 
inacceptable inaccuracies of robot motions under the loading forces from the machining. The goal of 
robot development is to increase its stiffness. 
The proposed solution is to use the physically interconnected robots that cooperate through the 
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The resulting robot stiffness above 10 N/um is very promising. The industrial robot has                          
achieved the stiffness comparable with the stiffness of machine tools. The carried out experiments with 
machining (Fig. 3) confirmed these assumptions. 
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Abstract

The work deals with the problem of improving the accuracy of the robot with serial kinematic structure by 
feedback control and an auxiliary measuring its deformations. As a first step the dynamic model of the robot 
(Figure 1) has been created [1] using the composite method for the flexible mechanism [2]. When the recursive 
formalism for the flexible bodies is applied the final system of equations of motion is obtained

. (1)

The symbol  represents the part of mass matrix related to the „rigid“ motion,  is the part of the mass 
matrix representing the „flexible“ motion and  represents the interconnection of them. The symbol  
represents the mass matrix of the rotors. The symbols on the right-hand side are the corresponding generalized 
force vectors. 

With the notation , the system (1) can be easily described by
. (2)

And denoting  and  the system of differential equations of the first order can be obtained

.

(3)

 
Figure 1. Model of construction of the experimental stand 

First step in designing the suitable control, which takes into consideration the signals from additional 
sensors, is to optimization of a cascade control system and the second is optimization of H-infinity robust control 
system. In second step the results from first step was used. 

Computed Torques realizes the linearization of the dynamic system through the inverse dynamics. This 
approach works in the whole workspace of the mechanism but on the other hand there are high hardware 
requirements if we want to execute computation in real time [3]. Inverse dynamics of the robot arm (4) is derived 
through Newton-Euler’s equations.

. (4)
All parts are considered as rigid bodies. We use there only the classic joint coordinates for description of 

arm position . Driving torques  which realize motion  are 
computed from (4). Combined eqn. (3) and eqn. (4) is a new input  in case that we use pid regulator.

(5)
Input acceleration  in eqn. (5) is modified depending on the used regulator.

. (6)

Laser measurement of 
arm deformations

Renishaw 
measurement of angular 
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Where Kp, KI, and KD are linear feedback gain matrices. Desired position, velocity and acceleration of joint 
coordinates  are obtained from inverse kinematics of the mechanism. Motor positions and velocities 

 are measured by sensors or in case of simulation obtained from the flexible dynamic model. 
Any control of the physical system has some source of uncertainties. For this case the uncertainty are 

mainly due to unknown payload on the robot end-effector, modelling errors on the actuator constant and the 
dimensions of the robots construction. To achieve more precise control this uncertainty has to be taken in to 
account. In equation (7) the are dependent on the robots dimensions and can have some degrees of 
uncertainty.

(7)
Where  represent the real version of the  respectively. To diminished these errors the 

compensation method has to be made and since the H  control method is based on linear system [4] and the 
robot dynamics is a highly nonlinear, can be using the H  method directly a very complicated. The H  method is 
better use just as the compensation tools of the remaining uncertainty. Therefore it is better to first use of the 
nonlinear feedback linearization such as computed torque to render the nominal system linear. The linearized 
system of the robot must be transformed to H  synthesis Figure 2.

 

Figure 2. Augmented system for H  synthesis 

Figure 3. Results

This approach was tested on the fully compliant mathematical model and as results shown Figure 3 it has 
potential to enhance the controlling of large serial kinematic structure equipped with additional sensors. 
However the on-line control of the robot based on the additional auxiliary measurement can be difficult. The 
feasibility is going to be tested on ongoing construction of experimental stand.
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Abstract
From the variety of robot control methods, the model-based ones offer good tracking performance often

exceeding the other types of controllers. The more detailed the model, the better the results. However, that

approach requires the knowledge of the dynamic parameters such as links’ masses, moments of inertia, joint friction

coefficients, etc. The identification of these parameters is often a demanding task requiring careful planning of the

experiment and several iterations [1]. Moreover, some dynamic parameters might vary in robots of one kind,

requiring separate identification of each robot. Preliminary experiments carried on two KUKA LWR 4+ robots

showed subtle but apparent differences in the dynamic properties of the manipulators [2]. The parameters not

included in the rigid-body model, such as friction coefficients, were believed to be responsible for that differences.

To sufficiently account for that phenomena in the detailed dynamic model, the identification would have to be

performed on both manipulators.

As mentioned, using the dynamic model of the manipulator in the control system might present difficulties.

One of the possible solutions is to use the learning control algorithms such as adaptive control or artificial neural

networks (ANN). With that approach, parameters of the controller are updating itself on-line during the robot

motion and good position tracking is ensured.

In this paper, an adaptive and NN controller for the 7DOF LWR 4+ manipulator were studied and implemented

in MATLAB/Simulink. The matrix-form equation of motion of the manipulator is given by:

MMM(qqq)q̈qq+CCC(qqq, q̇qq)q̇qq+GGG(qqq)+ τττdist = τττ (1)

where qqq ∈R
7×1 is the vector of joint coordinates, MMM(qqq) ∈R

7×7 is the manipulator inertia matrix, CCC(qqq, q̇qq)q̇qq ∈R
7×1

is the Coriolis and centrifugal force vector, GGG(qqq)∈R
7×1 is the gravitational force vector, τττ ∈R

7×1 contains driving

torques in joints and τττdist represents disturbances and unmodeled dynamics.

The adaptive control law is formulated as [3]:

τττ = YYY (qqq, q̇qq, q̇qqr, q̈qqr)θ̂θθ −KKKsss (2)

where sss = q̇qq− q̇qqr, q̇qqr = q̇qqd +ΛΛΛeee and eee = qqqd −qqq is the position error, qqqd is the desired joint trajectory and ΛΛΛ ∈R
7×7

is a symmetric positive definite matrix while θ̂θθ ∈R
8×1 is an estimate of the 8 dynamic parameters identified as the

most important in the model. The manipulator regressor matrix YYY (qqq, q̇qq, q̇qqr, q̈qqr) ∈ R
7×8 is based on the linearity-in-

parameters property of the rigid body dynamic model.

The parameter adaptation law is given by:

˙̂θθθ =−ΓΓΓYYY T (qqq, q̇qq, q̇qqr, q̈qqr)sss (3)

where ΓΓΓ ∈ R
8×8 is a positive definite matrix.

In case of the ANN controller, the equation describing the control law is expressed as [4]:

τττ =WWW T σσσa +KKKrrr (4)

where rrr = ėee+ΛΛΛeee is the filtered tracking error, KKK ∈R
7×7 is the gain matrix, WWW ∈R

8×7 is the matrix of weights and

biases of the hidden (second) layer. The augmented vector σσσa ∈ R
8×1 is defined as:

σσσa =

[
1

σσσ(VVV T XXX)

]
(5)

and it contains outputs of the hidden layer neurons σσσ ∈R
7×1 which are sigmoid functions. VVV ∈R

36×35 is the matrix

of weights and biases of the input (first) layer while XXX =
[
1 eeeT ėeeT qqqT

d q̇qqT
d q̈qqT

d

]T ∈R
36×1 is the augmented

vector of the inputs to the neural network.

The weights are updated using the augmented backprop tuning:

ẆWW = FFFσσσ a(LLLrrr)T −FFFσσσ ′
aVVV T XXX(LLLrrr)T − kwFFF ||LLLrrr||WWW (6)

V̇VV = BBBXXX(σσσ ′
aWWWLLLrrr)T − kwBBB||LLLrrr||VVV (7)
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where the design parameters FFF ∈R
8×8, BBB ∈R

36×36 and LLL ∈R
7×7 are positive definite matrices and kw is a positive

scalar. σσσ ′
a ∈ R

8×7 is a derivative of σσσa, defined as:

σσσ ′
a =

⎡⎢⎢⎢⎢⎢⎣
0 0 0 . . . 0

σ1 (1−σ1) 0 0 . . . 0

0 σ2 (1−σ2) 0 . . . 0
...

...
. . . . . .

...

0 0 0 . . . σ7 (1−σ7)

⎤⎥⎥⎥⎥⎥⎦ . (8)

In the simulation, the end-effector trajectory was chosen to follow a circle with the radius of 0.3(m) for 10

seconds:

rrrd(t) =

⎡⎣ 0.276

−0.3+0.3cos
(π

5 t
)

0.124+0.3sin
(π

5 t
)
⎤⎦(m) (9)

and the manipulator was subjected to disturbances.

One of the results – the position error on the x-axis – is shown in Figure 1. It is visible that ANN performed

better than the adaptive controller. As the latter relies on the linearity-in-parameters assumption, any unmodeled

dynamics can worsen the position tracking even though the parameters are constantly updating. On the other hand,

the ANN does not rely on the linear structure of the dynamic model and is able to compensate any nonlinearities.

Figure 1: X-axis position error

Obtained simulation results are promising and will help with the implementation on the real LWR 4+ robot.

The results of the implemented controllers will be shown on the conference.
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Abstract 

When the revolute joints composed manipulators are considered, they are characterized by nonlinear 
behaviours in most of the cases (especially, when driven over some larger operating space). Linear controllers 
may not be adequate for them. Accuracy of the motion control can be low. Nonlinear control technique could be 
a solution. There exist a number of nonlinear control architectures and design techniques. Some of the most 
frequent approaches are: classical PID control, PID control with model-based estimation, feedforward control 
with an inverse model, predictive control, and internal model control. In the present research, the feed-forward 
model-based controllers are considered. Detail knowledge of sophisticated models of the nonlinear processes is a 
critical point, as well as precise determination of values of the actual parameters of the model. 

Operation with the model-based controller is a promising option, but its application is not a straightforward 
task, especially in case of complex systems. It can be hard to establish a reasonable complex numerical model of 
the controlled plant. It could be hard to estimate its parameters and it could be hard to certificate the reliability of 
the control. As in lot of the practical tasks, where the low cost controllers are required, the model-based 
controllers are eliminated because of their higher costs (according to the higher cost of the controller, as well as 
the cost of longer and more complex preparation and tests). Simplification to linearized formulations is an option 
in the reduction of the costs, but then the exponential stability can be preserved for the nominal configuration, 
only. Any unavoidable deviation can destabilise the system. Finally, none of the modelling methods and the 
parameter estimation procedures will guarantee the perfect matching between the plant and the model. 

In generally, there is no unique way to obtain the nonlinear models of the processes. Physical or 
experimental considerations are the most popular methods. However, theoretically obtained models are low 
accurate in most of the cases and experimental modelling (identification) has to be employed independently or in 
parallel. In-between different types of approaches, the most popular are: basis function models; fuzzy models; 
neural network models; local models approach; storage-based (look-up tables) models. 
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Figure  1. Description of the considered manipulator: a sketch of its structure (a); its multibody model (b);  
Ri – a rotational joint, its axis is collinear to ith axis of the body fixed coordinate system 

In the present considerations, model equations are prepared according the roles of the multibody modelling 
[1, 2]. Initially, all joints of the multibody structure are cut and replaced by the joint interactions. Free body 
diagrams are composed for all the bodies and their Newton/Euler dynamics equations are written. These 
equations are combined with the matching formulas expressing velocities and accelerations. Then, symbols of 
successors’ forces and successors’ torques are eliminated. Joint interactions are projected on directions of the 
joint mobility. Finally, components in front of the joint acceleration are collected as elements of the mass matrix. 
The dynamics equations are written as [1, 2] 

QtfqqFqqM ee =+⋅ ),,,()( t, (1)

where: M – mass matrix; F – column composed of velocity depend inertial effects;  Q – column composed of 
joint actuations; fe – column composed of the external forces acting on the system bodies; te – column composed 
of the external torques acting on the system bodies; t – time. 
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A sketch of the physical model is visualised in Fig. 1 for the considered system. Its gripper is considered as 
the variable mass element (in Fig. 1.a, denoted as #4). All links are considered as rigid bodies, they are joined by 
a set of single degree of freedom joints, in order to form a shape of an open kinematical chain (Fig. 1.b). 

In addition to the equations, parameters have to be identified, too. Generally speaking, in case of the 
manipulator structure, there is a long list of the parameters that may be identified once and easily (e.g. distances, 
arms’ inertias). Some external identification procedures can be used during the assembling process for it. These 
parameters are considered as known in the presently performed tests. The main hesitation is related to mass of 
the operated payload (located in the gripper). Intraoperative variability of its mass has to be taken account, 
together with the lack of pre-information about its actual value at the actually considered technological process.  

The present tests are limited to numerical considerations, only. As a manipulator with a model-based 
controller is considered, two numerical sub-models (separate blocks) of the plant have to be introduced in the 
numerical program. The first block is understood as the model of the real plant. An original set of the inertia 
parameters is associated with this block. The second block is understood as the one implemented in the 
controller. Another set of the inertia parameters is associated with this block. When these two models and these 
two sets coincide, required path can be realised correctly (Fig. 2.a). Problems appear when the models or 
parameters differ. The model-based feedforward controller does not ensure satisfactory performance in this case 
(Fig. 2.b-d). To correct it, a closed loop PD feedback controller (Fig. 2.e) is added in the control structure (for 
each for each of the controlled joints). The PD feedback adjusts the endpoint motion to its required path. 
Possibility of mass identification is verified and introduced in the controller. A short run of a trial circular path is 
proposed at beginning of each of the operations. History of the PD signal obtained during the trial motions 
allows us to identify the mass of the payload. During the main operations, the identified value replaces the initial 
one in the controller, in order to minimise the path error and to reduce work of the feedback controller. 
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Figure  2. Imprecise value of the payload mass: the reference path mc=mp (a);  mc=0.99 mp (b);  
mc=0.97 mp (c); mc=0.95 mp (d) [3]; structure of the considered numerical program (e) 

 
Some partial results, related to a limited case of a single unknown parameter, were presented by the Author 

in [3]. At the present case, more complex situation is considered. Simultaneous identification of two unknown 
parameters is considered. The presently considered parameters are: mass of the payload and position of its mass 
centre. The tests verify that the unrequited effects are significant in case of the non precise knowledge of the 
values of the inertia parameters and that the trajectory errors can cumulate significantly. As it was expected, 
direct application of a limited proportional closed-loop controller is non sufficient. For some values of the loop 
amplification coefficients the trajectory errors can raise significantly. Such errors can destabilise the trajectory 
considerably. Proportional/differential controllers are effective. With these controllers, obtained trajectories are 
closer to the required ones. Additional fitting is obtained, when identification of the inertia parameters is 
performed. 
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Abstract
Nowadays it is a common scenario for industrial robotic manipulators utilized in a production environment to

be placed in close spatial proximity of other manipulators and share at least a part of their workspace. The tasks of
the different manipulators may often be independent so that collisions between the robots are likely. Moreover the
robotic motions have to be performed optimally in the sense of e.g. minimum time or minimum consumed energy.
Hereafter the case of a simultaneously time optimal point to point (PtP) motion for two manipulators sharing their
workspace with the additional requirement of collision avoidance is treated. The problem of obtaining optimal
motions while simultaneously avoiding collisions is a challenging task allowing for different solution approaches
[1]. The easiest one may be to command the robot motions consecutively and neglect collision avoidance, but
this is not satisfying at all because it does not allow for global time optimal motions of both manipulators. A well
established approach for simplification of the optimization of PtP motions is to split the problem in the optimization
of the geometric paths (higher level) and searching for an optimal solution along these geometric paths (lower level)
as pursued in [2]. In contrast to [1], where the collision avoidance is considered at the lower level optimization,
the geometric paths of the manipulators’ end-effectors are not fixed and therefore adapted by the higher level
optimization to obtain faster solutions as well as to avoid collisions. Both manipulators are considered to have the
same priority, meaning that the geometric paths of both manipulators are adapted by the solver to avoid collisions.
In the following sections the formulation and solution of the optimization problem will be briefly described and
experimental results are provided.

The dual arm setup with two 6-DOF industrial manipulators i = {1,2} visualized in Fig. 1 is considered here.
The optimization problem

min
qi,q̇i,q̈i ,τ i

J

s.t. q
i
≤ qi ≤ qi

|q̇i| ≤ q̇i

|q̈i| ≤ q̈i

τ i ≤ τ i ≤ τ i

d ≤ d j (1)

J =

tE,1∫
0

1dt +

tE,2∫
0

1dt (2)

ṡi =
dsi

dt
→ dt =

dsi

ṡi

J =

1∫
0

1
ṡ1

ds1 +

1∫
0

1
ṡ2

ds2 (3)

P1

P2

P3

P4

manipulator 1

manipulator 2

I

Figure 1: Dual arm setup and visualization of optimized
trajectories

with the joint coordinates qi, the respective minimum and maximum values q
i

and qi and the velocity and acceler-

ation limits q̇i and q̈i is treated. The unknown trajectory durations tE,i in the cost function J in (2) are substituted
using the derivatives of the path parameters si. For the computation of the joint torques τ i dynamic models of the
manipulators in terms of the equations of motion Mi(qi) q̈i + ci(q̇i,qi) = τ i with the mass matrices Mi(qi) and the
nonlinear terms ci(q̇i,qi) are used. By the higher level optimization geometric paths for position and orientation
of the end-effectors are planned and adapted in the upper optimization level considering joint limits and a min-
imal distance d between the robot bodies. The geometric paths zE,i = [rT

E,i(si),Q
T
E,i(si)]

T for both end-effectors
are defined in the world frame I in terms of the position vector rE,i(si) and the unit quaternion QE,i(si) describ-
ing the orientation. An iterative inverse kinematics algorithm on position level utilizing the geometric Jacobian

Ji =

[(
dvE,i
dqi

)T ( dωE,i
dqi

)T
]T

with linear and angular velocities vE,i and ωE,i is used to transform the geometric

paths in the joint space. For limitation of the distances d j to d the robot bodies (and also environmental objects,
which should be taken into account) are modeled by convex hulls according to [3]. Each body of the robots is
represented by several sub bodies which can be easily described by the convex hull of at most 3 points and the
spherical extension of this convex hull. It turned out that there are 58 body pairs for which collisions can occur
in the present setup. For these possible collision pairs the minimal distance d j, j ∈ {1 . . .58} has to be taken into
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account. The higher level optimization is solved using a nonlinear solver. Every evaluation of the cost function
J requires the computation of optimized path parameter trajectories si(t) with si(0) = 0 and si(tE,i) = 1 along the
given geometric paths which is solved by dynamic programming [4] here. Within the dynamic programming al-
gorithm limitations of the motors are considered as velocity and torque constraints on joint level. Limitation of
the joint acceleration at the beginning and at the end of the trajectory makes it possible to directly command the
obtained trajectory to the robot without any special treatment (e.g. jerk limitation). To obtain feasible solutions for
application on the real robots it is of major importance to consider friction effects and the torque characteristics
τ(ω) of the motors with motor torque τ and rotation speed ω in the lower level optimization, because these effects
gain significance with increasing velocities.

In order to demonstrate the effectiveness of the proposed approach, 4 points in the common workspace of the
manipulators are chosen (see Fig. 1 for details). Initial geometric paths are computed for each manipulator which
are then adapted by the higher level optimization to generate collision free trajectories with minimal trajectory
duration. The optimization problem (1) was solved for four different trajectories connecting the edge points shown
in Fig. 1. The resulting motor torques τ of the first manipulator for the first trajectory are visualized in Fig. 2(a).
Due to the consideration of the torque characteristics for each motor the admissible motor torque drops when the
respective motor velocity is near the maximal value. Figure 2(b) compares the computed motor torques commanded
as a feed forward torque to the manipulator and the measured motor torque for all four trajectories for manipulator
1. The results show that the used robot model reproduces the real behavior of the robot very well. Collision free,
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time optimal trajectories for simultaneous movement of two manipulators sharing the same workspace are derived.
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Abstract

In this paper, using the exponential parametrization of Lie group of orthogonal dual tensors , the 
problem of the decomposition of a rigid displacement by a sequence of three displacements with specified screw 
axis is solved. It will be determined either the closed form the dual angles of the screw displacements (translation 
and rotation) or the necessary and sufficient conditions when this decomposition is possible. The results are 
coordinate-free and they are obtained using only algebraic elements of tensor calculus. In the specific case of a 
screw axis is perpendicular to the other two, the decomposition is possible for any rigid displacement. So, a 
result that generalizes the Davenport decomposition in case of rotation is obtained. 

For rigid motion, the kinematic equations that links the instantaneous dual angular velocity to the time 
variation of a dual Davenport angle are deduced. The cases of singularity of the decomposition are identified and 
a physical interpretation of these cases is given. 

The problem of the decomposition of a rigid displacement seen by a sequence of three rigid displacements, 
with specified screw-axis is a fundamental one in the theoretical kinematics field. 

Noting cu  the Lie group of the rigid displacements, the problem is formalized as following: 
(1) 

where 

In this paper, the necessary and sufficient conditions are given in order to take place the decomposition (1) and 
then are determined. The above result was obtained using the isomorphism between the Lie 
group of the rigid displacements  and the Lie group of the orthogonal dual  tensors  introduced by author 
in [1], [2], [3]. In contrast to other approaches [4], [5], the transferance principle is not used to solve the problem. 

In the case of a rigid motion, the kinematics equations are determined and this permits the recovery of the 
rigid body motion knowing the instantaneous twist of the body. The solutions are free of coordinate and they are 
expressed in closed form. 

For the particular case of spherical displacements, , the known results are 
recovered [6], [7], [4], [8], [5], [9], [10]. 

We need some preliminary results given by the below lemmas. 
Lemma  1. Being  with . Than, the equation

(2) 

has the solution  if and only if  
(3) 

If the condition (3) is fulfilled, the solutions are: 
(4) 

where we have denoted  

(5) 

Lemma  2. For any orthogonal dual tensor ,  and any dual unit vector and , the 
following identity takes place:

(6) 

Lemma  3. Let  and  two unit vectors so that . The equation system

(7) 

admits unique solution  if and only if the following condition is satisfied: 
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(8) 

Now we can give the main theorem. 
Main Theorem: If  and  three dual unit vectors, so that

 the equation 
(9) 

having unknown the dual angles  with , admits solutions if and only if  
(10) 

and  
(11) 

In relations (10) and (11), we have noted  and , with .
If the screw-axes for  and  are perpendicular on the screw axes of , the following conditions are met: 

(12) 

In this case, the equation (10) of the Main Theorem becomes: 
(13) 

valid for . Consequently, from Main Theorem, results that the dual angle  can be determined for 
.

We will obtain the free of coordinates closed form solution for the Davenport dual angles. If , we 
will obtain the free of coordinates closed form solution for the Euler dual angles. . 

Remark  1. Parametrization of a rigid displacement through Davenport-Euler angles,  is minimal.
This minimal parametrization presents singularities if  

(14) 

The physical meaning of this singularity is that it appears if the tensor  transfers the screw-axis  in a 
screw-axis parallel with that one given by .

In the specific case of a rigid motion, the kinematics equations are deduced and the motion is determined (via 
Davenport dual angles) knowing the instantaneous twist in space or in body frame:  

(15) 

where 
The results are of interest in inverse kinematics, control theory and multibody systems dynamics.. 
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Abstract
In this talk various feedback control concepts for highly flexible manipulators are presented and their effi-

ciency is evaluated by simulations and experiments. In this regard, the parallel manipulator depicted in Fig. 1 is

considered. The manipulator consists of two movers which are actuated by linear servo-drives. Arms are mounted

on top of each mover by revolute joints, being connected to each other by a third revolute joint in the middle of the

long arm. At the end of this long and highly flexible arm an end-effector mass is attached. For details on the experi-

mental setup see [1]. This experimental rig serves to investigate concepts for modern lightweight and consequently

energy efficient manipulators. Typically a mass reduction of the system significantly decreases the stiffness. Thus,

in contrast to traditional manipulators which are rigid, these lightweight manipulators have a considerable amount

of compliance. This makes them interesting for modern robotics applications such as service robotics with human-

machine interaction or medical robotics. Due to their energy efficiency they are also interesting for traditional

robotics applications in manufacturing.

Figure 1: Experimental setup of a highly flexible parallel manipulator.

Due to body flexibility lightweight manipulators must be modeled as flexible multibody systems, whereby in

such robotics applications the floating frame of reference approach is usually applied together with linear model

reduction for the elastic bodies. This leads to compact models with a relatively low number of degrees of free-

dom which is very important for control design. Although, the considered system is highly flexible, the linear

approximation is in most scenarios sufficient for describing the system dynamics.

In flexible manipulators the control inputs are often actuators which are collocated with the joints, yielding

a similar system topology as for rigid manipulators. However, the elastic coordinates used for describing the

body elasticity have no or only limited associated control inputs. Therefore, flexible manipulators are typically

underactuated multibody systems, possessing less control inputs than degrees of freedom.

In this research, the control goal is trajectory tracking of the end-effector point located at the end of the long

arm. The desired end-effector trajectories are predefined in time and space. Due to the underactuation this is a

challenging task since the classical approach of inverse kinematics and dynamics known from rigid manipulators

cannot be applied.

Since the manipulator performs a large working motion a so-called two design of freedom control structure

is applied, combining feedforward control and feedback control. Due to the body flexibility the accurate deter-

mination of the end-effector state is difficult. Direct measurements, such as image tracking, are often not online

capable and have rather limited frames per second. Thus, camera measurements are only used for offline validation

purposes. For an online determination of the end-effector and the system state at a high sampling rate a nonlin-

ear estimator is designed based on mover position and strain gauge measurements. Here, the common Unscented
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Kalman Filter is adapted for flexible multibody systems with algebraic constraint equations providing the basis for

end-effector feedback control.

In this talk all three components, feedforward control design, feedback control design and nonlinear state

estimator design are briefly discussed. The main focus of this talk is on the design of the feedback part and its

interplay with feedforward control.

The feedforward control is computed by a model inversion of the flexible multibody system. For given desired

output trajectories the inverse model provides the required control inputs for exact output reproduction. Also, the

trajectories of all coordinates of the system are obtained, which can be used in feedback control design. One

efficient model inversion approach for underactuated multibody systems are the so-called servo-constraints [2,

3]. The inverse model of the considered flexible manipulator includes a dynamical part, which is called internal

dynamics in nonlinear control theory [4]. The considered system has unstable internal dynamics if the end-effector

point is used as system output [3]. In such a case a bounded solution can be computed from a boundary-value

problem. Alternatively, by output relocation a new artificial system output can be designed close to the real system

output but yielding stable internal dynamics. Thus, the inverse model can be computed by forward time integration.

Such an alternative output can be designed by parameter optimization [3].

This feedforward control is then supplemented by additional feedback to account for small disturbances and

uncertainties. One source of disturbance is friction in the linear drives. In the most simple case feedback action

is just added using the mover position measurements to ensure that they follow the desired trajectories. Then, in

the absence of any other disturbances it can be shown, that the end-effector follows the desired trajectory very

closely, proofing the high accuracy of the feedforward control based on an inversion of the complete dynamics of

the flexible multibody system [1].

Besides friction in the drives other disturbances and uncertainties e.g. in the initial condition or an uncertain

end-effector mass are not as easy to overcome. More advanced feedback control strategies have to be applied.

Thereby several approaches are presented and tested numerically and experimentally.

In a first approach the arm deformation is determined using strain gauges and feedback to the servo-drives [5].

This makes it possible to damp vibrations without the the need for a state estimator. This approach is suited to damp

large undesired vibrations before and after a trajectory tracking, but shows insufficient efficiency during trajectory

tracking.

Alternatively, in a second approach a basic output feedback control of the end-effector state is designed.

Hereby, an equivalent rigid model is linearized at selected working points and the first bending eigenmode is

roughly compensated. As this controller uses the end-effector information much better results than in the first

approach can be achieved.

Finally, in a third approach feedback linearization [4] based on servo-constraints is applied. Since the end-

effector output yields unbounded internal dynamics the previously discussed output relocation approach is uti-

lized. Thus, an exact input-output linearization can be performed. Within this approach the feedforward control

is not needed, as the approach already includes the inverse model. Since feedback linearization requires full state

feedback the nonlinear state estimator is crucial. The efficiency is compared to the other approaches, especially

concerning external disturbances and parameter uncertainty.
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Abstract

In this paper computer vision is used to analyse the pose of the Stewart platform shown in Figure 1. To get a 
unique solution of the forward kinematics of the Stewart platform, a predefined library of ArUco markers has 
been used for pose estimation. The analytical solution for the forward kinematics problem of a Stewart platform 
is extremely non-linear and mathematically has multiple solutions [1]. By using computer vision, complexity 
decreases and speed increases [2]. The advantage of using ArUco markers is that a single marker has enough 
information for pose estimation [3].   

 

Figure  1. Stewart Platform setup on which markers are placed

In the case of serial manipulators the forward kinematics problem has an easy solution and the inverse 
kinematics problems are relatively quite tedious. A Stewart platform is an example of a closed loop parallel 
manipulator. It six legs having prismatic joint connecting a top mobile platform with a bottom fixed platform. 
The motion of the top platform is controlled by changing the lengths of the legs in various proportions [4]. For 
kinematic analysis the coordinate frame has been attached to fixed frame (XYZ) and moving frame (X0Y0Z0).
Vector bi and pi are the position vectors in respective frame as shown in Figure 2. A close loop equation can be 
written for each leg, thus vector loop equation for the base and moving platform is given by 

Figure  2. Labeled Stewart Platform schematic
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With the use of predefined ArUco markers and computers vision techniques, the position and orientation of a 
marker can be determined with respect to the camera frame [5]. Figure 3 illustrates the experimental procedure 
adopted for analysing the forward kinematics of the Stewart platform.  

 

Figure  3. Flowchart of the experimental procedures

The position and orientation vectors of the marker in Figure 4 placed on the moving frame of the Stewart 
platform are tabulated in Table 1 and Table 2. The output for orientation is given using Rodrigues vectors. This 
output is then converted to a 3X3 rotation matrix and the extrinsic Euler angles for the X-Y-Z configuration are 
decomposed from the matrix. 

     Table 1. Translation vector components     Table 2. Rodrigues vector components 

Tx -382.3489 Rx 0.0675849 

Ty -257.59445 Ry 2.32048 

Tz 1113.0265 Rz -0.130508 

Figure  4. ArUco  marker detection 
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Abstract

The paper deals with the new procedure of calibration of machine tools or robots by redundant 
measurements. The usage of laser tracker cannot provide sufficient accuracy of calibration within large 
workspaces. It is based on redundant measurements. The laser tracker measures the position of multiple 
reflectors firmly attached in the workspace. This enables to increase the accuracy of measurements 
several times. 

The basic scheme of the described method consists of a laser tracker (tracker) placed in the 
machine and set of reflectors of the laser beam (reflectors). The reflectors could be arbitrarily placed in 
the workspace on the machine frame or on the workpiece. The reflectors could be also placed outside 
the workspace, for example on the construction of a hall etc. This scheme is shown in figure 1 of the 
patent [1]. 

Figure 1: Measurement scheme

Figure 1 shows us workspace – 1, spindle – 2, headstock – 3, machine – 4, reflectors – 5, laser 
beam – 6, platforms holding reflectors – 7. 

Measurement procedure starts by moving of the end-effector (corresponds to position of tracker) 
to the first position (Fig. 1 position (a)). In this position, the tracker measure the relative position of all 
reflectors (it means x, y, z of reflectors). After that the end-effector moves into the second position. (Fig. 
1 position (b)). In this position the tracker measures all reflectors again. Similarly we measure the 
reflectors from all desired positions. From the measurement of reflectors in one position we obtain the 
relative position of all reflectors and one position of the tracker. With each new end point location and 
subsequent measurement we obtain redundancy. To determine the amount of redundancy we use 
formula: 

(1) 

where E means redundancy, v means binding equations and b is number of searched parameters.  

Computation of measured data is based on modified Newton method, which is described by 
expressions: 

  (1) 
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In equations (2) F is vector of coupling conditions, R means calibration parameters, l is 
measuring distances and J is jacobian.  The algorithm begins with input of inaccurate calibration 
parameters 0. Iterative calculation is carried out in a loop, until  or , where  is sufficiently 
small number. In our method we chose the halving of step method (if it should occur in s + 1 iteration 
divergence ( + 1 ), we will decrease step from  to half of , so long as this condition is true).

Figure 2: Measurement scheme Machine Grata in TOS Varnsdorf and detail of laser tracker Leica AT901 (right)

For experimental tests, there was chosen the machine Grata in TOS Varnsdorf (see Fig. 3 –
left) and measuring device the laser tracker Lieca AT901 (see Fig. 3 – right). Number of reflectors was 
17 and number of position of trackers was 32. 

Figure 3: Interferometer XM-60 of Renishaw 

To results verification was chosen interferometer of Renishaw. The test results indicate more 
than 6-times improvement. 
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Abstract

This work presents a model for soft soil that can interact with wheeled or tracked vehicles in a multibody

simulation framework. In sake of high performance, the soil is represented by arbitrary triangular meshes, where

the level of detail of the mesh is automatically increased as tire lugs or track shoes come into contact.

Our model draws on the semi empirical wheel-soil model pioneered by Bekker and Wong [1–3]. As such, it

requires few empirical parameters to be adjusted, and many of those values are already tabulated in literature for

experimentally-tested soil samples. Following the ideas presented in the SCM Soil Contact Model [4, 5], our soil

is represented by a three-dimensional mesh, hence it allows the case of arbitrary tire shapes.

Differently from the original SCM implementation, our algorithm uses a non-structured grid for the soil. In

detail, instead of using a structured grid with equally-spaced rectangular elements, our model operates on a mesh

of triangles with arbitrary size and topology. This allows scenarios where the soil mesh is shaped like a ring or a

road with curves, without the need of adding nodes in areas that are not crossed by vehicles. Also, areas that are

initially flat can be represented by a small number of triangles, thus saving memory and performance for areas that

require small triangles; for instance when representing details such as bumps or trenches.

An additional improvement in performance comes from an algorithm that implements adaptive level of de-

tail. This means that the triangle mesh is automatically refined in the surroundings of the tires (or tracks) of the

running vehicle. When contact between a moving object and the soil is detected, a real-time refinement algorithm

recursively splits contact triangles whose size exceeds a user-defined threshold; this process generates additional,

smaller triangles that can compute contact forces with finer detail, as shown in Fig.1. As a side effect, also the

visualization of the ruts is much more realistic and precise: the plastic deformation of the soil retains all the details

of the wheel lugs without needing millions of nodes.

Figure 1: Example of adaptive soil refinement in the surroundings of the tire footprint.

When the vehicle goes away, after a time or distance threshold, the trailing ruts can be optionally simplified

thanks to another algorithm that performs a mesh coarsening. Such algorithm merges fine triangles back into large

triangles: this can keep the total number of triangles and nodes upper limited even after a long trip of the vehicle

in the simulated environment.
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Finally, an iterative algorithm performs an erosion of the deformed soil following the heuristic approach in [5].

The original idea, which runs a smoothing operator on a regular grid, here is extended to the case of unstructured

grid of triangles by running a custom topological operator. This iteration is also in charge of creating the build-up

of material in front and to the sides of the running tire.

We experienced that a purely plastic soil model does poses some difficulties to the numerical integration

schemes used in multibody dynamics, especially when we tested stiff soils with vehicles that stay in place, a

circumstance that often generates noisy or intermittent patterns of contact forces. This problem has been alleviated

by introducing an additional and optional parameter, namely the soil elasticity, whose effect visible regularizes

contact forces in those critical scenarios. Also, we introduced a basic soil damping coefficient whose effect is in

favour of a more stable and robust integration, and that can be adjusted using experiments.

Thanks to the semi-empirical approach, the entire algorithm is local and it does not require the solution

of linear systems. This means fast performance and, in many scenarios, low memory footprint. The biggest

bottleneck comes from the collision detection step that detects the contact points. We adopt a general-purpose

collision detection algorithm that finds the collision points by scattering ray-cast tests over an (virtually unlimited)

set of shapes that describe tires, track shoes, legs or other vehicle/robot parts that come into contact with the soil.

Such collision detection stage is accelerated by a broad-phase preprocessing step.

The entire algorithm has been implemented in the Project Chrono software library, and it has been used to

study the performance of vehicles with variable numbers of wheels, as well as tracked vehicles [6]. The multi-body

environment of Project Chrono allows also flexible tires, which can work together with the presented deformable

soil. In this case, tires are modeled with multi-layered shells (each layer representing a ply of the tire) and solid

brick elements that represent the lugs. All those finite elements can interact with the soft soil by exchanging contact

forces over arbitrary patches, which are automatically detected by the collision engine.

Results have been compared with other, more detailed models (finite elements with plastic flow and granular

soil with discrete elements) obtaining good agreement at a fraction of the computational cost.
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Abstract

Introduction Nowadays, traffic congestion is growing all over the world and has recently led to an increasing

interest in the development of Narrow Track Vehicles (NTV). Narrow vehicles, characterized by a large height-

to-track ratio, need to be tilted toward the inside of a turn to prevent them from overturning in case of high-speed

cornering. Given NTVs mass and inertia, and for safety reasons, the vehicle tilt is controlled actively (i.e. by

electric motors) instead of being controlled by the pilot as it is for traditional two-wheelers.

Two modes are possible for active tilt control. The Direct Tilt Control (DTC) consists in forcing the tilt with an

actuator while the pilot steers the vehicle by turning the steering wheel (direct steering) (see Fig. 1.a). Conversely,

for the Steering Tilt Control (STC), the steering wheel is decoupled from the wheels and an actuator steers the

wheels to control the tilt (counter-steering) based on the measured steering wheel orientation (see Fig. 1.a). The

DTC is stable for all speeds but leads to an important longitudinal torque in transient phase causing high energy

consumption and reducing stability (wheel unloading). In turn, the STC is unstable at low speed but more efficient

at high speed as it uses the lateral dynamic to tilt the vehicle. Previous investigations (see Fig. 1.b) showed the

necessity to use the STC at higher speed and then to combine the two modes on the entire speed range [1]. The

present work aims at optimizing the combination of both modes through optimal control [2]. The objective is

to minimize the overall energy consumption related to tilting while ensuring a maximum safety and an accurate

tracking of the tilt angle.

Figure 1: There exist two modes for active tilt control: the DTC and the STC. In the transient phase of cornering,

the DTC can lead to an extensive torque causing a dangerous unloading and an important energy consumption [1].

Vehicle modeling The vehicle morphology and geometry used for the study correspond to a narrow three-

wheelers, with a reverse-trike configuration, developed at the Université catholique de Louvain [3]. The rear axle

unit is similar to the one of a motorbike. The front wheels unit is comparable to a traditional double wish-bone

suspension except for the shocks’ top connection which is not directly attached to the chassis but to an intermediate

component: an articulated T-shaped pendulum (see Fig. 1). This mounting provides a rotational degree of freedom

(d.o.f.) which can either be actuated (DTC) or let free (STC). The wheels can either be steered by the driver through

the steering wheel (DTC) or controlled by an actuator based on the measured steering wheel orientation (STC).

The vehicle is modeled as a multibody system (MBS). Based on a formalism utilizing the relative coordinates

[4], the equations of motions of the MBS are written as a system of Differential Algebraic Equation (DAE) :

M(q)q̈+ c(q, q̇,g) = Q(q, q̇)+JT λλλ (1)

h(q) = 0 ḣ(q, q̇) = 0 ḧ(q, q̇, q̈) = 0 (2)
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with the symmetric generalized mass matrix M , the generalized coordinates q, the non linear dynamic vector c,

the generalized forces (torques) Q, the constraint jacobian matrix J = ∂h
∂qT and the algebraic constraints h resulting,

among others, from kinematic loops. The equations are derived using the ROBOTRAN software [5] developed

at the UCL (Belgium). Based on a morphological description of the vehicle (masses, inertia, joints and lengths),

the symbolic generator automatically writes expressions for the equations of the system. These are used for time

integration (in real time) but also for modal analysis and quasi-static equilibrium in curves. Assuming a rigid

connection for the steering assembly, such an equilibrium allows to relate the vehicle speed v and the steering of

the vehicle (proportional to the steering wheel angle δSW ) to a given tilt angle θ .

Optimal control The problem of the transition between both modes can be treated as an Optimal Control Prob-

lem. The pilot desires to drive at a speed v(t) and turn the vehicle with a given steering wheel angle δSW (t).
Through the quasi-static configuration [1], a reference trajectory for the tilt angle θR(t) can be computed for a pair

of v(t) and δSW (t). The objective is to minimize the tilt-related energy consumption by appropriately using the

DTC or the STC and yet ensuring that the reference tilt angle θR(t) is followed by the controller. To achieve this

optimal control, a Model Predictive Control (MPC) aims at minimizing both the future deviation from the reference

and the energy consumption related to the tilt control (DTC and STC) (see Fig. 2).

Figure 2: Predictive Control: at each time k, system inputs are optimally determined based on the predicted

deviation from the reference and the energy consumption (qualitative graph).

The vehicle dynamics is strongly non-linear with respects to its speed. To design a controller that operates on

the overall speed range, it is necessary to consider the field of non-linear predictive control with constraints. This

involves solving a Non Linear Programming problem (NLP) [2] which is expressed for the decision variables x.

minize f(x) (3)

sub ject to g(x) and h(x) = 0 (4)

To formulate and solve the NLP problem, the software CasADi [6] developed at KUL (Belgium) provides

interfaces to state-of-the-art NLP solvers through a symbolic approach. Such symbolic framework favors the use

and the interfacing [7] of the symbolic equations of motion generated by ROBOTRAN.

Expected results First, a model predictive control will be implemented considering the two tilting modes sep-

arately (DTC or STC), for a given speed v and steering wheel angle δSW (t). In a second step, a driving scenario

sweeping the overall speed range will be tested. By minimizing the energy consumption, the Optimal Control

should lead to the transition from one mode to another depending on the speed. Through time simulation, tilt-

related energy will be assessed and compared for the different controllers and for different optimization parameters.
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Figure 1. General architecture of the model 
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Abstract

1 Introduction
It can be observed that there is a wide variety in the width of bicycle lanes. It can range from wide to very narrow,

see figure 1. Several guidelines disagree on the desired width of a bicycle lane [1, 2]. These guidelines are mainly

based on observations and best practices. Instead of such an evolutionary approach we propose to determine the

necessary width by means of a scientific approach. This accommodates out of the ordinary bicycles, like electrically

assisted or recumbent bicycles. We hypothesize that the dynamic properties of the bicycle together with the rider

control determine the needed width of the bicycle lane. The inherent lateral instability of the bicycle with fixed

steer input results in unavoidable lateral contact point displacements to keep the bicycle upright. Additionally think

of the act of countersteering to change heading direction.

Figure 1: Example of a very narrow bicycle lane, photo by Legreve.

2 Methods
To investigate the dynamics of the bicycle–rider system we use multibody dynamics models. For the bicycle model

we use the so-called Carvallo/Whipple model, which has recently been benchmarked [3] and experimentally been

validated by Kooijman et al. [4]. This model consists of a rear frame, front fork assembly and two wheels. The

wheel–ground contact is non-holonomic, which results in a low-dimensional model with only three degrees of

freedom: lean, steer and forward velocity. However, no such generally accepted model for a rider as a controller

is available. Some initial work on an optimal preview controller has been done by Land [5], Savkoor [6], and for

bicycles by Sharp [7], whereas Doyle [8] approaches the bicycle rider control from a psychological point of view.

Experimental results on bicycle control together with an optimal control model are presented by Moore et al. [9].

An overview on rider control bicycles is presented by Schwab and Meijaard [10].

Instead of an often applied continuous controller we propose to use a bell-shaped controller as presented by

Benderius [11]. To mimic a non-continuous observation of the state we introduce a zero-order hold filter [12].

Realistic perturbations are needed and we choose to perturb the bicycle roll rate, which can be caused by gusts of

wind. Simulations at various forward speeds, sizes of perturbations and settings of the human controller give the

lateral displacement of the contact point of the front wheel with respect to the centre line of the bicycle lane.

3 Conclusion
A useful method has been developed on the basis of multibody dynamics models to determine the lateral displace-

ments of a perturbed bicycle–rider system. These displacements can be used as a guideline for the necessary width

of a bicycle lane.
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Abstract

The contemporary approach in the field of vehicle suspension brings a new mechanism with more than five 
bars ordered both in parallel and serial way [1]. These mechanisms have indisputable benefits in the wheel 
kinematic during bounce and rebound, but on the other hand it brings the increased complexity of the mechanisms. 
The complexity means beside other things unclear transfer of loading force in tire-road contact into the links of 
suspension and subsequently to the vehicle body. A global criteria evaluating the force transfer through suspension 
is described in this paper.

The load transfer from tire contact point to vehicle body can be split into two subsequent problems. The first 
one is a force transfer through the links (arms) and load applied to the links. The second one is a force interaction 
between the arms and the vehicle body. The first problem is mostly related to specific shape of the links while the 
second problem is more related to the global structure of the mechanism. The proposed evaluation criterion is 
focused on the second problem.

The kinematical scheme of such a contemporary suspension mechanisms is shown in Figure 1. It is based on 
Watt six-bar linkage. Thus the connection between the wheel hub and the vehicle body is performed by two serially 
ordered arms in both branches. 

x, y, z,
phix, phiy, phiz

alpha beta_1

gamma

delta

dl

q = [dl, dAa, dAr, dAk, dBr, dBk, dCa, dCr, dCk, dDr, dDk]
z = [x, y, z, phix, phiy, phiz, alpha, beta_1, beta_2, beta_3, gamma, delta]

dBr, dBk

dAa, dAr, dAk

dCa, dCr, dCk

dDr, dDk
D

C

B

A

beta_2beta_3

Figure 1. Suspension mechanism based on Watt six-bar linkage 

The suspension arms are connected to the vehicle body in several discrete points. A set of relevant reaction 
forces Fr (depicted by red arrows in Figure 1) can be introduced at each of these connection points. There is a set 
of action forces at tire-road contact point, denoted Fa (depicted by green arrows in Figure 1). The force transfer 
from Fa to Fr is than expressed by matrix equation 

(1) 

where A* is the unknown matrix of a system. Different methods can be used in order to obtain matrix A*. In the 
case of suspension system the principle of virtual work is suitable and can be written in form 

(2) 
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where Fq are forces acting along independent virtual motions dq and analogically forces Fz act along dependent 
virtual motions dz. Time derivative of equations of motion yields 

(3) 

where dz are dependent coordinates, dq are independent coordinates and J is Jacobian of the system. Substitution 
form (3) into (2) we obtain 

(4) 

Since forces Fz act along dependent coordinates, whereas forces Fa act on wheel at tire-road contact point, the 
addition force transformation matrix Aw between Fa and Fz has to be introduced. 

(5) 

Substituting (5) into (4) we obtain 

(6) 

Providing Fq = Fr the equations (1) and (6) are equivalent and matrix A* is defined by equation

(7) 

The mechanism in Figure 1 is described by 13 coordinates: position and angle of the wheel center point x, y, z, 
fix, fiy, fiz; four angles of rotation alpha, beta_1, beta_2, beta_3, gamma, delta and a length of dl. The coordinate 
dl is the independent one as it directly describes bounce end rebound motion and the mechanism has only 1 DOF. 
Rest of these coordinates thus became dependent. Introducing virtual movements in direction of reaction forces Fr

we obtain a set of 10 virtual independent coordinates, which stays equal to zero during whole wheel travel. The 
mechanism is than described by 12 equations of motion, 1+10 independent coordinates and 12 dependent 
coordinates. This principle of mechanism description enables to solve the kinematic of the mechanism and 
evaluates the values of the force transfer matrix A* at the same time. 

The mechanism arms have general mutual positions and furthermore, these positions are significantly varying 
during the wheel bounce and rebound. Therefore the force transfer matrix A* has to be calculated in whole range 
of the wheel motion, respectively in discrete points in whole range of the wheel motion.

The most important aspect of evaluation of force transfer in suspension is a relation between the action forces 
and the reactions. Each column of matrix A* describes the distribution of corresponding action force into the 
reactions. Therefore the evaluation criterion KF can be introduced as maximum absolute column sum norm of 
matrix A*

(8) 

Smaller value of this criterion is better. The lowest teoretical value is 1 meaning that applied forces cause only 
reactions of the same magnitude in sum. 

Effectivity of the action forces transfer and distribution to the vehicle body can be shown by applying of 
proposed criterion. Since the value of the criterion is strongly dependent on real dimensions of the mechanism, the 
criterion can be used for comparison of similarly sized mechanisms or has to be normalize to the most considerable 
dimensions. 
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Figure 1: (Left): IMUs installation. (Right): primary suspension distance laser 

Figure 2: Computer-vision system 
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Abstract
This project targets the creation of an open-source autonomous vehicle simulation framework whereby pilot-

ing control programs (PCPs) and vehicle response can be evaluated and improved in a safe environment. Through

the interaction of hundreds of autonomous and avatar agents in a simulated environment, edge cases for self-driving

vehicles can be analyzed thus accelerating research, development and technology deployment. The Connected Au-

tonomous Vehicle Emulator (CAVE) developed builds upon four foundational components: (i) physics engine and

dynamic vehicle support using ������ and ������::Vehicle; (ii) virtual sensors support to provide self-driving

algorithms with realistic data; (iii) multi-agent and vehicle-to-vehicle simulated communication support through a

fast, low-latency server-client model; and, (iv) virtual environment for both physics and sensing to support edge

cases for self-driving vehicles where physical testing is not feasible, including varying environmental conditions

such as snow, rain, or fog.

Figure 1: An overview of the CAVE.

The physics modeling and simulation capabilities are provided

by the multiphysics open-source package ������ [4]. The core

functionality of ������ provides support for the modeling, simu-

lation, and visualization of rigid multibody systems, with additional

capabilities offered through optional modules. These modules pro-

vide support for additional classes of problems (e.g., finite element

analysis and fluid-solid interaction), for modeling and simulation of

specialized systems (such as ground vehicles and granular dynam-

ics problems), or provide specialized parallel computing algorithms

(multi-core, GPU, and distributed) for large-scale simulations.

Built as a ������ extension module, ������::Vehicle [2] is a

C++ middleware library focused on the modeling, simulation, and

visualization of ground vehicles. Modeling of vehicle systems is

done in a modular fashion, with a vehicle defined as an assembly

of instances of various subsystems (suspension, steering, driveline,

etc.). Flexibility in modeling is provided by adopting a template-

based design. In ������::Vehicle, templates are parameterized mod-

els that define a particular implementation of a vehicle subsystem.

As such, a template defines the basic modeling elements (bodies,

joints, force elements), imposes the subsystem topology, prescribes the design parameters, and implements the

common functionality for a given type of subsystem (e.g. suspension) particularized to a specific template (e.g.

double wishbone).

������::Vehicle provides an exhaustive collection of templates for various topologies of both wheeled and

tracked vehicle subsystems, as well as support for modeling of rigid, flexible, and granular terrain, support for

closed-loop and interactive driver models, and run-time and off-line visualization of simulation results.

A key aspect to testing autonomous vehicles on a simulated platform is producing realistic and reliable sensor

data streams that mimic real world sensor data to the PCP, which depends on this information for path planning

and obstacle avoidance. For instance, a vehicle approaching a stop sign should receive the same string of data from

both a physical camera sensor mounted on front of a physical vehicle and from a virtual camera mounted on a

virtual vehicle in the CAVE framework. This means that the process by which that virtual image is captured must

introduce the same noise and uncertainty seen in the physical sensor. For a light dependent sensor such as a camera,

LiDAR, or Infrared receiver, data is perceived dependent on scene-wide illumination as well as material reflectance

and absorption properties. In the case of a camera, the sensor itself adds noise in reading of the light in addition to

noise that is dependent on the photon levels present in the image capturing process [1]. The sensors implemented

in ������ are positioned to utilize physics base noise to generate realistic sensor data to send to the PCPs. For

a LiDAR, which casts rays out and detects reflection, the dependence on scene, material, and environment is

significant. For instance, a vehicle driving during a heavy snowfall may receive erroneous LiDAR data due to light

scattering. A simple LiDAR is implemented in ������ making use of collision detection for a given number of

rays. This will be augmented with physics based noise dependent on sensor respective scene effects.

Core to the functionality of CAVE is its ability to simulate many autonomous and avatar vehicles in a dis-

tributed manner. The ������::CAVE daemon, see blue box in Fig. 1, allows for interaction of physics based

vehicle models within this CAVE proving ground. The simulation of vehicle dynamics, sensor data, and path plan-

ning occurs locally; i.e., on the client side. Each client exchanges only world position and orientation data to the
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server. The server disperses location information of all agents in the CAVE to each client, allowing for continued

simulation without proprietary data exchange. The distributed nature of the simulation allows for rapid scaling of

the CAVE without massive increase in computational burden on the server. All clients interact with each other

through sensing and data passing, adding real world uncertainty and unpredictability for the autonomous vehicles.

The agents can interact while being physically located and simulated hundreds of miles apart. The server will

mandate and facilitate this vehicle interaction though a fast-network and simulation heartbeat. A second aspect of

this server is to provide a means to simulate vehicle-to-vehicle connectivity. As vehicles begin to implement this

standardization, simulating and providing a backbone for this protocol will enable the analysis of the impact of

vehicle-to-vehicle communication or lack thereof.

The necessity for a realistic and physics based virtual environment is closely interwoven with each other

aspect of the CAVE. With the purpose and goal of this framework being to test autonomous vehicle with stress on

edge cases where physical testing is difficult or near impossible to facilitate, the replication of realistic physics and

sensors is vital. To allow for this, the virtual environment in which the physics and sensing take place must match

the real-world counterpart with a high degree of fidelity. The creation of such a virtual world should be based on

replicating a given real-world location. For the initial CAVE design, this centers around the University of Wisconsin

campus in Madison. World objects, such as traffic lights, road signs, buildings, and trees are important to include

and understand from a sensor perspective. The virtual world should also provide edge cases seen from human

interaction with autonomous vehicles. We inject the unpredictability of human behavior into the environment via

avatar pedestrians, which partake in this proving ground through game console such as the Kinect. Avatar bicyclists

and avatar drivers can also share the virtual streets with the CAVE autonomous vehicles by similar means of game

controllers.

Figure 2: A convoy of vehicles four vehicles, of which the last

three follow a leading avatar vehicle.

The demonstration shown in Fig. 2

represents the current progress of the CAVE

project by implementing functionality from

::Vehicle, multi-agent, sensors, and vir-

tual world. This is setup with four vehicles sim-

ulated on separate clients, all connected to a sin-

gle server. The lead vehicle is an avatar vehicle

driven by a student and the three trailing vehicles

are autonomous. The latter are equipped with vir-

tual LiDAR, GPS, and IMU which are used in

a simple driving algorithm. The output of these

sensors is overlaid on the animation for the last

vehicle in the convoy. The LiDAR on the left of

the image is represented by dots located at the

end of each LiDAR ray for readability. The GPS

and IMU data are combined and displayed on a

map to show the location and orientation of the vehicle in the virtual world. The full animation can be found as

video #130 [3].
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Abstract
The index-3 augmented Lagrangian formulation with velocity and acceleration projections (the ALI3-P for-

mulation) is an efficient and robust method to carry out the forward dynamics simulation of multibody systems

modeled in dependent coordinates. The extension of the formulation to non-holonomic systems was accomplished

in [1] and it was extensively used during many years for the real-time simulation of different systems with human

and hardware in the loop, some of them including complex phenomena like flexibility [2], contact with friction

[3, 4] or, more recently, non-holonomic constraints [1].

For almost all the applications tackled so far, a constant time step was employed, but for the case of non-real-

time systems with intermittent contacts of high stiffnesses this is not the right approach, since the time step selected

has to achieve the accuracy and robustness required in the hardest part of the whole simulation, thus affecting the

overall simulation efficiency. On the contrary, a variable time step can speed-up the simulation when the integration

is easier, allowing very small time steps when the integration is harder.

Even if there is a vast literature on variable time step algorithms and one previous work for the mentioned

formulation, the relation between time step and penalty factors is not covered. This relation is crucial if a broad

range of time steps is required. In this work, a variable time step and variable penalty ALI3-P formulation is

proposed.

The algorithms developed are applied to the simulation of a real machine involved in a real situation: a diesel

forklift rollover. The multibody model was built in the MBSLIM (Multibody Systems at Laboratorio de Ingeniería

Mecánica) software package with mixed coordinates: 90 natural coordinates (12 points and 18 unit vectors) plus

9 angles and 2 distances, making a total of n = 101 coordinates. A total number of d = 11 mechanical degrees of

freedom (DOF) have been considered: 6 DOF for the chassis rigid body motion, 4 DOF for the wheels rotations

and 1 DOF for the rear rigid axle tilt. Besides, 5 additional kinematically guided motions, corresponding to degrees

of freedom of the real machine have been considered: the mast swinging angle, the fork and upper mast lift and

the rear wheels steering angles (related by the Ackerman steering condition). For these guided motions, rheonomic

constraints have been employed and therefore they cannot be considered degrees of freedom from the mechanical

point of view, nevertheless they are true additional DOF in the real machine that have been considered, making a

total of 16 real degrees of freedom.

The model includes some problematic phenomena from the integration point of view, like tire forces and

intermittent contacts with friction when the machine rolls over and slams into the pavement. The same model

described in [5] was used for the tire forces with an improved collision detection algorithm that makes possible to

come into contact on the tire shoulder, essential for rollover situations. The collisions between chassis or cabin and

pavement have been modeled too, with the same approach proposed in [3].

The maneuver consists in the machine moving straight backward at full speed (10 km/h initially). One second

after the simulation starts, the driver turns right completely.

Some snapshots of the interactive simulation are included in figure 1, proving that the careless maneuver

results in the machine rollover. Some important magnitudes are represented in 3D: the green vectors are normal

tire forces, the red ones are tangential tire forces, the yellow ones are center of mass accelerations for each body,

a black vector represents the acceleration suffered by the driver and the purple one represents the velocity of the

central point in the front axle.
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Figure 1: Rollover situation.
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Abstract

Unmanned ground vehicles especially for the military applications have been developed for surveillance, mine 
removing, and even assaulting purpose. They are equipped with several different types of sensors, such as vision 
cameras, 3D laser scanners, and radars in order to gather the surrounding information for autonomous and remote 
operations. To reach the planned destinations, they are operating to follow the optimal path provided from a global 
and a local path planner.  However, they have to be also required to operate with high speed in off-road situations.  
Thus, it is very important to determine the optimal velocity which guarantees vehicle stability through the real-
time traversability(RTT) analysis [1].  To determine the optimal velocity of the unmanned ground vehicle before 
actually moving forward, the real-time on-board simulation must be carried out to predict vehicle stabilities with 
the scanned terrain data from the 3D laser scanners located on the front of the vehicle.

In this paper, an optimal velocity command profile for the 6 x 6 unmanned ground vehicle has been proposed
based on RTT simulations.  For the traversability simulations, a multibody dynamics and control model of the 6 x 
6 unmanned ground vehicle has been proposed [2].  The 6 x 6 unmanned ground vehicle model consists of six arm 
type suspension systems with MR dampers and suspension springs, in-wheel motors, and tire elements [3].  The 
subsystem synthesis method has been applied for real-time multibody simulations [4].  Control systems consist of 
a preview optimal speed controller and a path following controller.  The six longitudinal control tire force for each 
wheel can be determined by the distribution algorithm based on optimization scheme using the estimated vertical 
tire force [5].  In the RTT analysis module, real-time vehicle dynamics and control simulations are firstly carried 
out with the upcoming scanned terrain data.  The simulation is carried out every 100 msec., and each simulation
is a parallel processing of 7 constant speeds running of vehicle on 15-20m ahead terrain. Secondly, vehicle stability 
analysis is carried out according to the vehicle stability indices for heave, roll, pitch, and lateral motion.  Finally, 
the optimal vehicle velocity profile is obtained as the maximum speeds (as a function of ahead distances) that
result in all the vehicle stability indices being above the satisfactory limits from the RTT simulations. Since these 
optimal vehicle profile must be used as a command input of the actual unmanned ground vehicle, the RTT analysis 
module has to be implemented on-board.  Thus the computation of the traversability analysis must be much faster 
than real-time.  Real-time capabilities of the proposed model are investigated.  

The suggested velocity profile design method is first tested on a test bed, where the actual vehicle is also 
modelled as the same MBD model used in RTT module. Figure 1. shows the obtained optimal velocity profile of 
the vehicle on an off-road terrain with a less strict stability criterion (non-conservative case) and a strict stability 
criterion (conservative case). Figure 2 shows the 3-D terrain and vehicle model used in the simulation.

In near future, the RTT analysis and optimal velocity profile routine will be implemented on a real unmanned 
vehicle and verified on off-road terrains
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Figure 2. Off-road terrain model for UGV-RTT simulation
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Abstract

The vehicle-terrain interaction model is essential to demonstrate vehicle mobility capability on deformable 
terrains under various maneuvering scenarios, and the overall vehicle performance on sand and rough dirt roads 
needs to be carefully evaluated at various design stages, including drawbar pull, tire sinkage, and rolling resistance. 
Over the past decades, various simulation techniques have been proposed and utilized for modeling the vehicle 
and deformable terrain interaction. Empirical terramechanics models allow for a quick prediction of off-road 
mobility performance. Among others, a NATO Reference Mobility Model (NRMM) has been used for various 
military scenarios. Analytical and semi-empirical models, on the other hand, are utilized to better understand the 
tire-soil interaction mechanics using terramechanics theories. Since empirical and analytical terramechanics 
models cannot capture complex deformation as well as highly nonlinear material behavior of the soil, physics-
based numerical models have been proposed to enable quantitative evaluation of the off-road mobility capability 
on deformable terrains using either continuum-based finite element (FE) or discrete element approaches. 

Despite the fact many FE deformable tire-soil interaction simulation models have been proposed and 
validated, integration of these models into multibody vehicle simulation is not straightforward due to the essential 
difference in formulation and solution procedures adopted in general multibody dynamics computer algorithms 
and nonlinear finite element procedures. For this reason, co-simulation techniques are widely used to integrate the 
deformable tire and soil simulation models into the vehicle dynamics simulation framework. Use of co-simulation 
techniques, however, requires very small step size to assure the simulation accuracy, thus development of the tire-
soil interaction model that can be fully integrated into multibody off-road mobility simulation framework is 
pursued in this study without co-simulation techniques. To this end, a high-fidelity deformable tire model based 
on the absolute nodal coordinate formulation proposed in the literature [1] is extended for use in off-road mobility 
simulations and validated against test data as shown in Fig 1. To model continuum soil behavior, a locking-free 9-
node brick element is developed with the curvature coordinates at the center node using the capped Drucker-Prager 
failure criterion. Introduction of the curvature coordinates allows for considering the quadratic terms in the 
polynomial of the assumed displacement field, thus the linear distribution of the stresses and strains can be 
captured. This eliminates the reliance on the enhanced assumed strain method required to alleviate the element 
locking of the standard tri-linear 8-node brick element, thereby making the formulation and implementation of the 
continuum soil model straightforward. The multiplicative finite strain plasticity theory along with the capped 
Drucker-Prager failure criterion is utilized to account for the large soil deformation exhibited during the tire-soil 
interaction in addition to the soil compaction effect. The capped Drucker-Prager soil model is compared with the 

            
Figure 1. Deformable tire model and comparison with test results 
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soil elements in ABAQUS for the plate sinkage benchmark test of soil as shown in Fig. 2 for model validation. In 
order to identify soil parameters including cohesion and friction angle, the triaxial soil test is carried out. Using 
the soil parameters identified including the plastic hardening parameters, the continuum soil model developed is 
validated against the test data. 

Using the deformable tire and soil models developed and validated against test data, the tire-soil interaction 
simulation model is developed and implemented in the general multibody dynamics computer algorithm. Use of 
the high-fidelity physics-based tire-soil simulation model in off-road mobility simulation, however, leads to a very 
large computational model for covering a wide range of terrains. Thus, the computational cost dramatically 
increases as the size of the soil model increases. To address this issue, a moving soil patch technique [2] is adopted 
as shown in Fig. 3 such that the soil behavior only in the vicinity of the rolling tire is solved in order to reduce the 
overall model dimensionality associated with the FE soil model. It is shown that use of this approach leads to a 
significant reduction in computational time while ensuring the accuracy, making the use of the physics-based 
deformable tire-soil simulation capability feasible in off-road mobility simulations. Finally, the tire-soil simulation 
model developed in this study is validated against test data obtained from a soil bin test facility under various tire-
rolling test conditions. 

            
Figure 2. Pressure-sinkage benchmark test for the capped Drucker-Prager soil model 

Figure 3. Tire-soil interaction simulation using moving soil patch technique 
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Abstract
The function of the steering system is to give the driver directional control of the vehicle. The driver feels the

force from the steering wheel which encompasses various information including the road and vehicle condition.

The steering torque is considered as one of the most important information for the driver as the steering torque

influences driver’s judgment for next operation. In recent years, the adoption of the electronic controlled steering

system with new technologies has been enlarged as well as the assist control of the steering torque. New technolo-

gies include the active steering system that changes the ratio of the steering rack stroke in response to the operation

of the driver to optimize the vehicle behavior. These electronic controlled steering systems have interactions with

other complex vehicle subsystems such as electronic stability controlled system, and it is difficult for developers to

find the best solution from huge number of combinations of parameter settings with standard tools and test meth-

ods. In order to solve this problem, this study developed a steering torque simulator with the multibody kinematic

model considering the friction characteristics of the steering gear. This developed steering torque simulator is

shown in Figure 1.

Figure 1: Overview of steering torque simulator.

The steering torque simulator includes a steering torque generator and a PC which is used for the full vehicle

dynamics analysis and the calculation of the steering torque. The configuration of the steering torque simulator

is shown in Figure 2. The vehicle dynamics analysis is carried out by CarSim, which is a commercial software

specialized for the real-time full vehicle simulation. The vehicle model of CarSim includes the characteristics

of engine, transmission, brake and electronic stability control system. The 10-DOF model defined in CarSim is

used for the vehicle dynamics calculation, and the detailed suspension characteristics such as the wheel alignment

change are considered with a large number of look-up tables. In the multibody kinematic model, the knuckle

vertical displacement and the tire force supplied by CarSim are used in order to calculate the steering torque.

The program of the multibody kinematic analysis was written in C to realize the implementation to the real-

time simulation environment. This approach can realize the high computational efficiency of the steering torque

calculation and co-work with the real-time full vehicle simulation. The calculated steering torque is used as the

command torque for the steering torque generator.

In this study, the deformation of the suspension metal parts as well as the play between the joints and the

deflection of rubber bushes that connect the suspension parts in the actual vehicle are treated to be small enough to

be ignored for the steering torque calculation. Therefore, all joints between the front suspension and the steering

parts can be expressed as holonomic kinematic constraint. Furthermore, the inertia effect of the front wheels at the

steering input is also ignored because the inertia effect is small enough in a usual condition with a steering input.

The steering torque is calculated as one of the constraint forces.
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Figure 2: Configuration of steering torque simulator.

The characteristics of the steering torque are affected by the mechanical friction of the steering. Thus, it

is desirable that the influences of the mechanical friction of the steering are considered in order to improve the

precision of the steering torque, which is calculated in the multibody kinematic model. However, it is difficult

to consider the influences of the mechanical friction because the mechanical friction of the steering gear changes

complicatedly depending on a contact condition. In this study, the friction characteristics of the steering gear were

evaluated by using the steering gear of a target vehicle to identify the friction model. The identified friction model

of the steering gear is shown in Figure 3. This identified friction model was applied to the multibody kinematic

model, and the steering torque was calculated.

Figure 3: Identified friction model of steering gear.
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Abstract 

The paper deals with the problem of estimation of vehicles dynamics by means of real-time application that 
allows analyzing the behavior of a vehicle in a real-time mode. This approach is necessary for development of 
HIL-testbench where the mechanical parts of a vehicle (wheels, suspensions, body, etc) simulated in a real-time 
application, but electronics systems presented by real devices (such as ECU) and work together with virtual 
vehicle in accordance with imitating maneuver. 

The authors of the paper use VI-CarRealTime software that allows designing a vehicle model on the basis 
of MSC.Adams/Car models. The object of research was a light commercial vehicle (LCV) with cargo bed (the 
vehicles capacity is up to 3500 kg). The basis of research was LCV MSC.Adams/Car model (1 – 3, figures 1 – 3) 
validated by results of different laboratory and road tests (static rollover, high speed curvilinear maneuvers: line 
changing and running into the corner). This model was converted into VI-CarRealTime model that allows 
simulating LCV behavior in a real-time mode. 

Figure 1. Static rollover test (rollover until the moment of kick off of both outer wheels): 
Simulation: 40,8°; Test: 40,0°; Discrepancy: 2,0% 

Figure 2. “Going into the corner” test (going with a higher speed until cornering breakaway will appear or vehicle will out of 
limits of a marking corridor): Simulation: 64,4 km/h; Test: 61,9 km/h; Discrepancy: 4,0% 
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Figure 3. “Line changing” test (going with a higher speed until cornering breakaway will appear or vehicle will out of limits 
of a marking corridor): Simulation: 75,6 km/h; Test: 73,0 km/h; Discrepancy: 3,5% 

VI-CarRealTime LCV model used for imitation of two others high speed maneuvers: “sine with dwell” and 
“fish hook” that usually used for estimation of ECS systems efficiency.

This paper presented results of dynamics of LCV without any ECS influence. Such kinds of results are 
necessary for finding out of critical speeds when LCV lost its stability (beginning of essential skidding or 
rollover process). 

The developed VI-CarRealTime LCV model will be used in of HIL-testbench with ECS system where the 
improvement of vehicle dynamics must be confirmed. The results presented in this paper and expected results 
from HIL-testbench should show that LCV model with ESC can perform “sine with dwell” and “fish hook” tests 
satisfactory on a speed over 80 km/h that is impossible for LCV model without ESC. 

Acknowledgments 

This research done with the financial support from Ministry of Education and Science of the Russian 
Federation in the frame of the complex project “The establishment of the high-tech manufacturing of GAZ 
commercial vehicles family, equipped with intelligent driver assistance systems” under the contract 

02.G25.31.0193 from 27.04.2016 (Governmental Regulation 218 from 09.04.2010).

References 

[1] A. Tumasov, S. Kostin, D. Butin, A. Vasiliev, A. Vashurin, Y. Trusov / Estimation of influence of stiffness of 
chassis frame on LCV dynamics in conditions of curvilinear motion // Proceedings of the ECCOMAS 
Thematic Conference on Multibody Dynamics 2015, Barcelona, June 29 – July 2, 2015, pp. 1272-1278. 
http://www.multibody2015.org/admin/files/fileabstract/a198.pdf

[2] A. Tumasov, K. Shashkina, G. Konikova, A. Groshev, A. Bezrukov, Y. Trusov Estimation Of Steerability 
And Cornering Stability Of Light Commercial Vehicle By Results Of Road Tests And Simulation. FISITA 
2014 World Automotive Congress, the Netherlands, Maastricht, 2-6 June - F2014-IVC-048. 
http://www.fisita2014.com/programme/sessions/F2014-IVC-048    

[3] A. Tumasov, R. Musarsky, G. Konikova, A. Groshev, S. Kostin, Y. Trusov Estimation Of Light Commercial 
Vehicles Dynamics By Results Of Road Tests And Simulation . 16th International Conference on Advanced 
Vehicle Technologies (AVT), ASME 2014, USA, Buffalo NY, 17-20 August - DETC2014-34641. 
http://www.asmeconferences.org/IDETC2014/ViewAcceptedAbstracts.cfm

302



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

Linearized Modal Analysis of Vehicle Powertrains

Josef Haslinger1, Günter Offner2, Martin Sopouch2, Bianka Barbara Zinkiewicz2

1Radon Institute for Computational and Applied Mathematics

Austrian Academy of Sciences and MathConsult GmbH

Altenberger Str. 69, 4040 Linz, Austria

josef.haslinger@mathconsult.co.at

2Advanced Simulation Technologies

AVL List GmbH

Hans-List-Platz 1, 8020 Graz, Austria

[guenter.offner, martin.sopouch, biankabarbara.zinkiewicz]@avl.com

Abstract
In this study modal analysis of vehicle powertrains is considered. Modal analysis - the determination of natural

frequencies and eigenmodes - provides essential insight into the dynamical behavior of mechanical systems. The

mechanical systems under consideration is a multi-body system consisting of rigid and flexible bodies. These

bodies are interconnected by nonlinear force elements. The time-dependent description of the system is based on

the floating frame of reference approach. This approach leads to the standard system of second order differential-

algebraic equations as used in the multi-body simulation software AVL-EXCITE [1]. The differential equation of

this system is given as:

MMMqqq′′+DDDqqq′+KKKqqq = fff inertia(yyy,yyy′,yyy′′)+ fff external(ỹyy, ỹyy′) (1)

The vector of displacement variables of a single body consists of the global translation variables xxx, the global

rotational variables θθθ , and the local variables qqq. They constitute the displacement vector yyy = (xxxT ,θθθ T ,qqqT )T for

a single body. MMM, DDD and KKK denote the mass, damping and stiffness matrix, resulting from spatial finite element

discretization. Nonlinear inertia forces - like Coriolis and gyroscopic forces and torques - are collected in fff inertia.

External forces and moments applied at a single body are covered by fff external . This vector includes the forces

and moments resulting from externally applied loads and torques, e.g. gravity or gas pressures. It also includes

the forces and moments resulting from coupling between the bodies. Hence fff external does not only depend on

coordinates of the body itself, but also on possibly all states of other bodies, which are summarized in the vector ỹyy.

Coupling between different bodies is modeled by force-elements (joints) and contained in fff joint which is a

part of fff external . A typical joint constrains the motion of the connected bodies by exerting forces or moments on the

connected nodes. Force-elements are preferred over algebraic constraints, as they often model radial or axial slider

bearings, where clearance gaps, wear and lubrication are of importance. The joint forces/moments are a function

of the relative positions and velocities of the connected nodes. For example, the following force law representing

a nonlinear spring-damper combination is used for the coupling forces:

fff joint
i, j (yyyi,yyy j,yyy

′
i,yyy

′
j) =

⎛⎝c0

(
cre f

c0

) Δsi j
Δsre f

Δsi j +d0

(
dre f

d0

) Δsi j
Δsre f

Δvi j

⎞⎠eeeΔΔΔi j (2)

where Δsi j is the relative displacement (computed from yyyi and yyy j) and Δvi j the relative velocity (computed from yyy′i
and yyy′j) of the two connected nodes at bodies i and j, sre f is a reference displacement, c0 and cre f are coefficients of

spring stiffness, and d0 and dre f are damping coefficients, respectively. eeeΔΔΔi j represents the unit vector in direction

of the two connected nodes.

The differential equation is completed by algebraic equations called reference conditons, which seperate the

global motion and elastic deformations in a unique manner [1]. The rotational motion θθθ of the global frame is

parameterized by the four parameter family of quaternions [2]. The normalization condition of the quaternions

gives another algebraic constraint on the single body level, in addition to the reference conditions.

In general, eigenmodes are viewed as periodic motions of the nonlinear system (1) . The eigenvalue problem

consists of finding solutions to the boundary value problem[
yyy(T )
yyy′(T )

]
=

[
yyy0

yyy′0

]
. (3)

The initial values yyy0 and yyy′0 and the period T are unknown. Such a boundary value problem may be solved by

the shooting method [3] where the states yyy(T ) and yyy′(T ) at the end of the period T are determined iteratively by

numerical time integration of (1) from the initial states yyy0, yyy′0.

In this study, the application of modal analysis is restricted to systems where linearized analysis is applicable.

In order to apply modal analysis, the highly nonlinear equations of motion are linearized at specified points in
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time. Inertia and connections forces yield a contribution to the mass, damping, and stiffness matrix of the multi-

body system, like the force equilibrium approach in [4]. As soon as a common reference frame can be chosen

that renders the relative motion of the bodies independent of time, the resulting system of linearized differential

equations has constant coefficients, A standard eigenvalue analysis such as the characteristic exponent method [6]

is applied to extract natural frequencies and eigenmodes.

Some challenges associated with the linearized modal approach are addressed. For example, the linearization

is dependent on the set of coordinates selected to describe the motion of the system, especially the coordinates

used to describe global rotational motion of rigid bodies. In this contribution different sets of large orientation

parameters (Euler angles and unit quaternions) lead to different forms of the linearized equations of motion and to

different natural frequencies and eigenmodes, similar to [5].

The approach is evaluated by computing eigenvalues and eigenmodes of a vehicle powertrain. The vehicle

powertrain consists of components like cranktrain/crankshaft, transmission including shafts, gearings, roller bear-

ings as well as engine/transmission housing supported by mounts. Some of the bodies are flexible, some are rigid,

some are rotating. The resulting eigenvalue problem is of medium size up to about 5000 degrees of freedom. The

approach is validated against commercial software packages.
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Abstract

Road Departure Prevention System(RDPS) is one of ADAS’s (Advanced Driver Assistance System), which 
prevents a vehicle from departing road boudaries by intervening to steering and/or braking control based on 
information obtained through vehicle mounted sensors, especially vision sensors. However, when RDPS is 
activated, there is a good possibility that the driver would not stay passive and instead interfere to steering and 
braking in some ways, thus the vehicle may not be controlled as originally designed. In order to desgin an 
effective and robust RDPS, it is necessary to account for the behavior of driver’s interaction to RDPS. This study 
focus on the measurement of driver’s behavior when RDPS is active using a driving simulator.

Fig. 1 shows configuration of the driving simulator to investigate driver’s behavior, where multibody 
vehicle dynamics simulation software CARMAKER calculates vehicle motion in response to steering wheel, 
brake and acceleration pedal inputs, and displays traffic situations on the Virtual Reality (VR) screen, and a 
motion capture system is attached to the driver to monitor the driver’s behavior. A set of test scenarios that 
activate RDPS in various traffic situations are devised based on the accident data analysis related to road 
departure. Virtual driving tests are conducted using test drivers who are not informed on the activation of RDPS 
and related traffic situations. Behavior of drivers as well as the vehicle trajectory, vehicle speed, steering angle, 
steering torque, yaw rate, and lateral acceleration are measured.

Figure 1. Configuration of the driving simulator
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Figure 2. Steering wheel angle and vehicle trajectory.

Fig. 2 presents parts of test results, where steering wheel angle and vehicle trajectory are compared when 
RDPS is ON and OFF. In general, when RDPS is active, it is observed that drivers, prior to braking, tend to 
intervene to steering control more frequently, and resultantly contribute to preventing from departure from the 
road. However, in some cases, it is also observed that there is continued intervention by the drivers, and it can 
cause the vehicle instable and sometimes make the vehicle to depart from the road. 

Through the research, it is concluded that the behavior of the driver affects the performance of RDPS 
significantly, thus driver behavior should be accounted for designing more effective and robust RDPS.
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Abstract
Numerical simulation has become an important aspect of modern industrial production processes. Very early

in the process chain - even before the first prototypes are built - simulation is used for digital mock-up in order to

discover possible problems and to improve certain components and their assembling.

In our work, we focus on the simulation of highly flexible components like cables and hoses, which is a challenging

problem in vehicle industry. Already during the assembling steps but also later in regular usage, high loads and

contacts with high friction should be avoided.

Considering slow or quasi-static motions, our software IPS Cable Simulation already offers the possibility to

simulate flexible components interactively, i.e. in real-time, but also with high accuracy [1]. It is available as

commercial software tool and has found a wide range of industrial applications in the last years (some examples

can be found here [2]). Nevertheless, when it comes to fast excitations with high frequencies, inertia effects can

not be neglected and dynamic simulation of cables is indispensable.

To achieve fast and accurate dynamic simulation, the cable is formulated as geometrically exact Cosserat rod,

which allows rather rough discretization on a staggered grid (cf. Figure 1) and still leads to robust and realistic

results. The Newton equations for the nodes xn are given as

mnẍn = f x
n (xn−1, pn− 1

2
,xn, pn+ 1

2
,xn+1) (1)

with mass mn = δ snρA. The Euler equations for quaternions pn− 1
2

on the edge midpoints, which are used to

describe rotations, are the index-3-DAEs

μn− 1
2

p̈n− 1
2
= f p

n− 1
2

(pn− 3
2
,xn−1, pn− 1

2
,xn, pn+ 1

2
)− pn− 1

2
λn− 1

2
(2a)

0 =
1

2

(
‖pn− 1

2
‖2 −1

)
(2b)

with quaternion mass μn− 1
2
= Δsn− 1

2
ρ4Q(pn− 1

2
)IQ(pn− 1

2
)T .

The right hand sides f x
n and f p

n− 1
2

include viscoelastic contributions from bending, torsion, tension and shearing. Its

dependencies as given in (1) and (2a) guaranty a band structured Jacobian and, consequently, the resulting system

can be solved efficiently. More details about the cable model can be found in [3].

Currently, we integrate the dynamic cable simulation in our software tool. Thus, users can generate flexible cables

as before and only need to add some further information in order to enable dynamic simulations. These additional

inputs are dynamic excitations and damping characteristics of the cable, which both are not necessary in quasi-

static simulation.

Figure 1: Staggered grid discretization of a geometrically exact Cosserat rod.
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Figure 2: CLA overview - the computation of pseudo-damage values.

Concerning cable fatigue, i.e. damage due to dynamic (and also quasi-static) loads, we distinguish two approaches.

On the one hand, we already provide a so called comparative load analysis (CLA) [4]. This method computes

pseudo-damage values on the cable surface which do not predict the absolute lifetime of a component, but allow to

compare several configurations to find the best one in the sense of damage. This computation includes the evalua-

tion of one-dimensional comparison stresses which subsequently are treated by a rainflow counting and a standard

Wöhler curve (detailed discussions on load data analysis can be found in [5]), as depicted in Figure 2. On the

other hand, for absolute predictions of the component’s lifetime, we can proceed as for the CLA but have to use

component specific Wöhler curves. To generate these individual Wöhler curves in an efficient way is part of our

ongoing research.
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Abstract

This research work studies the potential to reduce lateral acceleration acting on children when vehicle 
cornering. Tilting the car body in a turn is widely used in high-speed rail vehicles [6]. Vehicle body inclination 
when vehicle cornering is used also in small narrow vehicles [4]. Based on the theory of tilting vehicles, a 
multibody dynamic model of a passenger car-child safety seats system is created (Fig. 1).

Figure 1. Multibody model of the system.

This model includes the sprung and the unsprung masses of the car, the car seat, and two child safety seats. 
One of them is conventionally installed on vehicle seat. The other one is mounted on special tilting frame. In this 
way the seat can rotate around cylindrical joint located above the mass center of the child-seat subsystem. The 
tilting seat can be examined as a physical pendulum [3].

The theoretical basis of the method is Lagrange equation of motion of second kind:

(1)

where  is the kinetic energy of the system,  is the potential energy of the system,  is Rayleigh 
dissipation function,   are generalized coordinates and  is function of disturbance.

When vehicle cornering the centrifugal force tilts the seat and the lateral acceleration acting on travelling 
child is reduced [2]. It will improve the ride comfort of children when travelling by car. The acceleration 
evaluation was performed by conducting various tests, such as double lane change maneuver [1, 5], slalom, 
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moving in a circle, road test on mountain roads etc. Some results obtained when system was tested on a proving 
ground are shown in Fig. 2.

Figure 2. Lateral acceleration on conventional child seat (ays) and tilting child seat (ayts) during a slalom test (a) and goes 
around a circle of radius 5,5 m (b). Vehicle speed is 20 km/h.

Fig. 3, a shows lateral acceleration on conventional and tilting seat when vehicle travels on mountain road, 
and Fig. 3, b shows their spectral densities.

Figure 3. Lateral acceleration on conventional child seat (ays) and tilting child seat (ayts) during a road experiment (a) and 
their spectral densities (b).

The results show that seat inclination has a significant effect on the reduction of lateral accelerations.
Finally, the multibody model is verified by comparing the calculated results with the proving ground test 

results.
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Abstract
Modeling of the foot-ground interaction is a topic of increasing interest for forward dynamics simulations of

human gait, as it is essential for bio delic and fast codes. Currently, most approaches use arrays of soft spheres or
ellipsoids attached to a hind- and forefoot rigid body, interconnected by a revolute metatarsal joint, (e.g. [1], [2],
[3]. This is accurate enough but (a) requires signi cant computational effort to nd equilibrium con gurations,
and (b) induces super uous high-frequency oscillations of the foot segments with respect to each other and the
ground, both slowing down forward dynamics integration schemes. Recently, an alternative approach describing
the rolling behavior of the foot by a surrogate disk with exponentially decaying radius as a function of foot tilt
angle was presented [4], and a more or less recurrent kinematical rolling behavior of foot-ground interaction in
the sagittal plane was veri ed in experiments for a large portion of the foot contact (see Fig. 1 (b), displaying
average tilt angle over CoP progression (blue curve) and its standard deviation for 7 healthy walkers, as well as
average curvature radius (red curve) and its standard deviation over CoP progression) [5]. Thus one may regard the
foot-ground interaction as a higher joint from where individual motions will depart by small perturbations. This is
analyzed in this paper for a simple forward dynamics period during the sagittal stance phase.

The disk-ground contact is parametrized by a virtual contact disk with exponentially decaying radius r(α) =
A(1− e−C |α | ) whose rim touches the ground without slip at the immaterial contact point P (Fig. 1 (a)) [4], where
A, C are shaping parameters. From this the physical rolling point (coinciding with the CoP) can be determined as
follows: Let r� be the distance of the immaterial contact point P from the footprint center C� corresponding to P
for α = 0. For an in nitesimal increase dα , point P progresses by dr� = r ′cosα dα outwards, where (·)′ = ∂/∂α
and dr� is the projection of dr on the ground. The material rolling point Ω currently having velocity zero must be
at a distance r̂� from the point C� such that the vertical velocity component za = d{r(α) sinα}/d t of the virtual
disk center is equal to its vertical roll velocity component [r̂�− (r�− r cosα)]α . Thus, one obtains

r̂� = r�+ r ′sinα , with r�(α) =
∫ α

0
r ′(ᾱ) cos ᾱ dᾱ =

AC
1+C2

[
sinα e−C |α | +C (1− cosα e−C |α| )

]
. (1)

Note that the exponential radius approach renders an explicit function for the roll distance in terms of the tilt angle
α , while ellipsoids require elliptic integrals for this purpose. In order to allow for more generic rolling surface
shapes, a linear combination of several virtual exponential radius terms can be used such as

r(α) =
N

∑
i=1

Ai

(
1− e−Ci |α|

)
< switch{α�

i }> (2)

where “switch” turns on/off the individual terms depending on the angle α�
i . In the present case i = 1,2 are turned

on before, and i = 3,4 are turned on after the switching angle α� = 0.0260. The other shaping parameters where
chosen such that (1) curvature radius and its derivative (=0) at α = 0 correspond to the average curve; (2) curvature
radius and rolling distance at the interface α� match for the two pairs of exponential radius functions; and (3) the
rest of the curvature progression matches as close as possible the average of measurement. The corresponding
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Figure 1: (a) de nition of foot inclination angle α and CoP progression x as percentage of total footprint length (b)
experimental foot rolling results of 7 healthy walkers (c) exponential radius rolling surface in the sagittal plane.
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0.0665 17.0 8.86 ·10−4 147.26

A3 C3 A4 C4

0.0515 2.0 0.0548 18.0

Table 1: Parameters for Eq. (2) t

parameter value

mtotal 65kg kan,L 25.0N/m

�HAT 0.556m ks1,heel 6.5 ·105 N/m

�Femur 0.417m ks2,mt 1.0 ·109 N/m

�Tibia 0.435m ks3,tip 1.0 ·109 N/m

�Footx 0.182m es1,heel 0.4

�Footy 0.043m es2,mt 0.2

�toe 0.05m es3,tip 0.2

rs1,heel 0.025m μst,heel 0.5

rs2,mt 0.029m μst,mt 0.9

rs3,tip 0.023m μst,tip 0.9

Table 2: Sphere-contact parameters

Figure 2: (a) Schematic two-dimensional multibody model from [6], (b) plot of the right ankle angle as a result of
a forward dynamic simulation comparing viscoelastic spheres and virtual exponential disk with measurement data.
values are listed in Table 1, and the resulting curvature curve is shown in Fig. 1 (b) in green. Note that a fairly good

t is achieved by only nine parameters (in fact of which only 5 are independent).
Forward dynamics was analyzed for a simple two-dimensional biomechanical multibody walking model in

the sagittal plane as presented in [6] (Fig. 2 (a)) using both viscoelastic spheres with Hunt-Crossley damping as in
[2], and the here presented exponential rolling surface without metatarsal joints. Basic assumptions of the model
were: (i) the pelvis is hinged to the inertial system via two prismatic joints (xp, yp) and one revolute joint (ϕp); (ii)
head and torso (HAT) are reduced to one rigid body connected by an ideal revolute joint (ϕH) to the pelvis; and
(iii) legs are chains of revolute joint/rigid link pairs starting at the hip-thigh joint (ϕh) and followed by knee-shank,
ankle-hindfoot, and metatarsal joint-forefoot (ϕkn,ϕan,ϕmt). For the forward dynamics study, a real gait motion
was rst tracked and then a simulation with hybrid joint actuation comprising identical inputs for both models as
(a) kinematically-driven (=rheonomic constraint) joints comprising ϕH, ϕh and ϕkn for both legs as well as ϕan for
the swing leg, and computed-torque controlled joints comprising xp, yp, ϕp, ϕan of the stance leg, as well as both
metatarsal joints for the viscoelastic sphere model. For the rolling surface case, simulation was started from the
point of contact, as no impact is regarded at this point of the development. Due to the kinematical constraint, the
rolling surface model has three degrees of freedom less than the viscoelastic sphere model, and the kinematics of
the closed loop resulting from pelvis motion and kinematic foot rolling joint was solved numerically by Newton
iterations. Fig. 2 (b) shows the resulting simulation results for the stance-foot ankle joint for the viscoelastic spheres
(red dashed) and the virtual exponential disk (green solid). Compared to the measurement (blue dotted line), one
can appreciate that the kinematic rolling surface model renders comparably good results — if not better — than
the sphere contact between 3% and 35% of the gait phase, while performing approx. 18 times faster. The deviation
after 35% is due to the missing foot contact of the opposite leg and the missing metatarsal joint torque control,
which can be considered in future. This shows that modeling foot-ground contact by kinematic rolling surfaces
might be an interesting alternative to soft sphere contacts for fast forward dynamics simulation of human gait.

Further work will be devoted to extend the virtual contact disk model to general spline ts, regularized impacts
for foot strike, tangential compliance for soft foot pad de ection, as well as rotations also in the frontal plane.
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Abstract

Context: Spine surgery planning involves many decisions for which the surgeon has not enough in-

formation, and for which biomechanical models might be helpful. This has been illustrated by a study

carried out at the École Polytechnique de Montréal [4], which shows a high variability in decision making

in the planning of scoliosis surgery for an experienced group of surgeons. This variability is problematic

because it could cause complications for the patient such as a revision surgery or an excessive limitation

of spine mobility. Therefore, a biomechanical model for spine surgery planning might be useful in giv-

ing the surgeon sufficient information to propose the best treatment. In this context, the intervertebral

efforts represent an essential input to help in the diagnosis and subsequently to guide surgical planning

of scoliosis.

Objectives: This present research aims at developing a clinical protocol based on experimental data

and on a multibody model of the upper body, to quantify the intervertebral efforts for idiopathic scoliotic

adolescents in standing up position (statics) and during moderate gait (dynamics). The estimation of

intervertebral efforts is based upon four interwoven topics: patient physiology, spine geometry, spine and

pelvis kinematics and muscular forces. In line with this, to reach the final objective of this work, three

targeted contributions must be achieved:

• The elaboration of a clinical protocol focusing on the assessment of the scoliotic patient parame-

ters: necessary anthropomorphic data, spine shape and kinematics, and muscle force calibration;

• The development of a physiologically-based multibody model of the upper body, able to predict

the kinematics and the dynamics of the spine during gait;

• The joint exploitation of the multibody model and of the experimental input, to allow exploring

and discussing plausible solutions, in terms of internal efforts, thanks to the full potential offered

by models and computer simulations.

Figure 1. The general protocol is based on both clinical and

modeling processes

Methodology and ilustrative Results: As

mentioned before, the accurate computation of

the intervertebral efforts strongly depends on

four pillars: patient physiology, geometrical

identification, spine and pelvis kinematics and

muscular forces inside the upper body. The pro-

posed protocol addresses each of these prob-

lems, from both the clinical and the modeling

points of view, as shown in Fig. 1.

The geometrical identification of the spine,

using bi-planar X-rays, the computation of its

kinematics from a limited amount of data and the impact of the patient physiology of the patient have

been addressed in previous studies: [1],[3] and [2] respectively.
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Figure 2. Muscular forces estimation: EMG calibration

(left) and muscular activation (right). High activation in

red, middle activation in purple and no activation in blue

The present contribution focuses on a global analy-

sis of the protocol developed for this study for which a

special attention will be paid to the computation of the

muscular forces and the intervertebral efforts.

The model used includes 6 muscles representing

the abdominal and back muscles groups (Fig.2-right).

The muscular forces are estimated through its activa-

tion measured by EMGs. The correlation between the

forces and activation was established via the David

Back protocol (Fig. 2-left).

An illustrative result obtained from our biomechan-

ical model of the spine is shown in Fig. 3. It reveals the dynamic impact of the gait, by showing a

significantly higher intervertebral —normal and shear— forces than in a standing up position (up to

125% higher).

Figure 3. Dynamic intervertebral forces inside L5-S1: normal force (up) and shear force (down). The horizontal dotted line

represents the intervertebral force for standing up position (Static). The vertical lines refers to the double stance phase of the

gait cycle
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Abstract

The side branches of the human vocal tract exhibit antiresonance and resonance properties in the human 
voice frequency spectrum which influence the voice quality. This study investigates the possibility of these 
specific resonances to contribute to the speaker's formant cluster around 3-5 kHz. A reduced finite element (FE) 
models were created which allows numerical simulation of the effects of changing the parallel cavities on the 
acoustic resonance and antiresonance characteristics of the vocal tract. These models, created from an accurate 
three-dimensional (3D) FE models of the human vocal tract for vowel [a:,i:,u:], are computationally-effective 
and allows parametric changes of the parallel cavities continuously within the physiologic range. These changes 
are expected to play a role in voice therapy and operatic singing. While the influence of the geometric 
configuration of the main channel of the vocal tract on the vocal output has been studied rather extensively, the 
influence of side cavities of human vocal tract, has received less attention. Generally, these cavities have been 
reported to cause antiresonances in the resulting vocal spectrum, i.e., largely decreasing radiation of some of the 
spectral frequencies out of the mouth, particularly those around 4~-~5~kHz [1,4,5,6]. As such, their role for the 
resulting vocal intensity may be considered undesirable, since it contradicts the general goal of enhancing vocal 
output with the smallest vocal effort. However, newest studies with perceptual evaluations of sounds produced 
using 3D mathematical and physical models of the singers' vocal tracts revealed that the voice quality is 
perceived as being better when side branches are present. Furthermore, spectral analysis of singers indicates that 
the formant structure around 3-5 kHz is more complex than usually expected. A more detailed analysis shows 
that besides the antiresonances there are also new resonances which occur due to these side cavities. The 
sophisticated accurate 3D FE models of the vocal tract for vowels [a:,i:,u:,] were created from the CT snaps. 
Their using for investigating the effect of vocal tract shape modifications on the changes in acoustic resonance 
properties is time consuming. Therefore the reduced FE models were created including all the dominant parallel 
cavities and their resonance and antiresonance frequencies were tuned to correspond to those of the full FE 
model. These reduced models were then used for analyzing the antiresonances, resonances and the pressure 
transfer function of the vocal tract. The accuracy of the results obtained using the reduced models were 
examined by comparing these to the results obtained with the full 3D FE model [2].

Figure 1. Volume model of the human vocal tract for vowel/a:/ (left). Simplified computational model of the human vocal 
tract for vowel/a:/ (right). 
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Based on the numerical analyzes can be concluded that the parallel cavities (without nasal cavity) influenced 
the voice quality for the vowels [a:,i:,u:] by different mechanism. For vowel [a:,u:] is most important the 
increasing of the parallel cavities near the human vocal fold. On the contrary for vowels [i:] are the phonation 
characteristics influenced most by the parallel cavities near the tonsils [2].

Velopharyngeal insu ciency (VPI) is an insu cient closing of nasal cavity (nasopharynx) and its airproof 
separation from the oral cavity (oropharynx). VPI leads to open nasality (rhinolalia aperta) a ecting all oral 
speech sounds that should not be nasal. Small defects of the velopharyngeal closure become evident first by a 
di erent timber of the voice, bigger defects influence formant structure of vowels. The results for numerically 
simulated sound response of the human vocal tract for vowels /i:/ show considerable influence of VPI connecting 
the acoustic spaces of the vocal and nasal tracts of the FE models on phonation. In contrary, the influence of VPI 
on the acoustic pressure response for vowel /a:/ is smaller. This is in the qualitative agreement with the clinical 
acoustic data on velopharyngeal insu ciency. From presented results can be concluded, that for prediction of the 
voice quality is necessary correctly model the nasal cavities.

 

  

 

Figure 2. Acoustic pressure response computed at the lips (left), spectrogram of the computed acoustic pressure of the lips 
using the simplified model with VPI harmonically excited (right).
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Abstract

To answer the title question, sit-to-stand without a chair is falling down – more on that later. And what is the result of 
predictive sit-to-stand simulation without an appropriate model of seat-chair contact? It cannot be expected to be natural 
sit-to-stand. Predictive simulation of activities of daily living, sit-to-stand included, are key to the discussion of why 
people move the way they do, understanding pathological motion and assessing interventions in silico. The predictions 
are sensitive to the model. In the case of sit-to-stand, between 18 and 77 percent of body weight is initially supported at 
the seat [1], and contact continues for the first thirty-four percent of the motion [2]. Thus, the model of seat-chair contact 
deserves attention. The goal of this work is to describe the vertical component of a seat-chair contact model appropriate 
for use in predictive simulation of sit-to-stand.

The buttocks to be modelled are transverse gluteus material, deep to adipose tissue, with a superficial layer of skin. 
The constitutive behaviour is commonly described as visco-hyperelastic. However, there is a void of information in the 
literature regarding the mechanical properties of soft biological tissues [3] from which this seat-chair model could benefit. 
In the least, a reasonable model for this application ought to be computationally inexpensive and produce physiological 
ranges and profiles of force for a typical sit-to-stand motion.

Previous predictive sit-to-stand research has modelled seat-chair contact using a Kelvin-Voigt model, rigid contact, or 
by omitting the chair entirely. The validity of these models has not been tested and the strategies have not been compared. 
When they are critiqued using the criterion above, that forces produced from normative sit-to-stand be physiological, 
none of these models meet the mark. Omission of a chair assumes an initial pose with the centre of mass well behind the 
base of support and a net joint moment demand to the ankles well in excess of their strength [4]. As you would if the chair 
were pulled out from under you, the appropriate response of a model seated without a chair is to fall down. Rigid contact 
models restrict the motion of the lower extremities in ways that are incongruous with experimentally observed sit-to-stand 
and the transitions at seat-off, the instant that contact is lost between buttock and chair, lead to discontinuities in force 
profiles and unachievable spikes in net joint moment profiles. The one constitutive model of seat-chair contact used in 
predictive simulation of sit-to-stand employs an exponential spring and linear damper Kelvin-Voigt element [5]. Still, as 
defined, all possible equilibrium positions for the spring render the element practically ineffective, implausibly sticky, or 
both. The evidence is clear that notions of omitting the chair from the model, or assuming rigid contact must be discarded. 
What is left is to take the cue from the material behaviour and small successes of the Kelvin-Voigt element and search for 
an appropriate lumped parameter, force-deformation model of seat-chair interaction.

Models of muscle and fat tissues used in other applications have represented the elastic behaviour as linear, 
exponential, and hyperelastic as characterized by neo-Hookean, Mooney-Rivlin, and Ogden strain energy functions. 
Incompressibility and uniaxial loading was assumed in order to describe point-to-point contact. The resulting constitutive 
equations are shown in Table 1.

Table 1. Constitutive relations assessed 

spring model equation number of parameters

Linear F= -k1 x 1

Exponential F= -k2^(k3 |x|) 2

Neo-Hookean F= -1/2  (k4 ( (1/ )- ))/ 1

Mooney-Rivlin F= -1/2  (k6
2 (1/ )+k5 (1/ )-k5

2-k6)/ 2 2

Ogden F= - (k7 ((1/ )^(k8/2)- ^(k8)))/ 2
where ks are material constants, x is the relative vertical displacement of the ischial tuberosity, and  is the 
principal stretch.
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These equations are used to describe the force developed in the spring of the Kelvin-Voigt element under deformation. 
Bounds are imposed on the force developed in the damper to allow the buttock to lift from the chair at seat-off. In the 
hyperelastic material models, where force is a function of stretch rather than position, an additional parameter was 
included to allow limited tuning to the vertical location of the ischial tuberosities, or sitting bones, from the mapped 
location on account of typical human variability. The best model will return the most plausible force profile when driven 
with typical sit-to-stand kinematics.

An experiment was used to determine these kinematics and kinetics. One participant performed sit-to-stand four times 
while in a motion capture suit with force plates below the feet and the chair as in Figure 1a. Data was collected at 120Hz 
and filtered using a dual-pass Butterworth filter with a cutoff frequency of 6Hz. Each trial was analysed for sit-to-stand 
event markers and was found characteristic of normative sit-to-stand. Sit-to-seat-off was then extracted from the series of 
data to be analyzed.

 a.  b.

Figure 1. Sit-to-stand a. experiment and b. seat-chair model.

An optimization scheme was defined to identify best parameters for each model based on the experimental data collected 
in 3 of the 4 trials. Experimental ishial tuberosity movement was input and the forces calculated were compared to 
experimentally collected data in a least squares sense. The remaining error was compared across models. The Kelvin-
Voigt model using the exponential spring was the poorest performer, although it met the most basic criterion of producing 
a reasonable force profile for sit-to-stand. The remaining models had improved performance and were comparable except 
for the one using a Mooney-Rivlin spring, which produced a force profile slightly closer to the experiment. To test for 
repeatability, the models with their best parameters were implemented using the data of the 4th trial and again the Kelvin-
Voigt element with Mooney-Rivlin spring performed best. This model, including parameters, is shown in Figure 1b.

It is recommended, for this participant at least, that the Mooney Rivlin spring is used in the Kelvin-Voigt model of 
seat-chair interaction. It is a hyper-viscoelastic model, characteristic of the tissues of the buttocks, and when tested in 
kinematics typical of sit-to-stand, has provided continuous forces of physiological magnitude, most similar to those 
observed from experiment.
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Abstract
Helmets and body armours are often employed to decrease the occurrence of head- and torso-perforating

injuries caused by ballistic projectiles, shrapnel, and other objects propelled by blast. However, even when these

devices successfully defeat projectiles the user may still undergo Behind Armour Blunt Trauma (BABT) [1]. The

effects of BABT on the human body are currently the subject of a number of research studies [2]; typical injuries

range from skin laceration to bone fractures and contusions to internal organs. As a consequence, BABT need be

considered during the development of personal protective armour components [3, 4].

(a) Graphic representation (b) Multibody model

Figure 1: Computational model of the Hybrid III Dummy.

In this work we studied the effects of bullet impacts on subjects that wear protection helmets in order to predict

their likelihood to suffer BABT. It was assumed that the helmet was able to defeat the bullet in all cases, so the head

would not suffer any perforating injuries. However, the impact energy would still be transmitted to the subject,

introducing significant accelerations in the system and giving rise to reaction efforts in the neck; these must be

evaluated to determine up to what extent they may result in BABT. A computational multibody model of the head

and neck of a Hybrid-III Dummy, shown in Fig. 1, was developed to this end. The model was formulated using

natural coordinates; one point and three unit vectors were used to describe the motion of each body in the system.

The vertebrae were connected by nonlinear bushings that allowed for relative three-dimensional motion between

them. Each bushing was modelled as a six degree-of-freedom, linear elastic beam with bending-shear coupling

and variable stiffness and damping properties. The head was pinned to the last vertebra via a revolute joint and

a torsional spring. Bullet impacts were modelled with a set of time-varying forces fs. The number, location, and

time history of these forces were adjusted to represent different impact scenarios that involved various types of

ammunition and protective equipment. These forces can reach a peak value of up to 20 kN and typically have a

rise period in the order of a tenth of a millisecond, while the total bullet energy is transmitted to the system in less

than 3 ms [3]. Such force properties resulted in the need to use integration schemes with step-sizes in the order of

10−6 s.

The forward-dynamics simulation of the bullet impacts and the subsequent dummy motion was carried out

with several multibody formulations. Augmented Lagrangian and Hamiltonian algorithms were selected, as they

have been proven to be efficient and robust and able to deal with impact forces and system discontinuities [5]. Their

performance was tested in combination with explicit and implicit numerical integrators, namely the symplectic
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(a) Experimental sample reported in [3]
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Figure 2: Time history of the forces transmitted from the helmet to the head during a bullet impact.
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Figure 3: Displacement of the head COM during simulation.

Euler formula and the Newmark method. In the case of the implicit integrator, both fixed-point and Newton-

Raphson iterative schemes were evaluated. These methods were implemented and compared in terms of efficiency,

accuracy, and robustness using mbsLab, a C++ multibody system dynamics library developed at LIM [6].

In a preliminary set of numerical experiments, the impact force was modelled following the profile shown

in Fig. 2b, which featured the same peak value, rising time, and impulse as experimental values reported in the

literature. The asymmetric behaviour of the neck during flexion and extension was represented using a different

bushing stiffness for each of these motions. The physical parameters of the bushings, including their stiffness

and damping, will be adjusted in the near future with experimental data. All the tested methods delivered similar

system motions, Fig. 3, successfully carrying out the integration with step-sizes larger than h = 4 ·10−6 s.
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Abstract

This paper presents a multibody analysis of a standardized taekwondo athlete during execution of two kicks: 
1) roundhouse kick performed with the rear foot (see Fig.1); 2) 360 roundhouse kick performed with the frontal 
foot (see Fig.1). 360 roundhouse kick (or also known as turning kick) is composed of a jumping rotation of 360 
degrees around rotation axis (which colligates a point on the center of the head and the sacrum) before execution 
of the roundhouse kick. The objectives of this research are twofold: 1) to model a taekwondo athlete with a 
multibody analysis in order to understand the biomechanical behavior of the athlete and to optimize the jumping 
technics and the acceleration of the kick; 2) to analyze the multibody biomechanical behavior of taekwondo 
athletes in order to optimize ICT technology in fight tournaments.

The World Taekwondo Federation (WTF) [1] was founded in 1973. Taekwondo is one of the two Asian martial 
arts included in the Olympics. It made its debut as a demonstration Olympic sport at the 1988 Seoul Games, and 
became an official medal sport at the 2000 Sydney Games. The objective of Taekwondo is to land kicks and 
punches on the opponent’s scoring zones [1, 2]. A kick or punch to the opponent’s torso scores one point, an 
additional point is awarded if the attacker has his back to his opponent at the point of contact - so spinning kicks 
score two points. Punches to the head are illegal, but kicks score three points and a turning kick to the head scores 
four points. To be valid, shots must be of sufficient force. Competitors need powerful and explosive legs - to launch 
jumping attacks from the opponent and to support themselves during standing, single-leg kicks.

Technology is already widely used in the context of this sport [2]. The trunk of the athlete is protected by a 
sensorized corsage. The threshold of the impact force able to assign a point is calibrated for each weight level of 
competitors. The company developer of the corsage is also investigating the possibility to use sensorized helmets 
[3].

Figure 1. Roundhouse kick performed by the athlete with red corsage and red helmet during Olympic tournament London 
2012 (a), and sequences to execute roundhouse kick (b).

To perform the Taekwondo roundhouse kicks, the kicking leg is basically lifted in an arc towards the front of 
the body and then the knee is rapidly extended until the instep of the foot hits the target (see Fig. 1b). In 
competition, the roundhouse kick is frequently used to get scores as it is a fast movement and provides a powerful 
attack. Previous studies showed that impact forces of roundhouse kicks were approximately 1000 N–3000 N in 
Taekwondo players [4]. Higher impact forces (1994.03 ± 537.37 N) were shown in the competitors as compared 
with the non-competitors (1477.90 ± 679.23 N). Even in the similar skill level athletes, the medalists performed 
stronger kicks than the non-medalists. Therefore, several researchers have investigated influential factors for 
powerful kicks regarding to kinematics and kinetics of the kicking leg. Concerning kinematics analysis, the kicking 
leg undergoes a wide range of motion of up to 100 knee flexion, and 45 ankle plantarflexion. During impact phase, 
knee flexion angle was significantly greater in highly skilled players (about 31) than in unskilled ones (about 20) 
whereas similar ankle plantarflexion was about 44 in both groups. 

The paper proposed in [5] compared the impact characteristics of Taekwondo and Yongmudo (another martial 
art) player’s 360 roundhouse kick (or turning kick) according to the target height. There was a significant difference 

Rear foot Frontal foot(a) foot (b)
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for impact force according to the target height approximately 6400 ± 898 N, for the mid section and 5419 ± 659 
N, for the high section of taekwondo groups. In conclusion, as the 360 roundhouse kick was performed quicker by 
the Taekwondo players (respect to Youngmudo martial artists) with a similar impact force and more forward 
motion, it is evaluated to be a better technique of 360 roundhouse kicking.

The aims of this work is to find correlations between the dynamic of the kicking foot and the dynamic of the 
head in relation to the movement of the rotation axis. In particular, experimental tests performed in collaboration 
with some Taekwondo clubs underlined how , , and  (see Fig.2) influence the force of the roundhouse kick 
and 360 roundhouse kick. This influence has been noted in other kicks, but only from experimental point of view. 
Analytical formulations on this theme for taekwondo kicks have not been found. The most important contribution 
of this research is to find a first analytical formulation between the acceleration of the kicking foot (point B of 
Fig.2) and acceleration of the head (point A of the Fig. 2) in relation to the angular position, speed, and acceleration 
of the rotation axis in the XOZO, YOZO, and XRYR planes.

The formulation and procedure is not shown in this extended abstract because a patent pending status is under 
development; it will be shown in the full paper (if accepted). The formulation, allowing to relates A and B to the 
rotation axis, permits to define novel technics for taekwondo jumping.

The paper is structured as follows: section I presents an introduction on taekwondo Olympic martial art sport 
and on roundhouse and 360 roundhouse kicks from a kinematic and dynamic point of view; section II shows the 
analytical formulation and the procedure proposed; section III describes the virtual model developed using MSC 
ADAMS multibody software and the performed simulations; section IV comments results. The paper end with 
conclusion. Future works are oriented to implement the formulation to 540 roundhouse kick (it has the same 
concept of the 360 roundhouse kick but the rotation before roundhouse kick is 540 degrees).

Figure 2. Roundhouse kick.
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Abstract
Purpose of this work is reconstruction of a real vehicle to pedestrian collision. The involved car model was Skoda

Roomster and the participating pedestrian was 77 years old female. The geometry, mechanical parameters of the

car, initial properties (position and velocity) as well as the anthropometric data of the female are know from the

accident protocol, provided by CzIDAS project (Czech In-depth Accident Study). The car moved with the initial

velocity equalling 30 km/h and hit the pedestrian from her left side by its right-frontal part.

The accident protocol contains also the description of the car damage and injury sustained by the pedestrian.

The effort of the accident reconstruction was to not only to meet deformation of the vehicle (shape and maximal

bonnet intrusion, see Figure 1), but also pedestrian injury.

Figure 1: Deformed Skoda Room-

ster

Human Model: Virtual human body model VIRTHUMAN under Virtual

Performance Solution (VPS) was used here for the performed simulations.

The VIRTHUMAN model is a hybrid model that combines the advantages

of two main modelling approaches: the deformable finite elements and rigid

body segmentation within the MBS structure. The deformable elements repre-

senting external shape of the human body are connected via non-linear springs

and dampers to the rigid segments. Such segments form an open tree structure

based on the multibody principle. The particular rigid segments are connected

via kinematic joints that represent real human joints (shoulder, elbow, knee,

etc.) or breakable joints for description of a bone fracture. The VIRTHUMAN

model is a fully scalable human model that takes into account the gender, age,

height and weight of the particular subject [4]. The wide set of human an-

thropometric database [1] is a basement of automatic scaling algorithm, im-

plemented in the model. The model was fully validated against large set of the validation tests. The full-body tests

as well as detailed tests for the particular human body segments were performed to ensure the biofidelity of the

VIRTHUMAN model [7]. This model was successfully used the pedestrian modelling [6]. To assess the injury

risk probability, an automatic algorithm for evaluation of the specified criterion based on various time-dependent

quantities (e.g. forces, accelerations, displacements, torques and many others), was developed and implemented in

the VIRTHUMAN model [2]. The investigated criteria limits are also scaled based on the human size. The list of

the evaluated criteria is available in [6].

Car model: The model of the car type Skoda Roomster was simplified on the external shape only, modelled via

2D shell elements, absent all the internal structures and reinforcements. The mass and inertia were additionally

defined to represent the real car. However, such simplified model does not agree with the real collision scenario

and the results will hardly correspond with the accident report. Since the car hits the pedestrian frontally and only

frontal part sustained any damage, the rest of the car can be modelled via rigid bodies. The aim of this work was

to test, compare and discuss pros and cons of various approaches for modelling of the car bonnet. Together, five

different models were developed for the accident reconstruction:

• Rigid model: Car model consists only of rigid shell elements. Such model is suitable mainly for evaluation

of the car kinematics. The collision with the pedestrian would be far from the reality, since the human is hit

with the absolutely rigid structure.

• Multibody model: This model consists of deformable (MBS) frontal part and rigid "rest" of the car. In this

model, three rigid segments (frontal bumper, bonnet and windshield) are connected via translational joints

to a basic tree structure, see Figure 2a.

• Segmented Multibody model: The bonnet and the bumper were divided into large number of segments,

see Figure 2b. These segments were connected to a basic rigid structure with the springs and dampers. The

stiffness of the springs was set based on the EuroNCAP head-like-impactor testing for pedestrian protection
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[3]. Based on the results of such experiment, the bonnet is segmented into the areas with the different rigidity.

The spring stiffness was validated to correspond with the head-like-impactor testing.

• Deformable Elastic Finite Element model: This model consists of deformable shell elements with defined

thickness and material properties. The rest of the car was again assumed as a rigid body for this purpose, see

red coloured part at Figure 2c. The material of the bumper, bonnet and wind-shield was simplified to be a

purely elastic.

• Deformable Elastic Finite Element model with Reinforcement: The FEM model here was improved

with the bonnet reinforcement geometry definition. The reinforcement is shown in the Figure 2d. The

reinforcement was modelled with the same elastic material as the bonnet.

• Deformable Elastic-Plastic Finite Element model with Reinforcement: The FEM model with the rein-

forcement was enhanced with the elastic-plastic definition of the material. With the advantage of performed

experimental testing curve, the elastic-plastic material behaviour can be considered.

(a) MBS model (b) Segmented MBS model (c) FEM model (d) Bonnet reinforcement

Figure 2: Skoda Roomster models

Figure 3: Configura-

tion of the accident.

Model VIRTHUMAN

and Skoda Roomster

Accident configuration: The configuration of the accident was set up based on the

available data from accident protocol, where initial position of the car and pedestrian were

reported. Pedestrian was positioned in the desired walking position and placed tightly in

front of the car. The car initial velocity was 30 km/h and and it decelerates to zero velocity

in 1650 ms. The walking speed of the pedestrian was assume as an average equalling 5

km/h [5]. The accident configuration is shown in the Figure 3. The investigated collision

was modelled via five different models of the car bonnet and the results can be concluded

as follows. The rigid model is not suitable for the car-to-pedestrian accident. MBS and

segmented MBS models have advantages of fast calculation and they respect local stiff-

ness of the bonnet. The deformable FEM model can respect real deformation of the car

and meet the required pedestrian after impact motion. Enhancement of the FEM model

with the reinforcement and definition of the real elastic-plastic material can improve the

model for the reconstruction of the real car-to-pedestrian accident.
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Abstract
In industry there is an increasing demand on simulating the dynamic motion of a worker and its interaction

with the environment for an ergonomic assessment of tasks, for example the assembly of parts, or moving heavy

objects. For given work instructions like ". . . move the part from A to B . . . ", a simulation should produce human

like motion with realistic joint torques and muscle forces. Optimal control of a biomechanical multibody system

[1, 2] is a good approach to create a simulation procedure for a digital human model that fulfills these requirements.

The human skeleton (or parts of it) are modeled as a multibody system (MBS), where, in contrast to [1, 2],

a representation with minimal coordinates based on [3] is used due to performance issues [4, 5]. For a MBS with

tree-like structure the equations of motion are a system of ordinary differential equation (ODE), turning into a

system of differential algebraic equation (DAE) in the case of closed loop kinematics. Realistic inner forces can

be obtained by including muscle models into the biomechanical MBS of the digital human. There are a variety of

different muscle models [6] with different complexities. As in [2], we restrict ourselves to a string type Hill-model,

where the active contractile element (CC) creates a pulling force depending on the actuation, the length and the

contraction velocity of the muscle. This CC is connected in parallel to a (non-)linear spring (PEC), see Figure 1,

that represents the passive stiffness of the tissue. A muscle is attached to the skeletal MBS in at least two body

Figure 1: Simplified Hill muscle model

points, connected via a straight line. Hence, if the position and velocity of the bones are known, also the length

and the contractile velocity of the muscle can be evaluated. With the help of these quantities and the activation the

force Fm can be computed, which is acting on each point of the bones in the direction of the muscle.

Human like motions of such a biomechanical MBS are generated by optimal control, where the control signals

are the activations of the muscles. This results in a time continuous optimization problem, including a mathematical

model of the working task in the constraints, besides the equations of motion. Motion trajectories with given

characteristics like e.g. minimal control effort, minimal kinetic energy or minimal execution time can be generated

by choosing a specifically constructed objective. The continuous optimal control problem is solved by applying

the so called DMOCC (discrete mechanics and optimal control for constrained systems) approach, including a

variational integrator to solve the constrained equation of motions in time. The corresponding finite dimensional

optimization is solved with the interior point method using the solver IPOPT [8].

This approach provides the possibility to simulate human-like motions of typical working procedures. For

example, in Fig. 2 the simulation results of the task lifting a box from a lower to a higher position can be seen.

Hereby, only the start and the end position are prescribed, the motion itself is completely generated by the optimal

control approach with a descent objective function. The multibody model consists of two arms, where each has

seven degrees of freedom and is fully actuated by 29 muscles. The contact of both hands and the box is realized

with two phases [9], where in the second phase additional Lagrangian multiplier and constraints are added to the

equation of motion such that the contact is closed. The corresponding constraint forces have to fulfill additional

equation in every time step, such that Columbus friction law holds. Hence the model has to press the box to
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Figure 2: A box lifted by two arms actuated by muscles with friction included

produce a vertical force. Therefore, on each hand a few contact points are prescribed, which are moving with the

coordinate system of the rigid body. Also the grasp position of the hands on the sides of the box are a result of the

optimization process, because they are included as additional variables.
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Abstract
Introduction: In the domain of orthopaedic implant design and manufacturing, the stress analysis on implant 

is part of the standards. Today, these analyses are still carried out with simplified loading cases that do not 
represent the conditions closest to reality, but recommendations have been made for these analyzes to become 
more realistic in the future: e.g. for femoral implants, it was shown that loading during gait is a factor that can 
lead to failure of the implant and assembly screws [1], reinforcing the recommendation that dynamic conditions, 
such as gait, be taken into account in future analyzes of implant design parameters. Particularly, such a 
sensitivity analysis tool would allow manufacturers to improve their concepts of design and assembly of 
implants, and would guide surgeons in their personalized choice for each patient. However, such a tool does not 
exist yet: to date, one can find either effort analysis tools between implants based on dynamic rigid multibody
models (e.g. [2]), or stress analysis tools in the bones based on flexible multibody dynamic models (e.g. [3]), and 
so to our knowledge no sensitivity analysis tool integrating flexible implants. Such a tool would require a 
flexible multibody inverse dynamic model of the human body, taking into account both the dynamics of the 
human multibody system during the motion and the flexibility of the bone-implant system in the human body. 
Thus, the objective is to develop a tool to analyze the sensitivity of the design parameters of femoral implants in 
the human body under dynamic conditions such as gait.

Method: To achieve this objective, a dynamic model of the human body integrating a flexible femoral 
implant was developed (Fig. 1) using Motionview software, from Altair Engineering (Troy, USA), which 
includes a flexible multibody dynamic modeling solution. For further details on the characteristics of the 
implant, which was a “locking compression plate”, and on the gait analysis data, including the data of joint
movements (q) and ground contact forces (Fp), the reader is invited to consult Ref. [1]. To illustrate the interest 
of the sensitivity analysis tool, the abstract focuses on the impact of the implant length on the stress distribution 
through the implant and on the fracture deformation. This choice is justified by the fact that the length is one of 
the main implant design parameters, that the stress distribution in the implant allows to analyze the risk of failure 
[1], and that the fracture deformation enables to verify if the context is favourable to the bone healing. We 
compared four implants of different lengths (L1, L2, L3 et L4) on a linear scale from approximately the
minimum length to the maximum length physically eligible for this case.

Fig. 1. Dynamic model of the human body integrating a flexible femoral implant.
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Results: Fig. 2 compares the results of the flexible multibody model between four implant length variants. 
Fig. 2A compares the Von Mises stress distributions at the time of the largest loading on the implant. In this case
study, this instant was identified at 48% of the gait cycle, i.e. just before the foot land on the ground on the side 
of the limb without implant. Fig. 2B compares maximal implant stresses and maximal fracture deformations.

Fig. 2. Comparison between the four implant lengths (L1 to L4): A. Von Mises stress distributions at the time of the largest 
solicitation; B. maximal implant stresses and maximal fracture deformations. 

Table 1 compares on the four implant lengths the values of: 1. maximal Von Mises stress; 2. volume where the 
stresses are considered high, exceeding the 200 MPa threshold corresponding to the red colour zone in Fig. 2A;
3. maximal deformation of the fracture, defined by Ref. [4].

Table 1. Quantitative comparison of constraints and deformations between the four implant lengths (L1 to L4).

Discussion and perspectives: The objective was to analyze the impact of the main assembly parameters of a 
femoral implant on stress distribution through the bone-implant system during gait. This was achieved through
the development of a dynamic model of the human body incorporating a flexible femoral implant. The most 
significant result seems to be the increase in the volume of high stress with the increase of implant length: 7.5 
times higher (360 mm3) for the longer length, L4, relatively to the value (48 mm3) of the shorter length, L1. This 
shows a significant influence of the length of the implant on its resistance to fatigue, because the initiation of the 
cracks is in the region of high stresses and the risk of crack is correlated with the size of this region. Let us note
that for the four models, the maximum stress is at the same location (Fig. 2A), i.e. on the edge of the implant and 
in the region of the first screw located near the fracture. Fig. 2B shows that the maximum stress in the implant 
increases with the increase of its length, with a 20% increase between the shortest length, L1 (242 MPa), and the 
longest, L4 (290 MPa), according to Table 1. Fig. 2B also shows that the maximal deformation of the fracture
decreases while the length of the implant increase, such as the shortest implant, L1, records 24% greater (1.04%) 
maximal deformation than the longest implant, L4 (0.84%), according to Table 1. The prospects of this study are 
to extend the sensitivity analysis to all the design and assembly parameters. The incentive is to develop a tool for 
sensitivity analysis of orthopaedic implants on the stress distribution through the bone-implant system during 
dynamic conditions, such as gait, which would be transferable to the implant industry and orthopedic clinics.
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Implant length L1 L2 L3 L4

1. Maximal Von Mises stress [MPa] 242 262 273 290

2. Volume of high stress [mm3] 48 131 240 360
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Abstract
Rehabilitation robots are developed to provide rigorous, systematic and appealing health care for the therapy

of post-stroke patients [1]. Three modes of assistive, corrective and resistive actions are the global strategies

for rehabilitation robots [1]. In assistive mode, partially assistive controllers are widely used to control these

robots using one of these methods: 1) Admittance/impedance control, 2) Attractive force field, 3) Model-based

assistance, and 4) Offline adaptive control [1]. Recent progresses in development of nonlinear model predictive

control (NMPC) motivate us to implement NMPC to generate an optimal hybrid assistive-corrective-resistive mode

for an upper extremity rehabilitation robot. Similar to an impedance control, an NMPC requires a good estimation

of the system dynamics, and a simpler model (fewer states) will decrease computation cost of the controller.

The dynamic parameter identification (DPI) of the system can be done by on-line or off-line methods [2].

System input-output matching, which is more accurate than other offline methods, is an optimization problem

and can be done on an inverse/forward dynamics model of the system. In homotopy optimization [3], in which a

forward dynamics model with an ordinary differential equation (ODE) system is used, inaccurate calculation of the

finite differences will cause the divergence of the integrated system. Noisy input will exacerbate this problem. In

inverse dynamics optimizations, inaccuracy in joint velocity calculations (caused by noise) may cause significant

errors in identification. DPI methods are more applicable for open-chain robots. Workspace of closed chain robots

is constrained, and it is not possible to run experiments on wider ranges. Besides, locking driving joints in these

robots will not necessarily decouple their dynamic characteristics [2].

The upper extremity rehabilitation robot is a 2 degree-of-freedom parallelogram with sandwiched backlash

(≈ 0.3 degree) on two driving joints (Fig. 1.a). The robot has frictional joints and the manipulator moves on a

frictional surface. These frictions can be modeled by the Lugre friction model, which is a general purpose dynamic

friction model for robotic applications that combines the stiction and Stribeck effects with viscous friction [4].

However, implementing this model will increase the number of unknown parameters and states and this will lead

to inefficient calculations. The objective of this project is to develop and identify an optimal dynamic model for

the robot. It is required to find an optimal method for input-output matching of this closed-chain system with noisy

inputs and outputs.
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Figure 1: (a) Rehabilitation robot while performing first experiment , (b) Left plot: robot performance in curvilinear

space, right plot: robot performance in rectilinear space. (c) DPI validation results for motor torques using approach

1 (left plots), and approach 2 (right plots).

Robot dynamic equations are:

M
{

θ̈1

θ̈2

}
+C

{
θ̇1

2

θ̇2
2

}
+

{
Nj1 f j1
Nj2 f j2

}
+JT NE

{
fEZ

fEX

}
+d =

{
u1

u2

}
(1)

where M and C are the robot’s inertia and Coriolis-centripital matrices, Nji is the frictional normal force on joint

i, f ji is the normalized frictional torque, J is the geometric Jacobian matrix, NE is the frictional normal force on

the end-effector, fEZ and fEX are the normalized frictional forces in the Cartesian space along Z and X directions

respectively, d is the vector of unknown dynamics and input noise, and ui is the joint i driving torque. The frictional
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normal forces are always positive and variable while the robot is operating in the whole workspace. Thus, we have

modeled these forces with a positive definite second-order polynomial function of the joint angles. In the first

approach, normalized frictional forces/torques are modeled with LuGre friction model; this model will introduce

additional states (average bristle deflections) and parameters to the problem. Since additional states and parameters

will increase the computation cost, as a second approach, a continuous velocity-based frictional model [5] is used

to model the normalized frictional forces/torques. If we introduce p as the vector of unknown dynamic parameters,

the final format of the robot ODE system is:{
Approach 1 : ẋ8×1 = F(x8×1,u2×1,p43×1)
Approach 2 : ẋ4×1 = F(x4×1,u2×1,p37×1)

(2)

Since the robot has unknown dynamics and noisy inputs/outputs, it is not possible to use conventional DPI

methods. GPOPS-II is used to solve multi-phase optimal control problems with unknown static parameters; this

software combines variable-order adaptive orthogonal collocation methods with sparse nonlinear programming [6].

The main advantage of this software is the implementation of state-of-the-art nonlinear optimization methods. For

solving a DPI problem, we set up the GPOPS-II environment with the following conditions:{
Objective : J = 0.5

∫ t f
0

(
(u1 −u1e)

2 +(u2 −u2e)
2
)

dt
Path constraint : (θ1 −θ1e)

2 +(θ2 −θ2e)
2 ≤ 5×10−5 (3)

where subscript e stands for experimental values. Based on the configuration of the GPOPS-II, it is desired to

find optimal control inputs to a system with unknown dynamic parameters, where the control inputs track the

experimental inputs, while the system output stays within the specified limits in the path constraint. In order

to tune the GPOPS-II environment for solving the problem, the mesh size was set to a large value, then it was

reduced to the sampling rate of the experiments (500 Hz). For experimental tests, since the robot’s workspace

has a curvilinear shape, controlling its end-effector in this space is not straightforward and will introduce some

limitations in DPI. Thus, by changing variables, the curvilinear space is mapped into a rectilinear space (Fig. 1.b).

Now the goal is: 1) move the end-effector in the mapped rectilinear space using sufficiently rich sinusoidal position

inputs at 5 different frequencies rated from very low to high, 2) use recorded values of the experiments and run

a 4-phase GPOPS-II problem for 4 experiments, and 3) validate the results by plugging the results of the fifth

experiment into the identified system.

Results of the DPI show that identification errors are small, where the smallest signal to noise ratios for

approaches 1 and 2 are 17.19 and 15.97, respectively. As the input frequency increases, the errors decrease. The

reason is the dominance of the inertial terms in higher frequencies, while in lower frequencies frictional terms are

more effective. Fig. 1.c shows the validation results for the fifth experiment using two approaches. The results

of the second approach are pretty close to the first approach; thus, the robot dynamic model with the second

approach is also valid. In this study, we have proposed a method for the DPI of the rehabilitation robot, which is

a planar parallelogram with a sandwiched backlash and noisy inputs/outputs. This method can be extended to any

closed-chain mechanism with noisy inputs/outputs. We have also demonstrated the efficiency of the continuous

velocity-based friction over LuGre friction model. The continuous velocity-based model can estimate the system

parameters with a good accuracy compared to the general purpose LuGre friction model.
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Abstract 

In spite of the increasing efforts related to human balancing tasks, neural processes behind balancing 
mechanism are still not fully understood. The models that fit best to the different experimental results involve 
many uncertain factors. Consequently a wide range of various controller concepts and their modifications appear 
in the literature as possible candidates for human balancing, e.g. [1, 2, 3]. 

We suppose that a linear controller is appropriate for modeling the human balancing during balance board 
trials (see Fig. 1). As a fundamental example, balancing on a pinned balance board is also studied in [1], however 
the authors consider nonlinear terms in the feedback control. The human sensory system and vision provides 
information for the brain about the pose of the body, the angular velocity and acceleration of the head [2]. Thus, 
our model contains proportional, derivative and optionally acceleration feedback (PD and PDA respectively). 
These feedback terms are supposed to involve time delay in the closed-loop system [2, 3], for which the equation 
of motion assumes the form: 
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where gain matrices P, D and A contains 18 gain parameters in our model: proportional, derivative and 
acceleration feedback parameters for each of angles , u  and l  with respect to torques aT  and hT  exerted at 
the ankles and the hip, respectively. The controller model allows different values of time delays for each 
feedback term. The identification of these time delays is a challenging task, and many papers focus on it, e.g. [4]. 

If time delay and acceleration feedback is present at the same time, then the mathematical model of the 
controlled system is a neutral delay-differential equation (NDDE), because the term of highest derivative appears 
with a delayed argument. Neutral mechanical systems have the property that the discontinuities of the 
acceleration directly appear in the delayed terms, thus instead of smoothen slowly, the discontinuities accumulate 
[1, 3]. 

Our idea is to use the spectrum and cepstrum of the solution of NDDEs for the identification of time delay. 
In NDDEs the discontinuities and peaks do not smoothen therefore they are periodically repeated with a period 
equal to the time delay. A peak, which corresponds to the frequency of these periodic-like components of the 
signal, appears in the spectrum. Since the periodic signal is not sinusoidal, the peak in the spectrum involves 
higher harmonics too. These periodically repeated peaks in the spectrum (non-sinusoidal periodic function of 
frequency) generate peaks in the cepstrum (the spectrum of the spectrum) as well. All in all, we can say that the 
spectrum of a periodic signal usually contains finite number of peaks, but as a consequence of the time-delayed 
acceleration feedback, a peak appears in every equal interval of the domain of the spectrum and the cepstrum. 
Since the cepstrum is in time domain, this interval is equal to the delay of the system. 

Figure 1. left: mechanical model of a balancing person on balance board; middle: balance board with interchangeable arcs; 
right: balancing person equipped with passive markers 1-4 for motion capturing 
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The idea was tested on a simulation result of a NDDE, for which the non-linear equation of motion of an 
inverted pendulum with PDA control was applied: 
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The spectrum and cepstrum of the numerical solution are shown in Fig 2 left. The peaks in the cepstrum 
indicate the pre-defined s2.0  time delay. 

Laboratory experiments were carried out for 7 subjects balancing on a balance board with different radii 
(Fig 1 middle and right). The tilt angle  of the balance board, the position of the hip and the shoulder was 
logged in the sagittal plane. A high resolution camera was used with 50Hz sampling frequency. The angles u
and l  of the lower and upper pendulum were calculated based on the measured marker positions. 

If a subject was able to balance for 60 second without falling, then the trial was considered to be stable. For 
each subject 9 different R  and h  parameter sets were considered. In this work the spectrum and cepstrum 
analysis were carried out for the stable cases only. 

The spectrum and cepstrum of the measured signals for , u  and l  were analyzed. An example case is 
shown in Fig 2 middle and right panels respectively. The number of peaks of the cepstrum was determined for 
the quefrency range between 0s and 1s. In this first trial of our concept, equal time-delays were assumed for the 
different terms: ADP . Assuming a uniform distance between the peaks, the average time delay was 
determined. The average value of the time-delay was about ms85 .

Figure 2. left: spectrum and cepstrum of a simulated signal; middle and right: spectrum and cepstrum of measured signals 

Although, our results show the feasibility of the concept of determining the time-delay using cepstrum, a 
few issues have to be clarified in further research work. Human sense organs have dead zone, like artificial 
sensors [5]. The presence of dead zones causes nonlinearity, which affects the spectrum and the cepstrum. 
Multiple delays can cause intricate situation, and their separate identification may induce crucial problems. 

The expected periodic-like pattern of the peaks appeared in the cepstrum, so the results do not exclude the 
validity of the linear compensator model and the possibility of the presence of the delayed acceleration feedback 
term. 
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Abstract
Knee joint kinematics depends on complicated interactions of the geometry of the articulating joint surfaces,

passive soft tissues and active muscles. The individual stiffness properties of the ligaments have an important

contribution to the stabilisation; hence, impact kinematics as well as dynamics of the knee joint to a great extent

and have to be addressed in musculoskeletal multibody simulation. Material characterisation of resected individual

ligaments based on tensile tests does not take into account important test conditions like the attachment sites and

wrapping around bones. To overcome these limitations, a procedure to characterise in-situ ligament forces has been

developed, in which a six-axes robot under hybrid position and force control was used to move and load a human

cadaveric knee [4]. The aim of the present contribution is the numerical identification of tibiofemoral ligament

parameters while recording knee kinematics that results from ligament properties.

For the experimental analysis, a human cadaveric leg was completely dissected expect from soft tissues be-

longing to ligaments and capsule. Osseous morphology and ligament insertions were reconstructed from CT and

MRI scans. Based on these scans bone coordinate systems were defined as described in [3], and a digital model

of the bone and soft tissue structures was built up in order to enable implementation into a multibody simulation

model. For mechanical testing on the robot, tibia/fibula and femur were resected and casted into cups using bone

cement and epoxy resin. To address the influence of the patella, the quadriceps tendon was statically loaded by

a constant weight. Passive knee flexion of the human knee specimen was enforced by a six-axes industrial robot

while tibiofemoral kinematics were being measured [4], in particular the vektor rrrFT = [Δrx,Δry,Δrz]
T and the knee-

joint-angles βββ FT = [γ,α,β ]T according to [3] that were defined between the tibia bone system KT and the femur

bone system KF, Fig. 1a.

Abbildung 1: Multibody model of right knee. a lateral view: femur bone reference system KF and tibia bone

reference system KT. b lateral view: multibody model with anterior and posterior cruciate ligament (ACL/PCL),

lateral and medial collateral lig. (LCL/MCL), patellar lig. (PL). c Stiffness parameters k of the lig. ACL, PCL,

LCL, MCL.

The native kinematics of the knee was analysed during a passive flexion up to 120◦ by moving the tibial

component around the flexion angle γ under position control. The remaining five position coordinates, summarised

in the vector gggref(γ) = [Δrx,Δry,Δrz,α,β ]T were force/torque-controlled in such a way that the corresponding

forces and torques are minimised and thereby making the joint finding its static equilibrium. Thus, for N prescribed

discrete flexion angles γi, corresponding measurements

gggref
i (γi) =

[
Δrxi Δryi Δrzi αi βi

]T

ref
, i = 1, . . . ,N , (1)

were obtained.
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For ligament parameter identification this procedure was simulated by a musculoskeletal multibody model of

the knee according to Fig. 1b. The most important ligaments (MCL, LCL, ACL and PCL acc. to [5]) were modelled

with nonlinear dependencies of the ligament forces f from the corresponding ligament strains ε acc. to [1],

f (ε) =

{ 0 ε < 0

0.25k ε2

ε0
0 ≤ ε ≤ 2ε0,

k(ε − ε0) ε > 2ε0,

(2)

with the ligament stiffness parameter k, the strain ε0 = 0.015 which describes the change from quadratic to linear

characteristic, the actual ligament length � and the ligament zero load length �0, which influence the strain

ε =
�− �0

�0
. (3)

The tibiofemoral joint is modelled by a polygonal contact model enabling the roll-glide movement [2]. The

parametrisation of the multibody model was based on an alcohol-fixed human leg specimen that was CT-scanned

and reconstructed acc. to [4], Fig. 1a. The pelvis, femur, tibia/fibula and patella were modelled as rigid bodies. The

patellofemoral joint was modelled by a one-degree-of-freedom joint that describes the path of the patella along a

femur-fixed path with the arc length s, identified from a previous polygonal contact simulation of the patellafemoral

joint. Wrapping of the quadriceps tendon was then implemented by a skleronomic constraint depending on the

patella arc length s.

The experimental procedure is simulated by calculating the equilibrium position of the tibia for given flexion

angles γi without external loading on the tibia. This yields the relative position coordinates gggmod
i in dependency of

the ligament parameters summarised in the parameter vector ppp,

gggmod
i (γ, ppp) =

[
Δrxi Δryi Δrzi αi βi

]T

mod
, i = 1, . . . ,N . (4)

Parameters ppp were calculated subsequently by solving the nonlinear least squares problem

Z(ppp)≡
N

∑
i=1

ΔgggT
i WWWΔgggi = min

ppp
with Δgggi = gggmod

i (γi, ppp)−gggref
i (5)

and the weighting matrix WWW = diag(w1, . . . ,w5) comprising weighting factors for the five coordinates ggg. The opti-

misation problem is constrained by lower and upper bonds

pmin
j ≤ p j ≤ pmax

j , j = 1, . . . ,5 . (6)

The optimising problem is solved with the pattern search in MATLAB. The procedure was performed for the

stiffness parameters of all ligaments (ACL, PCL, LCL and MCL). To obtain a well defined reference for testing the

procedure, reference data for gggref
i (γi) according to (1) were generated by multibody simulation. Fig. 1c shows the

trend of the stiffness parameters over the function calls during optimisation. It can be shown that the stiffnesses k
of all ligaments converge to the known stiffness parameters kref. However, further investigations should determine

the correct starting points of the ligaments.

Properties of ligaments have a major impact on knee joint kinematics. Herein, a method for in-situ ligament

stiffness identification has been presented that enables consideration of individual ligament stiffness in muscu-

loskeletal multibody simulation.
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Abstract

Optimal control is a well-known tool in the biomechanics field for gait analysis and prediction [1]. When 
solving an optimal control problem, first and second derivatives of the objective function and constraints (which 
may include the equations of motion in differential form) with respect to the design variables, states and controls 
are needed [2]. It is common to obtain first derivatives numerically by means of finite difference formulas, and to 
estimate the Hessian to avoid the calculation of second derivatives, which is very time consuming. Alternatively, 
it is possible to obtain symbolic expressions for the derivatives or use automatic differentiation [2]. In this work, 
the problem of analytically obtaining the first derivatives of the objective function and constraints is addressed for 
an optimal control problem that seeks to track an experimentally measured gait motion while making the simulated 
motion dynamically consistent. Results and efficiency are compared when using numerical and analytical first 
derivatives, respectively. For second derivatives, a Hessian approximation method is maintained in both cases.

Experimental walking data were collected from a healthy adult male, 34 years old, mass 85 kg, and height 
1.82 m. All test procedures were approved by the local institutional review board, and the subject gave informed 
consent. The subject walked on a walkway possessing two embedded force plates (AMTI, AccuGait sampling at 
100 Hz), and his motion was captured by 12 optical infrared cameras (Natural Point, OptiTrack FLEX:V100 also 
sampling at 100 Hz) that computed the position of 37 optical markers (red dots in Fig. 1).

A three-dimensional multi-body dynamic walking model of the subject was created by the authors [3], and is 
illustrated in Fig. 1. The model consisted of 18 anatomical segments: pelvis (base body), torso, neck, head, and 
two hindfeet, forefeet, shanks, thighs, arms, forearms and hands. The segments were linked by ideal spherical 
joints, thereby defining a model possessing 57 degrees of freedom (6 for the base body plus 51 for the joints). The 
computational model was defined using 228 mixed (174 natural + 54 angular) coordinates. Details about the 
treatment of captured data can be found in [3].

Figure 1. Human multibody model.

Given the experimental marker motion and force plate data, a direct collocation optimal control problem was 
formulated to find the dynamically consistent model motion that best fit the marker motion data. The optimal 
control problem possessed the following characteristics. The states were the generalized positions and velocities
z and z for the 57 independent degrees of freedom, and the controls were the associated generalized accelerations
z and the torques acting at the 51 controlled joint degrees of freedom. The objective function minimized the 
time integral over a complete gait cycle of the squared deviations between the generalized positions, velocities,
and accelerations obtained from the model and those obtained from an inverse kinematic analysis, plus the squared 
deviations between the joint torques obtained from the model and those obtained from an inverse dynamic analysis. 
The dynamic constraints were trivial, as the generalized accelerations were used as controls. Dynamic consistency 
was imposed as a path constraint, forcing the residual forces and torques on the base body to be zero. This scheme 
using inverse dynamics increases the size of the problem, as the accelerations must be included as controls, but 
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proves to be more robust than the forward dynamics alternative.
The equations of motion were provided using the so-called matrix-R formulation [4], which leads to a system 

in the minimum number of 57 coordinates. Using this formulation, the inverse dynamic equations that provided
the generalized forces were:

T T T( )IDQ R MRz R Q MRz R MRz Q                                                  (1)

where R is the matrix that projects the independent set of coordinates onto the dependent set, M is the mass matrix 
in dependent coordinates, and Q is the generalized force vector in dependent coordinates.

For the optimal control problem to be solved, the partial derivatives of the path constraints with respect to the 
states, z and z and controls z and were necessary. The derivatives with respect to the torques were trivial. 
The complexity arises in the derivatives of equation (1) with respect to z , z and z , which are outlined using the 
following equations:

T
T( )IDQ R R QMR R M z

z z z z
                                               (2)

IDQ Q
z z

           (3)

TIDQ R MR
z

              (4)

The development of each of these partial derivative terms leads to extremely complex expressions involving 
tensor products that can be found in detail in [5]. Equations (1) through (4) were implemented in the software 
package MBSLIM [6], written in FORTRAN. For solving the optimal control problem, the commercial software 
GPOPS-II [7] was used.

Table 1. Results for the initial mesh.

Derivatives method Iterations until convergence Time (s) Time per iteration (s) Objective

GPOPS-II Sparse Central Diff. 16 399 24.94 1.084e-2

GPOPS-II Sparse Forward Diff. 18 225 12.5 1.14e-2

MBSLIM 17 123 7.24 1.033e-2

Results, summarized in Table 1, show that the three methods lead to almost the same solution in a similar 
number of iterations, but the use of analytical derivatives provides slightly better accuracy and much better 
efficiency.
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Abstract 

 It is a well-known problem when controlling complex multibody systems (MBS) that there is an infinite 
number of possible ways to do a motion from a starting to an end configuration (kinematical redundancy). In 
biomechanical systems like musculoskeletal models the problem of anatomical redundancy has to be handled 
additionally. Here the number of actuators (muscles) in the model is higher than the number of kinematical degrees 
of freedom, which means that even one and the same motion can be generated by a multitude of different muscle 
actuations. Controlling a digital human model (DHM) in the scope of ergonomic assessment additionally adds 
some constraints to the generated motions. On the one hand the simulated task should be solved in a human like 
way, meaning the used forces, trajectories, velocities, accelerations etc. should be chosen in a way a real human 
might or at least can do it. Further on, it is important that the muscle activations used to generate these motions are 
similar to those which the human central nervous system (CNS) would choose as these data can be used to derive 
an assessment about how exhausting / ergonomic a motion (or repetitions of this motion, static postures...) will be 
for a human. Even there are many possible options, humans use quite stereotypical muscle activations across 
individuals to create motions. A long standing question in neuroscience and other disciplines is how the CNS 
choses these patterns and solves the above described redundancy problems (the CNS additionally has to handle 
the problem of neurological redundancy, meaning that one and the same muscle is being innervated by several 
motor neurons). 

One theory is that the CNS makes use of pre-defined building blocks (or modules) in the spinal cord which 
impose a specific pattern of muscle activation, although known as motion primitives or muscle synergies. By 
linearly combining these modules, instead of explicitly choosing which muscle to activate, the dimensionality is 
reduced what could simplify control whereas there is still a wide range of motor outputs that can be produced [1]. 
Another (but not contradistinctive) approach to explain interindividual muscle activation patterns is the optimality 
principle which assumes that the CNS minimizes some kind of cost function, whereas the “costs” to be minimized 
are not clear and there have been investigations on e.g. muscle activations, jerk, torque change, energy or time 
variance [2]. 

In our work we are not aiming on proving a control scheme of the CNS. Instead we concentrate on human 
like motion generation for ergonomic evaluation having a specific focus on inner loads and muscle activation 
signals. We use a DHM based on a full dynamic MBS model with discrete mechanics optimal control (DMOC) 
[3,4] which allows us to use, compare and combine the above described approaches in the application of human 
motion generation. The DHM can be actuated via joint torques, single muscles or muscle synergies (1D hill type 
muscle models [4]).  To get human motion data for validation we have defined and setup a basic reaching test in 
the motion lab where the test subject stand in front of a plane and moves his hand (tip of middle finger) from a 
relaxed hanging start position to marked points (adjusted to its anthropometry) on the plane (see Fig. 1, left and 
middle). We measured about 150 different motions including different distances and orientations to the plane, 
weighted motions and distinct final hand orientations. The surface electromyography (sEMG) signals of 16 arm 
and shoulder muscles as well as the arm/hand/shoulder trajectories were recorded with a motion capture system.  

With a non-negative matrix factorization (NMF) algorithm [5], we extracted time invariant muscle synergies
(aka. synchronous synergies, spatially fixed muscle synergies or muscle modes) from the measured EMG data. The 
robustness of the extracted Synergies was evaluated by reconstructing the muscle activation signals of certain data 
sets using muscle synergies extracted from other data sets (different points and weights) and calculating the 
variance account for (VAF [6]). We have then built up the basic reaching test in our DHM simulation environment 
(see Fig. 1, right) and investigated the influence of (combined) different cost functions as well as the use of muscles 
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and muscle synergies as actuators to the resulting motions (trajectories, accelerations) and muscle activation 
signals. We showed that a weighted combination of certain cost functions results in human like motions and beside 
this provides more natural activation signals than the use of single cost functions. We further on showed that we 
can produce useful motions using muscles as actuators (actuated individual or via muscle synergies) which can 
deliver important data for ergonomic evaluation. 

   

Figure 1. The basic reaching test: (left) The test setup with aiming point configuration adjusted to the subject’s anthropometry. 
Inner radius ( ) corresponds to the upper arm length, outer radius ( ) equals 90% of the maximal reachability ( .
Aiming points were placed on the intersections of  and  with the horizontal and the vertical lines and their bisectrixes. 
(middle) T
(right) Test setup in our DHM simulation environment with a muscle driven model of the right arm. Upper arm, forearm and 
hand modeled as rigid bodies (grey) connected via joints (5 DOF, red balls with grey ellipsoids delimiting the range of motion)
and actuated by hill type muscle models (blue and red lines, 29 muscles).  
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Abstract

Objectives
This paper proposes the optimal trajectory generation method for the biped walking across different 

locomotion modes with minimum energy consumption by using genetic algorithm trained neural network (GA-
NN).

Methods
The biped robot should be adaptive to the transition between different locomotion modes, such as transition

from level walking to slopes ascending/descending. For a good system, the transitions should be automatic, 
seamless (no stopping) and natural. Young et al. [1] proposed the intent recognition strategy to allow the amputees 
to naturally transit between five different modes. Yang et al. [2] utilized Genetic Algorithm Optimized Fourier 
Series Formulation (GAOFSF) to generate stable gaits when the biped walking on slopes of different gradients.
Considering energy efficiency and the stability of the robot locomotion, different optimization tools (such as 
genetic algorithm (GA) and GA-NN) were used to produce optimized gaits for the biped walking on uneven 
terrains, see e.g. Selene et al. [3] and Gong [4-6]. Vundavilli and Pratihar [7] found that GA-trained NN and GA-
trained FL approaches were more adaptive compared to the analytical approach in creating optimal bipedal gaits.
In addition, Gong and Schiehlen [8] and Gong [9] studied the motion/force control strategy for impactless biped
walking stably on slopes and stairs. In this work, the optimal trajectories were generated by GA-NN for the biped 
walking across different locomotion modes. The 7-linked impactless bipedal model used in this paper was built 
with the multibody formalism Neweul-M2 [10].      

In GA-NN algorithm, genetic algorithm is utilized to create the initial optimal trajectories of the lower limb 
joints for the biped walking uphill and downhill. GA design variables include the step length (s) and the speed (v). 
Then, one module of NN was used to generate optimal trajectories of the lower limb joints. The connecting weights 
of the NN were also generated by GA. The NN inputs were the initial optimal trajectories of the swing foot obtained 
by GA. The NN outputs were the final optimal coordinates of the swing foot. The biped locomotion transitions
between different inclined surfaces with different angles ( ) were investigated in this study. In order to minimize 
the energy consumption, the minimum specific resistance ( ) is calculated [11], which is defined as:               

(1)

where P is the mechanical power output and mg is the biped weight. 
The optimal trajectories of the lower limbs were obtained for the biped walking uphill with different gradients

changing from 0°, +5°, +10°, +15° to +20°. The angles of slopes for downhill walking ranged °, °,
10°, ° to 0°.

Results and Discussions
The results show that the presented approach can generate stable human-like walking gaits for slopes with 

different specified gradients. The transitions between different locomotion modes are seamless. The GA-NN
approach is able to generate more balanced gaits with lower energy consumption compared to GA approach.

This approach can be used effectively to produce stable gaits for walking on inclined surfaces with changing 
angles. Future work will focus on extending the approach to the 3D biped model walking across the complex 
environment.
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Abstract
The activity of grasping is possible due to the unique design of the human thumb and its complex movements

viz. apposition, opposition etc. To simulate these complex movements, a physically correct model of the thumb is

necessary. Anatomically, the thumb is made of three bones and three joints, namely the carpometacarpal (CMC)

joint between the carpal (wrist) bone and the first metacarpal bone, the metacarpophalangeal (MCP) joint between

the first metacarpal and the proximal phalanx bone and the interphalangeal (IP) joint between the proximal and

distal phalanges.

The design of the CMC is of peculiar interest to researchers. It is a saddle joint [1] with rotations of flexion-

extension (FE) and adduction-abduction (AA) and has been mathematically implemented in biomechanical mod-

els as a universal or cardan joint [2]. However, cadaver measurements [3] and more recently magnetic resonance

(MR) imaging [4] have established that the CMC (and also the MCP) joints are composed with two axes of rota-

tions which are non-orthogonal and non-intersecting, as opposed to a universal joint. Also, it has been studied that

such a joint configuration is necessary to develop correct thumb tip forces in key posture and opposition posture [5].

Here, we develop a multibody model, similar to [6], of the thumb, as shown in Figure 1, with two degrees of

freedom for the CMC and the MCP joints respectively and one degree of freedom for the IP joint. While the CMC

and the MCP joints allow for motions of FE and AA, the IP joint allows only the motion of FE. The dimensions

of the bones of the thumb are taken from [7] while the location and the orientation of the axes of the joints are

obtained from [3].

CMC FE axis
CMC AA axis

MCP FE axis
MCP AA axis

IP FE axis
first metacarpal

proximal phalanx

distal phalanx
x thumb tip

Figure 1: Thumb multibody model.
Figure 2: Point cloud of the thumb tip with maxi-

mum ROM.

To validate the realistic behavior of the model, we perform a two-fold validation test. Firstly, we plot the point

cloud, as shown in Figure 2, of the work-space created by the tip of the thumb by moving the thumb kinematically

in all its degrees of freedom and then calculating the volume using alpha shapes. There are two sets of limits on

the range of motion (ROM), namely the maximum ROM and the grasp ROM. The grasp ROM limits are smaller

than the maximum ROM as grasping while performing activities of daily living is not possible with the thumb at

its anatomic extreme positions. Hence, grasp ROM yields lesser volume than maximum ROM. This reduction in

the volume is a kinematic measure for a thumb model. We calculate the volume reduction for the thumb model
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we created using parameters as stated above and also for four more thumb models obtained from Monte-Carlo

simulations as described in [7]. These thumb models are representative of the anatomic variability of thumb FE

and AA axes in general population and have differences such as the location of the MCP FE axis being distal to

the MCP AA axis in two models and vice versa in the other two models. The reduction of volume for the thumb

models from our simulations is found to be in the range of 71% to 75%. We compare these values with data from

literature [8], wherein the volume reduction values vary between 68% and 76%.

Secondly, we compute the axial rotation of the thumb CMC joint in different postures. The axial rotation of

the thumb is an outcome from the different postions of the thumb in FE and AA as the thumb CMC does not have

an active third degree of freedom to rotate around its longitudinal axis. We compare the axial rotation of the first

metacarpal for different FE and AA rotations with values from literature [1]. The axial rotation resulting in our

simulation lies within the limits of the standard deviation of the literature values. The results for the two validation

tests are in close agreement with the literature values and consequently the thumb model can be said to have been

validated kinematically.

References
[1] W. P. Cooney, M. J. Lucca, E. Y. Chao and R. L. Linscheid, "The kinesiology of the thumb

trapeziometacarpal joint", The Journal of Bone and Joint Surgery, vol. 63, no. 9, pp. 1371-1381, 1981.

[2] J. L. Sancho-Bru, M. C. Mora, B. E. León, A. Pérez-González, J. L. Iserte and A. Morales, "Grasp modelling

with a biomechanical model of the hand", Computer Methods in Biomechanics and Biomedical Engineer-
ing, vol. 17, no. 4, pp. 297-310, 2014.

[3] A. Hollister, W. L. Buford, L. M. Myers, D. J. Giurintano and A. Novick, "The axes of rotation of the thumb

carpometacarpal joint", Journal of Orthopaedic Research, vol. 10, no. 3, pp. 454-460, 1992.

[4] P. Cerveri, E. De Momi, M. Marchente, G. Baud-Bovy, P. Scifo, R. M. L. Barros and G. Ferrigno, "Method

for the estimation of a double hinge kinematic model for the trapeziometacarpal joint using MR imaging",

Computer Methods in Biomechanics and Biomedical Engineering, vol. 13, no. 3, pp. 387-396, 2010.

[5] F. J. Valero-Cuevas, M. E. Johanson and J. D. Towles, "Towards a realistic biomechanical model of the

thumb: the choice of kinematic description may be more critical than the solution method or the variabil-

ity/uncertainty of musculoskeletal parameters", Journal of Biomechanics, vol. 36, no. 7, pp. 1019-1030,

2003.

[6] R. Maas and S. Leyendecker, "Biomechanical optimal control of human arm motion", Journal of Multi-body
Dynamics, vol. 227, no. 4, pp. 375-389, 2013.

[7] V. J. Santos and F. J. Valero-Cuevas, "Reported anatomical variability naturally leads to multimodal distri-

butions of Denavit-Hartenberg parameters for the human thumb", IEEE Transactions on Biomedical Engi-
neering, vol. 53, no. 2, pp. 155-163, 2006.

[8] K. Dermitzakis, A. Ioannides, and H.-T. Lin, "Robotic thumb grasp-based range of motion optimisation", in

35th Annual International Conference of the IEEE Engineering in Medicine and Biology Society (EMBC),
Osaka, 2013.

352



ECCOMAS Thematic Conference on Multibody Dynamics 
June 19 - 22, 2017, Prague, Czech Republic 

Optimal Control Prediction of a Dynamically Consistent Walking Motion    
for a Spinal Cord-Injured Subject Assisted by Orthoses 

M. Febrer-Nafría1, F. Mouzo2, U. Lugrís2, B.J. Fregly3, J.M. Font-Llagunes1

1Department of Mechanical Engineering 
Universitat Politècnica de Catalunya 

Diagonal 647, 08028 Barcelona, Spain 
[miriam.febrer, josep.m.font]@upc.edu 

2Laboratory of Mechanical Engineering 
University of La Coruña 

Mendizábal s/n, 15403 Ferrol, Spain 
[francisco.mouzo, ulugris]@udc.es 

3Department of Mechanical and Aerospace Engineering 
University of Florida 

231 MAE-A Building, Gainesville, FL 32611-6250, USA 
fregly@ufl.edu 

Abstract 

Gait restoration is a high priority among spinal cord-injured (SCI) individuals. For those with incomplete 
SCI, the use of active orthoses (or exoskeletons) can improve the energy cost and aesthetics of their gait [1]. The 
authors are working on a project aimed at developing an active knee-ankle-foot orthosis (KAFO) to assist the 
gait of incomplete SCI subjects that can control hip rotation to some extent. The passive structure of this orthosis 
is tailored to the subject and built in an orthopedic workshop. Afterward, the actuation system and sensors are 
added to the passive structure to make the orthosis active and autonomous [2]. Simulations using subject-specific 
computational walking models that account for individual impairment can help in the selection of optimal gait-
assistive devices for individual SCI subjects. This work deals with the development of a subject-specific 
simulation framework for the prediction of dynamically consistent walking motions of an SCI subject using 
orthoses and crutches. 

Thus far, few published studies dealing with human motion prediction involve impaired or assisted motion. 
As examples, in [3], walking motions at different speeds for an individual post-stroke are predicted using a 
detailed subject-specific model, whereas in [1], the gait of an SCI subject assisted by active orthoses is studied. 
In the latter, the SCI impairment was modelled at the muscle level using muscle denervation parameters. 
However, a generic 2D computational model that does not correspond to a particular subject was used and the 
active orthoses were modelled as embedded in the lower limbs, omitting the physical interaction between the 
subject’s body and the orthoses.

This work predicts a dynamically consistent walking motion, i.e., without a residual wrench acting on the 
pelvis, of an SCI subject assisted by passive orthoses (with no motors and sensors) and crutches. The simulation 
was generated by solving an optimal control problem that tracked experimental motion, were both joint angles 
and joint torques were unknowns. This approach allowed us to obtain a new motion that was close to the 
experimentally measured one, while also minimizing the pelvis residual wrench.  

The experimental walking motion of an SCI female subject (41 years old, mass 65 kg and height 1.52 m) 
with injury at the T11 level wearing a pair of passive knee-ankle-foot orthoses and crutches was captured. 
Motion capture involved tracking 43 optical markers using 12 optical infrared cameras (Natural Point, OptiTrack 
FLEX:V100 sampling at 100 Hz). Ground reaction forces were collected using two force plates (AMTI, 
AccuGait also sampling at 100 Hz) and crutch-ground reaction forces were measured using instrumented 
crutches (Fig. 1). The skeletal model was based on the 3D full-body model from [4], developed in OpenSim [5] 
and scaled to the specific SCI subject.  

Fig. 1. Gait of the SCI subject assisted by passive orthoses and crutches: experimental motion and computational model. 
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The optimal control problem was formulated as follows: Find joint angles , joint angular velocities 
 and joint angular accelerations  (states, ), and joint angular jerks  and joint torques 

(controls, ), which minimize differences between experimental data and predicted motion (cost function), 
subject to satisfying the dynamics equations (constraints). The cost function included terms that tracked 
experimental joint angles, joint angular velocities, joint angular accelerations and inverse dynamics torques, and 
a term that minimized joint angular jerks. The dynamics of the problem was formulated by simple dynamic 
constraints, where the states derivatives are part of states and part of controls (1). The equations of motion of the 
multibody system, obtained from OpenSim, were introduced as algebraic path constraints, where residuals were 
constrained to be zero (2) and torques obtained from inverse dynamics and torques guessed as controls were 
equated (3).  

                                                        (1) 

                                                                               (2) 

                                                                            (3) 

The optimal control problem was solved using GPOPS-II [6], an algorithm that uses a direct collocation 
method. Due to inaccuracies introduced during the experimental data collection and in the computational 
modeling, the total external reactions computed from the dynamic equations do not coincide with the ground 
reaction forces measured experimentally, i.e., the wrench applied to the six degrees of freedom (position and 
rotation) of the pelvis (base body) is not zero. Motion prediction allows slightly modifying the acquired motion 
and forces in order to minimize the pelvis residual wrench, resulting in a dynamically consistent subject-specific 
crutch walking motion. 

As future work, the proposed methodology will be used to predict the walking motion of the same subject 
wearing a pair of active KAFOs, identical to the ones presented in [2]. In this case, the knee flexion-extension 
provided by the orthosis actuator will be allowed during swing phase; and it will be constrained during stance, as 
with the real prototype. This methodology could be useful as a support tool for the patient-tailored design of 
walking assistive devices, to simulate patient adaptation to the device, and to test virtually different control 
strategies. 
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Abstract
The interaction of the pilot with the helicopter dynamics is characterized not only by voluntary activity, which is

intended to produce the control inputs required to perform a specific task, but also by involuntary actions. The

latter is the result of the unintentional application of controls caused by vibrations of the cockpit. Such vibratory

motion is filter by the pilot’s biomechanical characteristics and may produce involuntary control inputs through the

so called biodynamic feedthrough (BDFT [1]). Pilot’s involuntary commands may further excite the dynamics of

the vehicle, causing a degradation of the flight dynamics qualities, difficulties in achieving the desired performance

and may ultimately produce an unstable closure of the control feedback loop [2, 3, 4].

This problem, widely known as Pilot-Assisted Oscillation (PAO), may affect all kind of aircraft whose pi-

lot is accommodated within the vehicle and is thus subjected to its motion. Usually, PAO-related control inputs

are characterized by frequencies between 2 – 8 Hz [5]; thus, in PAO events the interaction is with the aeroelas-

tic modes of the vehicle. One of the most important PAO phenomena in helicopters is the so-called “Collective

Bounce”, caused by vertical vibrations of the cockpit. As a consequence of the most common cockpit and control

inceptors layout, the vibrations induce a collective control input as a result of the biodynamics of the pilot’s left

arm. This, in turn, excites the vertical vibration by directly inducing a change in rotor thrust along the vertical axis.

A closed-loop aeroelastic experiment involving the collective bounce was presented and discussed by Masarati

et al. in [6]. In [7] Muscarello et al. pinpointed the phase margin reduction introduced by the main rotor coning

mode in the collective pitch–heave loop transfer function as the key factor in the manifestation of collective bounce.

The investigation of PAO instabilities requires the capability to model aeroservoelastic phenomena as well as

the dynamic behavior of the pilot. A simplified helicopter model, able to capture the collective bounce dynamics

in hover, has been proposed in [7]. It consists of the vertical motion of the entire helicopter and the rotor coning

motion. The pilot’s BDFT can be modeled as a set of mechanical impedances between the motion of the seat and

the resulting actuation of the control inceptors, since no voluntary action can be envisaged.

Experimental results obtained so far have shown how pilot’s arms response to vibrations is characterized by

an high level of variability [8]. As a consequence it should be considered as an highly uncertain element in the

dynamic modeling of this kind of problems. Over the last several years, a detailed biomechanical multibody model

of the pilot’s body has been developed at Politecnico di Milano Aerospace Science and Technology Department:

it features the full representation of the pilot upper limbs, each one possessing 7 degrees of freedom and actuated

by a set of 25 Hill-type, one dimensional muscle actuators [9, 10]. The upper limbs model has been coupled with

a Component Mode Synthesis model of the human torso to complete the description of the pilot’s upper body

dynamics.

(a) Biomechanical multi-
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Figure 1: The biomechanical multibody model of the upper limbs and torso.
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To assess the variability of the bioservoelastic interaction between the pilot and the vehicle with respect to the

pilot’s body characteristics, it is of crucial importance to be able to represent, as realistically as possible, a wide

variety of pilots with possibly very different anthropometric parameters. To this end, the upper limbs model has

been extended with a specific set of procedures to generate its geometrical, inertial and muscular properties [11]

based on a set of very standard anthropometric data: stature, weight, age and sex. The present work extends the

geometry scaling also to the CMS model of the torso to yield the scaling of the complete pilot’s body model.

In order to assess the effects of the variability of the anthropometric data on the performance parameters with

respect to PAO phenomena, a fully numerical procedure has been developed. It consists in several steps:

• a set of random anthropometric parameters is generated;

• the corresponding multibody model is built;

• the multibody model is simulated in order to identify the biomechanical transfer function between the seat

vertical acceleration and the control inceptor displacement

• the resulting state space pilot model is simulated coupled with the simplified helicopter model, in order to

evaluate the figures of (de-)merit with respect to PAO resilience;

The whole procedure is governed by a genetic (de-)optimization algorithm: that ultimately yields the worst possible

combinations of anthropometric parameters for that particular rotorcraft.
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~dexp u  admits the series expansion (see [3]). 

Unit quaternions, which satisfy the unit length condition 1q 00 qqqq , form a group which is 
isomorphic to the symplectic group Sp(1) as well as to special unitary group SU(2). The unit quaternion group is 
also isomorphic to the unit sphere in 4RR , defined as  1q| q 43 RS . The rotational motion of a frame is 

thus described by 3)q( St , where t denotes the time. Also, velocities 3
qq ST  can be represented by introducing 

the vector space of skew-symplectic quaternions )(0, | (1) 4 0wwRwsp  as tangent space to 3)1( SSSp
at the group identity, where w  is the conjugate of the pure quaternion ww . Hence, sp(1) is the Lie algebra of 
Sp(1), which is isomorphic to so(3) and 3RR . The Lie algebra sp(1) is the set of pure quaternions isomorphic to 

3RR , so that an element (1)spww  can be assigned to a vector 3RRu . For so(3) this assignment was (3))(~ sotu .
In order to ensure that sp(1), so(3), and 3RR  are isomorphic as Lie algebras, the element (1))21,0( spuw  is 
associated to the vector 3RRu . Therefore, by following equation (1), we express update for the step in the form 

nnnnn u21,0expqexpqq 331 SS
w , where the closed form of the exponential mapping on 3SS  is given by [4] 

),0(
21sin

),1(21cosexp 3 u
u

u
0uw

S
, (3) 

and nww  is element of Lie algebra sp(1) associated to the incremental rotation vector, and 3RRnu  is the n-th
step incremental rotation vector that updates rotation, determined from 

)))(q(~(dexp~ 1
~ t

nnu u , 0u
0

~
n , (4) 
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where the operator 1
~dexp

nu is introduced in [3] and 
0

~
nu is initial condition. These equations should be integrated 

within each integration step together with the equations of aircraft dynamics, which determine velocity field )(t
from the acceleration field )(t . Since (4) is a system of ODEs defined in Lie algebra, that is a vector space, any 
standard vector-space ODE integrator can be used. Actually, an order of accuracy of the overall algorithm depends 
only on the accuracy of the ODE integrator that is utilized for solving (4). 

As a numerical example of the proposed novel formulation, a 3D motion of the general aviation aircraft, 
modeled as a flat-earth 6DOF single rigid body problem, is discussed. North-East-Down (NED) coordinate system, 
is selected for the global inertial frame and is applied for the description of the trajectory. The aircraft dynamical 
model includes a full aerodynamic model as a function of the flight conditions, non-dimensional components of 
the aircraft angular velocity and controls, and includes model of the piston engine, which is based on the available 
power as a function of pressure, temperature, velocity and the engine RPM. Also, the aircraft has an implemented 
flight control system with longitudinal command and stability augmentation system. For the purpose of numerical 
integration, we use fixed time-step Runge-Kutta methods of the forth order (RK4) for integration of the dynamical 
equations and rotation-vector Lie algebra ODEs (4) within the kinematical part of each integration step. 

Figure 1. Trajectory r Figure 2.
attitude quaternions 

-dimensional plot on Figure 1. In Figure 2, accuracy of 
the flight simulation with aircraft-attitude reconstruction via novel method is compared with the simulation that 
included standard quaternion integration [1]. The figure illustrates change of the norm of the rotation error for 
decreasing values of the integration step size, when two quaternion integration methods have been applied (note 
that aircraft dynamical models are identical in both cases, i.e. the only difference between the compared simulation 
procedures is the attitude reconstruction algorithm that is based on the novel and standard quaternion-integration 
algorithm). It is visible from the results that numerical integration of three non-linear ODEs in terms of incremental 
rotation vector (4) within the proposed novel algorithm follows a non-linear kinematical rotation update more 
accurately than integration of a four (linear!) ODEs (as it appears within the framework of the standard algorithm 
[1]), resulting in more accurate simulation results. Depending on the numerical case at hand - as it is in the 
presented flight example with 'slower' dynamics and steady rotation component within its 3D motion - this can 
allow for utilization of longer integration steps and overall better numerical accuracy. Also, it is important to note 
that method does not introduce any drift in the unitary norm constraint, i.e. quaternion maintains unit-length 
constraint (orthogonal kinematic relationship) during the whole time domain of the simulation. 

To summarize, the proposed method avoids kinematic singularities that are pertinent for the Euler angles, but 
without imposing additional algebraic constraint to the mathematical model, as it is pertinent for the standard 
quaternion formulation. Besides that, the presented integration procedure may also exhibit numerical advantages 
in terms of better accuracy compared to the standard approach, especially in the cases of aircraft motion patterns 

, when longer integration time-steps can be applied. 

[1]
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[2] Geometric Numerical Integration

[3]
Multibody Syst Dyn
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Abstract

Recently the opportunity that a human is active in space increase by space development. It is expected that 
upsizing of manned space facilities such as the International Space Station. Therefore, an original means of 
transportation is necessary so that a human being is active effectively under microgravity environment. In this 
study, we propose a mobility device using tether named Tether Space Mobility Device (TSMD)[1]. TSMD is the 
mobility device that moves user by winding tether which is attached to the structure in the destination. An attitude 
control method of TSMD in extending and winding tether is examined by numerical analysis.

Figure1 shows the analytical model of TSMD. This model can simulate a series of movement extending and 
winding tether. The analytical model of TSMD is made of flexible body and three rigid bodies. In microgravity 
environment, it is expected that motion of tether involves large deformation. Therefore, tether is formulated using 
Absolute Nodal Coordinate Formulation (ANCF) which is suggested by Shabana[2]. Coupled motions between 
tether and rigid bodies are considered by multibody dynamics. Furthermore, the contact force between tether and 
arm is formulated by spring and damper elements to express the interaction between tether and arm.

Figure2 shows the experimental device of TSMD. The device is comprised of TSMD part and human imitate 
part. The experiment was performed under two-dimensional microgravity environment which is simulated by 
floating an experiment device using gas pressure to decrease contact resistance.

Figure3 shows the time history of angular velocity of COG of rigid body3 when it wind tether at constant 
speed. In figure3, a solid line is analytical result and dashed lines are experimental result, and both of them show 
qualitatively equal result. As a result of comparison between analytical and experimental result, proposed model 
is useful for verification of attitude control method of TSMD.

Figure 1. Analytical model of TSMD

Target  point
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Figure 2. Experimental device of TSMD

Figure 3. Time history of Angular velocity of TSMD
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Abstract

Since the limit of the launchers’ capabilities, the deployable structures were developed for the Aerospace 
Engineering. A coilable boom can be designed for a long deployed length with small boom storage. A coilable 
boom was usually comprised with large displacement and rotation beams, and the nonlinear dynamics of the 
system is rather complicated. 

In this paper, a forward recursive formulation based on corotational frame is proposed for flexible beams with 
large displacement and rotation. The traditional recursive formulation has been successfully used for flexible 
mutibody dynamics to improve the computational efficiency based on floating frame, in which the assumption of 
small strain and deflection is adopted. The proposed recursive formulation could be used for large displacement 
and rotation beams based on the corotational frame. It means that the recursive scheme is used not only for adjacent 
bodies but also for adjacent beam elements. The nodal relative rotation coordinates of the beam are used to obtain 
equations with minimal generalized coordinates in present formulation. The proposed formulation is different from 
Absolute Nodal Coordinate Formulation and the Geometrically Exact Beam Formulation in which the absolute 
coordinates are used. 

The recursive scheme and minimal set of dynamic equations lead to a high computational efficiency in 
numerical integration. With using the relative coordinate a new element without singular was proposed in this 
formulation. Several numerical examples are carried out to demonstrate the validity of this formulation. And a 
coilable boom’s deploying progresses are simulated by proposed formulation as shown in Figure 1.

Figure 1. Deployment of a coilable boom
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Abstract

In recent years, structure with extremely flexible elements are often employed in spacecraft in order to achieve 
large structure. One of those systems is tethered system which is attracting a lot of attention because such a system 
has potential to achieve various missions, for example orbit control, removal of orbital debris and so on. For 
reliable operation of such a system, behavior of them should be understood well before operation of them, therefore 
effective method of numerical analysis for such a system is strongly required. Finite element method (FEM) is 
often used for numerical analysis of systems with flexible component, but in general the calculation cost of FEM 
is not small and FEM requires long time to complete the analysis. Long time analysis make it impossible to handle 
the emergency case, to change mission phase dramatically in short time and so on. Therefore, numerical analysis 
with low calculation and moderate accuracy is beneficial and required.

Our previous study[1] proposed a numerical analysis method which utilizes the complementarity of the system 
which has extremely flexible element and the method provides a numerical analysis with fast calculation and 
moderate accuracy. For example, Figure 1 shows the behavior of simple case of the system with extremely flexible 
element. Introducing relative slack displacement s as the right figure shows, the acceleration of s and tensile force 

 have complementarity relation in state transition from the state without “slack” to the state with “slack” as 
Figure 1 shows. That is, when has non-zero value, 0s . On the other hand, when the value of s  becomes 
non-zero, becomes 0. Utilizing such a characteristic, our proposed method enables fast and moderately accurate 
analysis for the behavior of the system with extremely flexible element.

Our preliminary analysis revealed that attachment of intermediate masses to the tether have influence on 
behavior of deployment of tethered system and that there is a possibility of optimization of deployment sequence 
by additional masses to the tether. However, mathematical model of such a system is complex and it is difficult to 
execute aforementioned optimization in analytical method or conventional numerical analysis, i.e. FEM. On the 
other hand, our proposed method can provide fast calculation for deployment sequence of tethered system and it 
is easy to carry out a number of numerical analyses, and it leads to numerical optimization.

In this study, one dimensional deployment behavior of the tethered system shown in Figure 2 is analyzed by 
use of the proposed method. The tethered system consists of one main satellite and two tip satellites which are 
connected to the main satellite by tether. Tip satellites have propulsion systems which generate forces for 
deployment of tether. Furthermore, tether has some intermediate masses in order to change the deployment 
behavior. In the analyses, the mass of main satellite is 50[kg], mass of each tip satellite is 2[kg], total length of 
tether is 4[m], deployment force F given by propulsion systems is 5[N], number of additional mass on one tether 
is 7, length of tether between neighboring intermediate masses is 0.5[m] and all intermediate masses have same 
mass.  Figure 3 shows the result of optimization obtained by the analyses. In Figure 3, the horizontal and vertical 
axis show mass of intermediate mass and settling time to complete deployment, respectively. As Figure 3 shows 
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of the system with extremely flexible elem.
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settling time depends on the additional mass and it can be confirmed from the result that there exist optimum mass 
value which achieves minimum settling time, that is, optimum intermediate mass is about 0.17[kg] and the settling 
time at that mass is about 2[s]. Consequently, minimum settling time leads to minimum fuel consumption for 
propulsion systems and effective deployment can be achieved by attaching intermediate masses to the tethers. In 
other word, attaching masses to the tether leads to effective deployment without any active control.

In addition to numerical analysis, experimental validation is also carried out. Figure 4 shows experimental 
setup and Figure 5 shows schematic diagram of experimental setup and definition of coordinate. Considering the 
symmetric property of the tethered system shown in Figure 2, the setup is developed for half part of the system of 
Figure 2. Introducing pulley,  deployment force is given by gravitational force applied to Mass 4 assumed as tip 
satellite and additional masses are attached to the slider in order to achieve low friction environment as space. In 
the experiment, 3 intermediate masses are attached to the tether and every mass have same value in one experiment. 
Figure 6 is the results of 4 experiments for 4 kinds of different additional masses (0.2, 0.3, 0.4, 0.5[kg]). It is clear 
from the time history of Mass 4 in Figure 6, the case of additional mass of 0.4[kg] shows shortest settling time and 
experimental results also show the existence of the optimum value of additional mass.

Comparison between numerical analysis and experiment does not show good correspondence and the reason 
comes from the friction of the slider and non-uniform characteristic of the tether. In order to execute more accurate 
experimental validation, model for numerical analysis should be improved and 2 dimensional case of deployment 
should be studied for practical use.
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Figure 5. Shematic diagram of experimental setup (upper 
figure) and difinition of coordinate (lower figure) 

Slider
rail

Mass 4

Mass 3 Mass 2 Mass 1
Fixed
pointPulley Tether

y

0 Mass 4

Mass 3 Mass 2 Mass 1

 

Figure 6. Results of experiment 

t [s] t [s] t [s] t [s]

y [m]

0.2[kg] 0.3[kg] 0.4[kg] 0.5[kg]

Mass1

Mass2

Mass3

Mass4

Mass1

Mass2

Mass3

Mass4

Mass1

Mass2

Mass3

Mass4

Mass1

Mass2

Mass3

Mass4

 

 

 

Figure 4.  Experimental setup 

Tip satellite(Mass 4)

Intermediate mass
(Mass 3)

Intermediate mass
(Mass 2)

Intermediate mass
(Mass 1)

Main satellite
(Fixed point)

 

Figure 3.  Result of numerical analysis 

Minimum settling time

368



ECCOMAS Thematic Conference on Multibody Dynamics
June 19-22, 2017, Prague, Czech Republic

Modelling and Validation of a 3 MW Wind Turbine
as a Basis for Structural Optimisation

Andreas Schulze1, János Zierath2, Roman Rachholz1, Sven-Erik Rosenow2, Reik Bockhahn2,
Christoph Woernle1

1 Chair of Technical Dynamics
University of Rostock

Justus-von-Liebig-Weg 6, 18059 Rostock, Germany
[andreas.schulze4, roman.rachholz, woernle]@uni-rostock.de

2 W2E Wind to Energy GmbH
Strandstrasse 96, 18055 Rostock, Germany

[jzierath, serosenow, rbockhahn]@wind-to-energy.de

Abstract
With the increasing demand on renewable energy, the requirements on wind turbines with respect to higher

performance while decreasing costs become more demanding on the design process. To meet these requirements
a deep understanding of the overall wind turbine, comprising the mechanical structure, the aerodynamics and the
plant controller, is needed at an early stage of the design process. Typically simpli ed multibody models of the
overall turbine are used for early load calculations as basis for further component design. However, to ensure
a thorough understanding of the dynamical behaviour during operation the development of detailed multibody
models by means of general purpose multibody software is preferable, see [1].

The subject covered by this contribution is the development and experimental validation of a detailed multi-
body model of the W2E 120/3.0fc wind turbine designed by W2E Wind to Energy, Rostock, Germany. A prototype
of this turbine is erected in Kankel, Mecklenburg-Western Pomerania, Germany. The prototype belongs to the class
of wind turbines with horizontal axis, variable speed and variable pitch and has a rotor diameter of 120 m, a hub
height of 100 m and a nominal rated power of 3 MW. Multibody modelling of this wind turbine is based on the
concepts developed for a 2 MW wind turbine in [1]. The 3 MW turbine model and its validation are the basis for
further optimisation studies.

Figure 1: Prototype of the
W2E-120/3.0fc wind turbine.

Figure 2: SIMPACK multibody model of the W2E-120/3.0fc wind
turbine.

The multibody model of the 3 MW prototype in Figure 2 is built up in the general purpose multibody program
SIMPACK [2]. The model comprises 110 degrees of freedom including exible blades and a exible tower as
well as a detailed drive train model. The exible tower is rst modelled by means of nite beam elements in
MSC.Nastran and then imported into SIMPACK via modal Craig-Bampton reduction [3]. For the exible blades the
SIMPACK blade generation tool is used. Equal to the tower buildup process, the blades are rst modelled as nite
beam elements followed by the coordinate reduction, whereby additional marker are applied for the application
of aerodynamic loads. The drive train model includes a two stage planetary gear comprising rigid body parts
connected via user-de ned force elements to account for contact stiffness of pairing gears and torsional stiffness of
the shaft.

The aim of developing a detailed multibody model of the wind turbine is to ensure a realistic representation
of the overall turbine dynamics and structural loads during nominal power production and exceptional cases like
controller faults or overload events. For this purpose it is necessary to model the aerodynamic forces and torques
acting on the turbine blades as well as the interaction between turbine and controller. An interaction scheme
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between multi body model, controller and aerodynamic code was developed in [1] that is appropriately adapted to
the problem at hand.

Since the turbine prototype is part of type certi cation process extensive measurements have been conducted
that are used for the validation of the multibody model. Therefore design load cases (DLC) classi ed by mean
wind speed and turbulence intensity de ned by Germanischer Lloyd are simulated with the multibody model [4].
Simulation results and measurements are then compared based on statistical valuation. An exemplary comparison
is given in Figure 3 where minimum, maximum and mean value of measurement and simulation are compared for
the electrical power output and for the tilt bending moment at the tower base. Both curves in Figure 3 show sound
correlation between simulation and measurements.
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Figure 3: Comparing measurements with SIMPACK simulations: (a) electrical power (b) tilt bending moment at
the tower base.

The validated wind turbine model lays the foundation for extensive dynamic optimisation studies. A rst
optimisation aims at an optimal relation η = f1/ f2 between the rst eigenfrequencies of tower f1 and blades f2 to
minimise structural loads during operation. Here it is assumed that changing the design variable η does in uence
neither the turbine mass nor the airfoil geometry of the blades. Therefore a simple scalar objective function can be
introduced

Z(η) =
m

∑
i=1

(wi Si(η)+ w̄i S̄i(η))+
n

∑
j=1

(w j Mj(η)+ w̄ j M̄ j(η)). (1)

Herein m DLC for different wind speed and turbulence intensities and n extreme load cases (ELC), de ned
by Germanischer Lloyd [4], are simulated by means of time integration of the multibody model. For each DLC i,
the standard derivations of the tower base bending moment Si and blade root bending moment S̄i are calculated and
multiplied by the weighting factors wi and w̄i respectively. For each ELC j the maxima Mj and M̄j of the respective
bending moments are weighted with w j and w̄ j. With the objective function in (1) the constrained optimisation
problem

min{Z(η) |ηmin ≤ η ≤ ηmax } (2)

is formulated. The problem stated in (2) is solved using methods available for constrained optimisation in Mat-
lab [5]. Therefore a user-de ned script is developed that couples the multibody code with the Matlab script.
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